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Hiſtorical Account 


9 AP TR 
. Ri1sE and PROGRESS 
8 THB.,.. 


|MATHEMATICKS. 


. 
Nen 
miſe a few Things concerning 
b ? the Riſe and Excellency of this 
Science, that its Candidates may underſtand 
what a Kind of Science it is to which they 
are about to dedicate themſelves .; and that 
it may be made manifeſt againſt thoſe who 
flight thoſe Things whereof they are ignorant 
of how great Value and Dignitythis Knowledge 
is, which the wiſeſt Men of all Ages have, 
with incredible Study, labour'd to attain un- 
to, and become poſſeſs d of. Moreover, I 
muſt own that Peter Ramuss Labours have 
been of great Service to me in the l 
e YE ns 4 | 


T ſeem'd meet to me when I was 
about to ſet forth the Elements 
of the Mathematicks; to pre- 
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E | of this Account, who in the whole firſt 
1 Bock of his Infticution, which is not a little 
- '6ne;hath out of Proclus, Laertius, Gellius, Poly- 
ibius, Tzet2es, and others, compos'd a Mathe- 
„ | matical Hiſtory both accurately and copi- 
A oully. . 43 
b The Mathematical Sciences were the firſt 
of all other amongſt Men, if we may believe 
Foſephus. He, Book 1. Chap. 3. writeth, that 
the Poſterity of Seth obſerv'd the Order of 
the Heavens, and the Courſes of the Stars. 
And leſt theſe Inventions ſhould ſlip out of 
the Knowledge of Men, Adam having pre- 
dicted a twofold Deſtruction of the Earth, 
one by a Deluge, the other by Fire, they 
rais d two Columns, one of Brick, of Stone 
the other; and inſcribed their Inventions up- 
on them, that if the Brick one ſhould happen 
to be deſtroy'd by the Deluge, that of Stone 


Opportunity of being inſtructed, and pre- 
ſent to their View the Things which it hat 
inſcribed on it. They ſay alſo. that that 
ſtone Pillar, which even in our Days is ſeen 
in Syria, was dedicated by them. This Fo- 
e ſays: whom I leave to vouch for the 
Tkbat the AHrians and Chaldeans were the 
firſt of Mortals, aſter the Flood, who ap- 
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livered by the ſame Joſephus; as alſo by Pliny, 
Diodorus, and Cicero. But the Mathematick 
Arts which firſt ſprang amongſt the Chalde- 
unt, amonglt whom they flouriſhed , were 
afterwards transferr'd out of Chaldea and A, 
ſjria unto the 'Egyprians, by Abrabam. For, 
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which would remain might afford Men an 


. plied themſelves'to the Mathematicks, is de- 
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when, at the Command of God, he went 


forth from his native Soil into Paleftine, and 
from thence into Egypt, and perceiv'd the 
Egyptians to be taken with the Study of good 
Arts, and to be of a very notable Wit and 
Capacity for Learning, (as Joſcphus teſtifies, 
Booꝶ L. Chap. 9.); he communicated to them A- 
rithmertick and Aſtronomy; and conſequently 
Geometry,which muſt of Neceflity go before 
Aſtronomy. In which Studies afterwards 
the Egyptians ſo flouriſh'd,that Ariſtotle, x Me- 
taph. Chap. 1. doth affirm, That the Mathe- 
matick Arts were firſt found out in Egypt, by 
their Prieſts; who by their Employment 
were at leiſure for theſe Things. 
Then theſe Arts croſſing the Sea out of E- 
gypt, came to the Philoſophers of Greece: 
For Thales the Mileſian, who flouriſh'd 584 
Years before Chriſt, was the firſt of the 
Greets, who coming into Egypt, transferr'd 
Geometry from thence into Greece. He it 
was indeed, who, beſides other Things, 
found out the 5th, 15th, and 26th, Propoſitions 
of the firſt Book. To the ſame are alſo ow- 
ing the 2d, zd, 4th, 5th, of the Fourth Book. 
The ſame Perſon began to obſerve the Equi- 
noxes and Solſtices, as Laertius teſtifies ; and 
he was the firſt who foretold an Eclipſe of the 
Sun, as Hippias and Ariſtotle do write; and 
Tetzes ſaith, That he alſo foreſhew'd an E- 
clipſe of the Moon to King Cyrus. For 
which Things ſake he is to be look'd on as 
the firſt Founder and Author of the Mathe- 
matical Sciences in Greece. „ 
After him was Pythagoras of Samos: Which 
moſt ancient Philoſopher, exceedingly im- 
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(1 
prov'd and adorn'd the Mathematick Sciences. 


And he ſo gave himſelf toArithmetick in par- 
ticular,that almoſt his whole Method of Phi- 


loſophizing was taken from Numbers. And 


he firſt of all, as Laertius relates, abſtracted 
Geometry from Matter ; in which Elevation 


of the Mind, he found out the 32d, 44th, : 


47th,and 48th Propoſitions of the Firſt Book. 
But he is eſpecially celebrated for the Inven- 
tion of Prop. 32, and 47. of that Book; and 
he conceiv'd fo great Joy upon this Inventi- 
on, that, as Apollodorus witneſſes in Laertius, 
on that Account he ſacrificd an Hecatomb: 
The ſame Perſon firſt laid open the Matter 
of incommenſurable Magnitudes, and the 
Five regular Bodies. The ſame Perſon did 
both moſt diligently teach and exerciſe the 
Art of Aſtrology and Muſick : For he did 
not only acutely and ſubtly find out many 


Things himſelf, but he alſo firſt opened a 
School, in which Youth might learn theſe 


honourable and noble Arts. 


Pythagoras was followed by Anaxagoras of 
Claxomenæ, and Oenopides of Chios, of whom 
Plato makes mention in his Dialogue; The 


Lowers , where Young Men are brought in 


contending about Auaxagoræ and Oenopides in 
their Deſcriptions of Circles. Ariſtotle re- 


ports, that a certain Treatiſe of Geometry 
was written by Anaxagoras ; and we have it 


from Laertius, that it was ſhew'd by him that 
the dun is greater than Peloponneſus (a notable 
Inſtance of the Infancy of Aſtronomy at: 
that Time); and that he made ſome Conje- 


ctures concerning Habitations in the Moon. 
As for Oenopides, to himProclus aſcribes the 12 
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and 13. J. 1. Theſe were followed by Briſo, 
Ant ipho, and Hippocrates of Chios, all of them, 
for attempting the Quadrature of the Circle, 
reprehended by Ariſtotle, and at the fame 
time celebrated. But amongſt them, Hippo- 


crates was by far the moſt Famous; that Ce- 
lebrated Perſon, who of a Merchant growing 


to be a Philoſopher and Geometrician, be- 
ſides the Quadrature of the Circle, alſo firſt 
atrempted the Doubling of the Cube, by Two 
mean Proportionals, which as being an 
Excellent, and indeed the only Way, all that 
have follow'd him to this time have embrac'd 
it. *Tis alſo his peculiar and great Commen- 
dation, that he, as Proclus teſtifies, firſt 
wrote Elements, and digeſted into Qrder the 
Diſcoveries made by others. 
Democritus was Admirable, not in Phi- 
loſophy only, but alſo in the Mathema- 
ticks. His Phyſical Monuments, and, if 


fuch there were, his Mathematical Works al- 


fo, are wholly loſt, through the Envy ( as 


ſome report) of Ariſtotle, who deſired to 


have no other Writings read but his own. 
The Philoſophy of Democritus hath been re- 
ſtored by Peter Gaſſendus, in a moſt Learned 
Work lately put forth. Theodorus Cyrenæus, 
although none of his Mathematical Inventi- 
ons are extant; yet is great upon this Ac- 
count, if there were no other, that he is re- 
ported to have been the Maſter of Plato. 
Unto Plato therefore we are come at length, 


than whom no one brought greater Luſtre to 


the Mathematical Sciences. He amplified 
Geometry with great and notable Additions, 
beſtowing incredible Study upon it. And 
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above all, the Art Analytick, or of Reſolu- 


tion, was found out by him, the moſt cer- 


tain way of Invention and Reaſoning. He 


ſet off and illuſtrated his Books of Philoſo- 
phy in a Mathematical way, and encourag'd 
whatſoever was admirable in Mathematical 
Philoſophy. Upon the Door of his Aca- 
demy was read this Inſcription : d axopt- 
Fn © cicinw ; Let no one ignorant of Geometry en- 
ter here; an Tlluſtrious Inſtance to demonſtrate, 
how the Mathematicks are not foreign but 
proper, not unuſeful, or unbecoming , but 
honourable and profitable to ſound and cer- 
tain Philoſophy. In a word, how great both 
Admirer and Maſter of the Mathematicks 
Plato was, that Man will of himſelf eaſily 
underſtand, who ſhall read his Monuments 
through. 5 Z 
Out of Plato's Academy, almoſt innume- 
rable Mathematicians came forth. Thirteen 


of Plato's familiar Acquaintance are comme- 


morated by Proclus, as Men by whole Studies 
the Mathematicks were improv'd. From 
hence were Leedamus the Thaſian, Archytas 
the Tarentine, Thextetnus the Athenian, by whom 
the Mathematicks were notably enlarged. 
Leodamus practiſed the Analyſis received from 
Plato, and is ſaid by Laertius to have found 
out many things by the Help of it. As for 
Theætetus, both his own Inventions, amongit 
which are the Elements written by him, and 
the Inſcription of regular Bodies; and Plato's 
Encomiums , who alſo inſcribed a Dialogue 
to his Name, do make him famous. 

Arebytas alſo wrote Elements himſelf; a 


nd 


his doubling of the Cube is mentioned by 
Eutocius; whoſe ſingular Commendation it 
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likewiſe was, that he was almoſt the Firſt 
that brought down the Mathematicks to hu- 
man Uſes; by whoſe Contrivance alſo a 
wooden Pigeon was made to fly, as Gellias re- 
ports; he being followed by Dædalus, and other 
Artificers, yielded Matter for the Fables of the 
Poets. Moreover, Archytas was both a Ma- 
thematician and General of an Army : He 
five Limes commanded the Forces of his own 
Citizens, in the Wars of his Countrey, and 
five Times overcame their Enemies. The 
meer Name of Neoclides is only Famous, he 
being more illuſtrious for his Scholar Leon 
perhaps, than for his own Inventions. Leon 
certainly wrote Elements of all the Mathe- 
maticks, improv'd them, and made them more 
fit for Uſe. Wherefore he is deſervedly to 
be reckon'd amongſt the chief Compilers of 
Elements. 5 SF 
Eudoxus of Cnidos was not inferior to Leon: 
A Man great in Arithmetick, and to him (if 
we may believe the Greek Scholiaſt) we owe 
the whole Fifth Book. He likewiſe wrote 
Elements, and made them more general, and 
encreas'd the Sections begun by Plato; over 
d above this he was the firſt framer of A- 
ieee Hypotheſes, and derived down 
the Springs of Geometry, as Archytas had 
done before, to Mechanicks. Amyclas the He- 
racleot, and Menæchmus, and his Brother Di- 
noſtratus, Helicon of Cyxium, Theudjus, Her- 
motimus the Colophonian, Philippus the Medmæ- 
an, all Platoniſts, rendered Geometry much 
more perfect. Menæcbhmus alſo found out the 
Conick Sections, and by the help of them 
two mean Proportionals ; whoſe Invention 
in this Caſe is preferr'd by Eutocius before any 
7 4 | other 
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other. Tbeudius and Hermotimus made the 


Elements more univerſal and full. And all 
theſe, who were of Plato's Academy, brought 


Mathematick Philoſophy to Perfection, as 
Proclus ſaith.” Xenocrates alſo, one of Plato's 


Auditors, and Maſter of Ariſtotle, as well as 
Ariftotle himſelf, were Famous for the 
Knowledge of the Mathematicks. When a 
certain Perſon, who knew nothing of Geo- 


metry, was minded to be his Auditor, Go thy 
way, faith he, for thou ante ft the very Handles 
of Philoſo "Sa 


by. | | 1 | : 
But * - Ariftotle, what can I ſay ? All his 
Books are filled with Mathematical Argu- 


ments, out of a Collection of which Blau- 
cane hath made a Book. Two of Ariftotle's 
School are eſpecially celebrated, Eudemus and 
Theopbra ftus. This latter wrote Two Books of 
8 N Four of Geometry, and one of in- 
iviſible Lines: The other, compos'd a Ma- 
thematical Hiſtory; and from him Proclus, 
and others have borrowed theirs. To Ari- 
Fleus, T/idore, Hypficles, moſt ſubtle Geometri- 
cians, we are eſpecially indebted for the Books 
of Solids. Laſtly, Euclid gathered together 
the Inventions of others, diſpos'd them into 
Order, improv'd them, and demonſtrated 
them more accurately, and left to us thoſe 
Elements, by which Youth is every where in- 
ſtructed in the Mathematicks. He died in 
the Year before Chriſt 284. There follow'd 
Euclid almoſt an 100 Years afterwards Era- 
toſthenes and Archimedes, The Name of E- 
ratoithenes was very Famous, but his Writings 
are Joſt. Many Remains we have of Archime- 
des, and many we have loſt. 
R © But 
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But when I name Arcbimedes, I conceive 


in my Mind the very Top of human Subtilty, 


and the Perfection of the whole Mathemari- 
cal Sciences. His wonderful Inventions 
have been delivered to us by Polybius, Plutarch, 
Tzetxes, and others. Conon was Contempo- 
rary to Archimedes, one who was both à Geo- 
metrician and an Aſtronomer, whoſe Death 
Archimedes laments in his Book of the Qua- 


drature of the Parabola. There followed Ar- 


chimedes and Conon, and that at no great Di- 
ftance, Apollonias of Perga, another Prince 
in Geometry, who was called by way of 
high Encomium , The Great Geometrician. 
There are extant Four [now Seven] moſt 
ſubtle Books of his Conicks. To the ſame 
Perſon are aſcribed, the 14, and 15. Books 
of Euclid, which were contracted by Hypſicles. 
Hipparchus and Menelaus wrote, this latter 6, 
the other 12 Books of Subtenſes in a Circle; 
for which Invention, ſo very profitable and 
neceſlary, great Commendations and Thanks 
are due to both, There are alſo extent three 
Books of Menelaus concerning Spherical Tri- 
angles. Three moſt uſeful Books of Sphericks 
of Tbeodoſius the Tripoliteare alſo in the Hands 
of all. And theſe indeed , if you except 
Menelaus, lived all of them before Chriſt. * 
In the Year after Chriſt 70, there appeared 
in the World Claudius Ptolemæus, the Prince of 
Aſtronomers, a Man certainly wonderful,and 
(as Pliny ſaith) above the Nature of Mortals. 
But he was not only moſt skilful in Aſtrono- 
my, but in Geometry alſo; which as many 
other Things written by him do witneſs, ſo 
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eſpecially do the Books of Subtenſes: Thoſe 


[631 
of - Menelaus which were Six, and the Twelve 
of | Hipparchus, all contracted by him into 
Five Theorems. As for Plutarch, a moſt 
fam'd Philoſopher, there ate extant his Ma- 
thematical Problems. And all know of the 
Learned Commentaries of Eutocius the Aſca- 
lonite upon Archimedes. By him are recited 
the Inventions of Philo, Diocles, Nicemedes, 
Spþorus, Heron, as of ſo many” excellent Ma- 
{ters in the Mathematicks, concerning dou- 
bling the Cube. Heron's Genius certainly 

was excellent, as well for Mechanicks as Ge- 
ometry. The doubling of the Cube deliver: 
ed by him is commended by Pappas, Book 3 · 
Prop. 7. before all other. The admirable 
Works of Ctefibius the Alexandrian, to whom 
we owe our Pumps, are celebrated by Vitru- 
vius, Proclus , Pliny , and Athenaus. The 
Name alſo of Geminus is not in the loweſt 
Place amongſt Mathematicians, whom Pro- 
clus has prefer d in many Things before Eu- 
c/id himſelf. 98 
Diopbantus, and he alſo an eee was 
as great in Arichmetick, as Archimedes, A- 
pollonius, or Euclid in Geometry; he was Cer- 
tainly a Maſter of all Subtilty relating to 
Numbers; by him was found out that admi- 
rable Art, which we call Algebra; which in 
theſe Times has been rendered more perfect 
and univerſal by Francis Vieta, and Renatus 
Cartefius, There are others who are celebra- 
red amongſt theAncientsalſo ; as Nicomachus 
famous for Arithmetical, Geometrical, and 
Muſical Monuments; Serenws;: well known 
to Geometricians for bis Two Books, con- 
* the Section of 2 Cylinder; ; Fange | 


Pape 


41 2 8 


e 


* 


1 


Pappu, Tbeon. How great a Mathematician 


Proclus was, is manifeſt from his Learned 
Commentaries on Euclid, and other Writings. 
And this is he, I ſuppoſe, who, as Zonaru⸗ 
reports, and from him Ramus, and Baronius, 
about the Lear of Chriſt 5 14, with Optic 
Artifice, and the Glaſſes which he us d burnt 
the Fleet of Vitalian, who was beſieging Con- 
ſtantinople. The Praiſes of Tbeon, which tru- 

y are deſervedly great, Peter Ramus wonder- 


3 
— 


fully exaggerates, inſomuch that even the 


Books which hitherto all have aſcribed to 
Euclid, ought, as he thinks, to be attributed 


to Tbeon. But Ramus, Who every where is 


ready to detract from Euelid, and this with- 
out grounding himſelf upon any ſolid Foun- 
dation, is not to be hearken'd to here. To 
come at length to a Concluſion, let Pappus 
bring up the Rear, the laſt in time amongſt 
the. Ancients, as being one who liv'd about 
the Year 400; but in Reputation, and all 
Mathematical Commendation to be reckon'd 
amongſt the firſt. Alexandria, that City ſo 
fruitful of Great Men, which before had 
brought forth Hypſicles, Cteſibi us and Diopban- 
tus, produced him alſo to the great Advan- 
tage of the Mathematicks. He wrote Seven 


Books of Mathematical Collections, of 


which the Two Firſt are loſt. The Five o- 
ther do abound with ſo many , and ſuch va- 
rious moſt noble Inventions in almoſt all 
Parts of the Mathematicks; that they are 


eſteemed amongſt the Chief Monuments of 


the Ancients which are extant. 

And thus you have a ſhort Hiſtory of the 

Otigin and Progreſs of the Mathemarticks. 
| ; From 


* * * 1 ak 
7 FIY | . 8 . "x" . * 1 1 ow” , 
. N n Wanne, ES CG A 
d 8 2 * * im. 122 I 2 
ee — © 7 no oe Irene to” OY "2206 —_ 2 
_ — th. — 5 . 


a 
, 
EEE 
. = k . a 
* 2 OR ** 1 aq 


© — 


2 


FE ws . ware 16 mr, 


8 I 0 = Pre WE com - * WI * 4 9 4 N SS * * * 
* CEE bs > ; * 9 r * * 7 * v - REIT " od , * 
CY 3 Ys A * * 
5 


L* 


Froin Which appears the Antiquity, Excel. 


lency, and Dignity of this Science. Cer- 
tainly the ſame Eminent Perſons in the Com- 
monwealth of Learning, who diſcover'd 
Phlioſophy, diſcover'd alſo; the Mathema- 
ticks, like twosiſters born at one Birth; whom 
if any one would violently ſeparate. from 
each other, he certainly attempts to break 
off their native Concord, with moſt notable 


Injury, and as it were Cruelty to both; ſee- 


ing, as it is wont to fall out in the Caſe of 
Twins, where they are remov'd from one 
another, in Place or by Death, ſo it will be 
like to happen here, that Mathematicks bein 

plucked away from her, Philoſophy mu 
needs languiſh and pine awaꝓ 7x 
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Advertiſement. 


T”T HERE is lately Finiſh'd and Sold by J. S E NE x, 
and J. MAXWELL, at the Globe in Salisbury- 
Court, a new Sett of Maps, containing the World and 
Quarters, with all the Principal Diviſions of Europe: 
Each Map on Two Imperial Sheets of Paper; together 
wich ſeveral of theſe Subdivided, each on One Imperial 
Sheet: As alſo ſome of the Ancient Geography. The 
Whole making a handſome Book or Atlas. The World 
and Quarters are alſo fitted up upon Cloth, with Deſeri- 


prions, and an Introduction to Geography. THEY 


alſo ſell Mr. Whiſton's Scheme of the Solar Syſtem, and 
the Beſt and Neweſt Globes of 3, 12, and 16 Inches 
Diameter; and are now Engraving, and will ſpeedily 
Publiſh a moſt Correct Pair of Globes of about 30 Inches 
Diameter. (N. B.) Several of the Maps and Globes 
have been moſt unjuſtly and very erroneouſly Copicd , 
and Sold for Ours; but whoever examines the Title and 
the Graver's Name J. SEN Ex, in the World, Europe, 


Aſia, Africa, &c. may be undeceiv'd. Thoſe Gentlemen 


who have a mind not to be impoſed upon in Buying 
Globes, are deſired to Buy them only from J. SE NE x, 
and J. MAXWELL, who are particularly Careful that 


what they Sell may be correctly Finiſh'd, and ſuch as 
may Credit the Maker. 


There is now going to the Preſs, and will ſoon be Fi- 
10 


niſn d, Mr. Whiſton's Aſtronomical Lectures, which will 
likewiſe be Sold by J. SEN Ex, and J. MAXwERL L. 
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Dr. BAR ROw'Ss Words, 
prefixd before his Apol. 


loniusg. 


A 
RT of 
» 4 


God always acts Geometrically. 


O ereat a Geometricinn art thou, 
O Lord 2 For while this Sci- 
ente has no Bound; while there 
ts for ever room forthe Diſcovery 

of New Theorems, even by Human Faculties, 

Thou art acquainted with them all at 

one View, without any train of Conſequen- 

ces, without any weartſome Application of 

Demonſtrations. In other Arts and Scien- 

ces our Underſtanding is able to do almoſt 

nothing; and like the Imagination of Erutes 
ſeems only to dream of ſome uncertain Pro- 
poſitions : Whence it is that in ſo many Men 
are almoſt ſo many Minds. But in theſe Ge- 
ometrical Theorems all Men are agreed : In 
theſe the Human Faculties appear to haue 
ſome real Abilities, and thoſe Great, Mon- 
derful, and Amazing, For thoſe Faculties 
which ſeem of almoſt no force in other Mat- 


1. ters, 


2 

. . 
—— 

2 0 


ehe Note for Multiplicat 
ies à multiplied by 6, 


8 .of tte Line CB. 


"Rejoice in, and Admire; and to pant after 


The Note for equa 
Fenities char 4 bears rhe ſame proportion to B, that s 
ears to b. 5 1 


ſigunifies that 


ters, in this Science appear to be Efficacious, 
Powerful, and Succeſsful, &c.. Theethere- 
fore do I take hence occafion to Love, and 


that Day, with the Earneſt Breathings of 
my Soul, when thou ſbalt be pleaſed, out of 


A Bounty, out of thy Immenſe and Sacred 
© Penignity, to grant me the favour to per- 


ceive,end that ith a pure Mind, and clear 

Fifon, not only theft he, but thoſe al- 
fo which are more numereus, and more im- 
portant; and all this Without that continual 
and painful Application of the Imagination 
which we difcover theſe withal, &c, 


or, — 
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—  — 7 * 
. 


7 
. 
es 1 


Mathematical Notes or Abbreviations. 


= The Norte for Equality. So 2b. ſiguiſies that 4 
and b are equal. 


＋ The Note for Addition. So 4-4-5 ſignifies the Sum 
pf a and b together, 5 | 


— The Note for Subſtraction. 80 5 ſignifies. che 
flifference between a and ß. 5 


* 


*. 8 
* 0 . 4 * . - aq va 2. 
£4 aw © * . 4 * 
ion. So ab or ab fi 
- yo - = - 
" * ” 8 . 1 . » 
* b 4 


EN lity of Propoſition. 80 A:B: : b. 

= The Note af continued Proportion. So 4. B. C 

A bears the lame proportion to B, that B 

bears to C. : Ws Be Oak l 
g The Note for a Sg 


ice, - So C B. 9. ſignifies the 
Square of che Line c 8. a Ne ud : 


c The Note for 4 Cube, So CB. e. ſigniſies the Cube 
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DEFINITION 5s 


1 Point is a Mark in Magnitude, which is [ ſups 
„ poſed to be] indiviſidle. | 
That is, which cannot be divided fo much 
= as in Thought. A Point is the beginning, as 
it were, of all Magnitude, as Unity is of Number. | 
2. A Line is a Magnitude which hath Length only, and 
wants all Breadth; foraſmuch as it is underſtocd to be 
produced from the flowing of a Point. 
3. Points are the Terms of a Line. 


4. A right Line, is that which lies evenly betwixt its 
Or as Archimedes: A right Line is the leaſt of all thoſe 
which have the ſame Terms; or, is the ſhorteſt of all 
thoſe which can be drawn betwixt two Points. 
Or as Plato hath it: A right Line is that whoſe Extremes 
hide all the reſt: ¶ That is, when the Eye is placed in a 
Conrinuation of the Line. | WEE | 
Ide Senſe is the fame in all. The Inſtrument whereby 
right Lines are deſcribed, is | called ] a Rule; which wae- 
ther it be ſtrair or not you may know by this Tryak 
Deſcribe a Line according to the Rule; then tur nin 
the Rule, ſo that that which before was the Right-hans 
End may now become the Left-hand End, apply it again 


*. 


N . 4 ad 


tdi the Line befvre deſcribed ; if it doth now carey 
— 5 "I > — | 8 ; ; | * | ; | 


AJ 


Fir. 1. 


Tuble I; 


* 


| Fig. 2, 4+ 
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fall in with the Line, the Rule is ftrair, if not, rhe Rule 
is not ſtrait. The Reaſon hereof depends on Axiom 13. 

5. A Surface is a Maguitude which hath only Length 
and Breadth. | | 


It hath two Dimenſions therefore: And is underſtood 


to be produced by the flowing of a Line. 


6. Lines are the Extremes of a Surface. 
7. A Plane, or a plain Surface, is that which lies even- 
ly betwixt its extreme Lines. 
Or as Hero, chat, to all the Parts whereof a right Line 
may be accommodated. | 
For it is produced from the Motion of a right Line. 
Vr, A plain Surface is that whoſe Extremes any of 
them hide all the reſt , | the Eye being placed in a Con- 
tinuation of the Surface. 
Or, It is the leaſt of all Surfaces which have the fame 
Terms. The Senſe is the ſame in all. 
Euclid hath not here defined a Body or Solid, becaufe 


he was not yet about to treat concerning it. But leſt any 


one ſnould want the Definition thereof, take it here thus, 
A Body is a Magnitude long, broad, and deep. A Body 


therefore hath three Dimentions, a Surface two, a Line, 5 
one, a Point none. | : 


8. A plain Angle is the mutual Inclination to each o- 


— . . . 4 . 
ther of two Lines, which touch one another in a Plain, 


and ſo as not to make one Line. EY 5 
Therefore the two Lines BA, C A touching one ano- 


ther in A, but ſo as not to make one Line, conſtitute an 


Axgle. | 


9. The Sides or Legs of an Angle are the Lines which 
make the Angle. 5 ERR | oP 
10. The Vertex. or Top of. an Angle 1s the, Point (5 


in which the Legs do meet and touch one another. | 
Note, That a ſingle Angle is deſigned by one Letter pur 


at the Top: When there are more at one Point, they are 


deſigned by three Letters, the midd lemoſt of which de- 
notes the Top of the Angle; and many times alſo by one 


1 
— 


Letter inter pos d betwixt the Sides near the Top. 80 in 


Fig. 3. the Angle made by the Lines BA, CA is deſign- 
ed either by three Letters BAC, or by one only o. 
_ +11. Angles are called Equal, if when the Tops of therh 
are laid upon one another, the Sides of one agree 
with the Sides, of the other. Bur unto this it is not re- 
quired that the Sides ſnould be of an equal Length. 
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12. They are called A when the Top and one 
Side agreeing, the other doth not agree; and that is cal- 
led the Greater, whoſe Side falls without. So the Angle 
BA E is greater than the Angle BAC. 5 3 
An Angle is not diminſh'd or increas'd by the D:minuti- 
on or Augmentation of the Sides that include it. | 
13. A Right-lin'd Angle is that which right Lines con- Fg. 4. 4 


Fig. 5. 


— ſtitute; a curvi-lineal, which crooked Lines; a mixt one, 
that which a right Line and a crooked one make. | 
E -- | 14. When the right Line [CA] ſtanding upon the Fig: 6. 


Right one [BF] leans unto neither Part, and therefore 
| makes the Angles on both Sides equal, CAB CAF 
1 both of the equal Angles are called Right ones: But the 
right Line CA which ſtands upon the other, is called a 
perpendicular Line, or, barely a Perpendicular» 
A Right Angle may alſo be defined tus. Pg. 6, 
A Right Angle is that that (BAC) when on the other | 
Side, an equal one ariſeth (CAF) if you produce or 
draw forth a Side, as (BA): r | 
Two Rules ſo joined as as to contain a Right Angle, 
make an Inſtrument, which 1s called a Square. Pythago- 
ras was the Inventor of it, as Vitruvius affirmeth, c. 24 
J. 9. So great is the Uſe and Force of a right Angle in 
Framing, — A and Strengthning all Things, that 
nothing almoſt can be done without it. The Proof of a 
-- Square is made thus: Apply the ſidè of it, AE to the 
right Line AF, and deſcribe rhe right Line C A along 
the other Side. Then turning the Square towards 
B, if on both Sides it agrees to the right Lines CA, A 
ou may know that it is true and exact. The Reaſon «> 
trereof a pears from the 14th Definition it ſe l. 
A 15. The. | BAC which is greater than the tight ;... 
one F Ae 15 . an 9 Ang * Rh N 2. 25 181 
16. The le (LAI) which is lefs than the Right P.. 
Angle (F As called an Acute one. | w 
1. A plain Figure is a plain Surface, bounded on eve/ 
ry Side with one or more Lines. Ws 3 
18. A Circle is à plain Surface contained within the 
Compaſs of one Line called the Circumference; from 
which Line all the right Lines that can be drawn unn one 
certain Point, within the contained Space (A) are e=" 


. 49: That Point is called the Center 


9 A 


Fig. 9 
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Evicr i D's Elements. 
20. The Diameter is a right Line (B A) drawn through 


Ks Center, and on both Sides ended at the Circumfe- 
rence ; and conſequently ie divides the Circle into two 


equal Parts. (As is abundantly manifeſt from the exact A- 


greement of twoSemicircles when laid one upon anorher). 
21. The Semi- diameter or Radius is the right Line A F 


drawn from the Center to the Circumference. 


22. A Semi-circle is a Figure (BLC) which is 
contain d by the Diameter BC, and half the Circum- 
ference (BL C.) 

Mathematicians are wont to divide the circumference 
into 360 equal Parts (which they call Degrees,) the Se- 
mi-circumference into 180, the Quadrant or Quarter into 
90. 

23. A Right-lin' d Figure is a plain Surface bounded on 
every Side with right Lines. 


24. A Triangle 13 a plain Surface contained by Three 
Right Lines. 


This is the firſt and moſt ſimple of all Right-lin'd Fi- 


gures, and that into which they are all reſolv d. 

25. An Equilateral Triangle is that which hath all the 
Sides equal. 

26. An Iſoſceles or equicrural Triangle is that which 
hach only Two Sides equal. 
42 A Scælenum is that which hath Three unequal 
28. A Right-angled Triangle is chat which hath One 
Angle right. 
29. An Obruſe-angled Triangle! is that which hath One 
Obtuſe Angle. 
30. An Acute-angled Triangle is that which hath Three 
e Angles. Fe. 

31. Amongſt quadrilateral Figures, the ReQ-angle is 


4 thts which hath Four right, and conſequently equal An- 


9 z whether the Sides be equal or not. 


332. A Square is that which hath equal Sides, and i is 
Right-angled, and conſequently Equi-angled. 


Every Square is a Rectangle; but cvery Redangle i is 


SE nota, Sg dre, 


* Rhombus is a quadrilareral or a Fi igure, 
Wi is equilateral, but not cquiangled. 


Equiangled, | 


Lb 


31. A Rhomboides is that whic hath the oppoſ te 
8 det and Angles equal, but is neither 2 8 
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35. A Parallelogram is a quadrilateral Figure, which Fg. 14, 15, 


* 
%s 
Rl . 7 


hath each Two of its oppoſite Sides (AB, FC and , 17. 


BE, AC) parallel ro each other. Now what parallel 

Lines are will be ſhewed in the following Definition. 
Every Rectangle and Square is a Parallelogram; but 

every Parallelogram is not a Rectangle or a Square. 


3. Right Lines are Parallel or Equi-diſtant, which be- Fiz. 18. 


ing in the ſame Plain, and drawn out on both Sides infi- 


nitely, are diſtant from one another by Equal Inter- 
. 


The Intervals are ſaid to be equal, in reſpect of the 
perpendiculars. Wherefore if all the Perpendicnlars 
(QL) unto one of the two Parallels (AB) ſhall be e- 
* the right Lines (A B, CF ) are ſaid to be Paral- 


el. 
Parallels are produced, if the right Line (LQ) which 
is perpendicular to the right Line (AB) be moved a- 
long (AB) always perpendicularly; for then its Ex- 
tremity L deſcribes the Parallel C F. 


37. The Diameter or Diagonal of a Parallelogram, and Fiz. 17. 


every Quadrilateral, is a Right Line (AF) drawn 
through the oppoſite Angles. | 

38. Plain Figures contain'd by more Sides than Four, 
are called Many-fided or Many-angled, and by a Greek 
Word, Polygones.  _.. - hp | 

39. The External Angle of a Right-lin d Figure, is 
that which ariſeth without the Figure when the Side is 
produced. Such are FBC, GC A, HAB. Every Fi- 
gure therefore hath ſo many external Angles, as it hach 


Sides, and internal Angles. 


Poſtulates. 


\ Poſtulate is that which it is manifeſt in it ſelf, that 
it may eaſily be done, or conceiv'd to be done, 
It is required therefore to be granted that we may, 


> 


1. From any Point given draw a right Line unto any 


other Point given. 


3. From any Center at any interval delcribe a Circle. 


* 


Axioms. 


2. Draw forth a finite right Line in Lengrh ſtill farther. . 
D i 42 


Fig · 19. 
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Axiom. 


A N Axiom is a Truth manifeſt of it ſelf. ? 
1. Thoſe things which are equal to the ſame thing, are 
equal alſo amongſt themſelves. And that which is great- 
er or leſſer than one of the Equals , is alſo greater or leſs * 
than the other of them. | I 
Co ro Equals you add Equals, the Wholes will be 
ual. | | 
gs If from Equals you take away Equals; the Remain- 
ders will be equal: 
4. If to Unequals you add Equals, the Wholes will be 
unequal. | 5 | ö 
3. If from Unequals you take away Equals, the R- 
mainders will be unequal. 3 
6. What things are each of them half of the ſame 
Quantity, are equal amongſt themſelves ; and what things | 
are double, or treble, or quadruple of the fame, are ; 
equal amongſt themſelves: 
7. What things do mutually agree with one another 
are Equal. OR, SER | 
8. If right Lines be equal, they will mutually agree 
2 one another; and the ſame thing is true of An- 
es. Fg as | 
2 9. The whole is greater than its part. 1 
10. All right Angles are equal amongſt themſelves. 
II. Parallel Lines have a common Perpendicular: Thar 
is, the right Line which is perpendicular to one of them 
1s perpendicular alſo to the other. 5 
Ft. 21. 12. The two perpendicular Lines (LO, QI) inter- 
, cept equal Parts of the Parallels. . 
13. Two right Lines do not comprehend a Space; for 


- 


unto this chere are required three at the leaſt; * | 
14. Two right Lines cannot have one common Seg- 
ment; for that they cut one another only in a Point. | 
Of Propofitions ſome propoſe ſomething to be done 
And are called Problems; in others we proceed no fur- 
ther than bare Contemplation, which therefore are named 
Theorems. 1125 | 


PROPO- 


E | QF 
5. Lib. I. EucLiv's Elements. 


50 
PROPOSITIONS. 


; 'T HE Requifite Citations are found in the Margin. 
2 When Propoſitions are cited, the firſt Number de- 
ſigns the Propofition ; the Letter / with the Number fol- 
, Flowing, ſignifies the Book. As when you meet with 
XZ (pers. I. 3.) you muſt read it thus, (by the 5th Propoſi- 
tion of the 3d Book). The Figure is always to be 
ſought amongſt the Figures of that Book in which we 
are then converſant. The reſt of the Citations are eaſ 
ro be underſtood. 5 

The primary Affections of Triangles and Parallelo- 
grams are deliver'd in this firſt Book. The more fa- 


- | mous Propoſitions are, 32, 35, 37, 41, 44, 45, 47. 
5 PROPOSITION I. Problem. 


* a given Right Line (AB) to make an 
| Equilateral Triangle. 


Fig. 23. 


From the Centre A, wich the Interval (A B) 4) de- (a) Per Po- 


ſcribe the Circle FCB: and from the Centre B with the tal. z. 


ſame Interval B A deſcribe the Circle A C L, cut- 
ting the former in the Point C, from which Point draw 
the Right Lines CA, C B. 1 

I fay, that the Triangle AC B now made, is Equilate- 
ral. For the Right Line A C is equal to the Right (6) 
Line AB, ſeeing they are Semi-diameters of the ſame 
Circle FCB: And again, the Right Line B C is equal to 
the ſame Right Line B A, ſeeing they are both Semi- 
diameters of the Circle LCA. Therefore AC, B C are 
(c) equal betwixt themſelves. And therefore all the 
Sides of the Triangle are equal. Therefore the Triangle 
(4) AC B is both Equilateral, and made upon the 
given Line AB; which was the thing to be done. 


as 4B. For. ſuppoſe any Equilateral J iangle whatſoever 
B D E applied to the Point B along the Line B 4. Looking 


93 18. 


(c) Per 


Axiom 1. 


Per 
995 25. 


Corollary. Hence we may meaſure an inacceſſible Line, Eig. 77. 


Eucridb'r Elementss Lib. I. 


Triangle B DE along the Line BC, from one place to ano- 
ther of that Line , until by taking aim along the ſide of the | 
Triangle ED or CF, you ſee the inacceſſible Point A in | 


Continuation of that Line. Thus the Triangle BAC is as & 


well Equilateral as B DE. If therefore you ſhall now | 
. theaſure the acceſſible Line B A you have the Meaſure of the 
- 3 AB. Q. E. J 


P R O F. II. Problem. 


Figs 24. Rom a given Point A to draw a Right Line 
equal to one given E F. 
Take with a Pair of Compaſſes the Interval E F and 


transfer it from AtoD, the Right Line AD will be 
equal to the given E F. 


PROP. III. Problem. 


Thee 20 k O unequal Right Lines being given, from 
the greater of of them G H to cut ur of G I equal 
totheleGs E F. 


Take with a Pair of Compaſſes the imrva! of the leſſer 
given Line EF, and transfer ir unto the — from G 
to I. 


| P & O P. IV. Theorem. of: 
. * in two Triangles (X, Z) one ſide of the 
& one (B A) be equal to one ſide FL of the other, 
and another fide (C A) of the one equal to another 
fide (IL) of the other , and the Angles (A and 
L ), made by thoſe files be alſo equal ; then the 
Baſes (BC, FI) are likewiſe equal, 'as alſo the 
Angles at the Baſes (B, F, and C, I) which are 
oppoſite to equal ſides, and conſequenth the whole 
Triangles are * 0 


i Bo 


” ; * * * ; * * 
* Fay 
i g , Þ w . 0 


Ana A. 


ib. I. Eucrrp's Elements, 


For if we ſuppoſe the Triangle Z to be laid upon the 
Triangle X, the Sides LF, LI will perfectly agree and 
all in together with the Sides that are equal to them, A B, 
ac, and this in ſuch ſort (c) that the three Points 


nw I., F, 1) ſhall fall upon the three Points, (A, B, C). 


rherefore the whole Baſe F I will alſo fall upon the 
whole Baſe BC. But then the Angles F, B, and like- 

wiſe thoſe I, C and the whole Triangles will mutuall 

(congruere) agree to each other. All therefore by Axi- 


om 7th. are equal. N. E. D. Which was the Thing to be 
demonſtrated. | 


Coroll. (1.) Hence we may alſo in another way aneaſure the 
inacceſſible Line A B. For from any Point whatſoever, as 
the Point C, let the Angle AC B be obſerved, and then let the 
lines AC, B C be meaſured : and in any acceſſible Plain let 
there be meaſured about the Angle F, which is equal to the An- 
ele C, Two Lines FD and FE which are equal to the Lines 
AC and B C reſpectively. And then there will be the acceſſible 
Line D E equal to the inacceſſible A B. N. E. I. 


Coroll. (2.) Hence alſo, thoſe who play at Billiards with 
Tvory Balls may learn how by the reflexion of their own to hit 
and remove their Adverſaries Ball. For let B be the Ball to 
ße ſtricłen, A that which is to ſtriłe it, and CD the ReFi- 
linear Hain. Let: the Line B E be perpendicular to the Line 
CD, and DE be equal to DB. Tf the Ball A be ſtricken 
and carried along the right Line AFE unto the Point F, 
it will there be ſo reflected that after the Reflection it will 
tend unto B. For in the Triangles B FD, EF D, the Side 
F D is common to both, and the Side D B is equal to the Side 
D E; and the Angles at D are equal as being right ones. The 
whole Triangles therefore are equal: and therefore the Angle 
B FD, which is equal to the Angle DFE, is * equal to A FC, 
the Angle A F C being vertically oppoſite to D F E. Wherefore, 
ſeeing the Angle A FC is the Angle of Incidence, which in ſuch 
caſes is equal to the Angle of Reffexion}, it is manifeſt 
that B FD, which hath been proved equal to 4 FC, is the An- 


Fig. 78. 


Fig. 79. 


ele of th: Reflexion of the Ball A, and · that the Ball tending 


towards E is in the Point F ſo reflected as to hit the Ball B. 
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4 


Scholium or Obſervation. "= 
4 


D much the ſame way of Reaſoning, whereby this? No 
B qth Propoſition has been demonſtrated, the fol- cn 
Jowing Theorem, which we ſhall have occafion to uſe by MR 
and by, may be demonſtrated alſo. =” . 
| Fig. 3. f in Two Triangles X, Z, the Sides BCand FI ſhall RF 
k | be equal, and the Angles adjacent to theſe Two Sides 
] equal alſo, viz. B and C equal to Fand I: All the other 
Things, and the whole Triangles themſelves will be equal. 
For the Side F I laid upon the Side B C will agree, or 
er Axi, thoroughly coincide with it (a). And then becauſe the 
| Angles B and Care equal to thoſe Fand I, when the Side 
r er Axl. F is laid upon the Side B C, FL (b) will fall exactly 
5 upon BA, and IL upon C A. Therefore the Point L will 
fall upon the Point A (for if it fall without A, the Sides 
EL TL would not fall upon the Sides BA, CA). There- to 
fore all Things are equal by Axiom 7th. 3 th 


N 

4 P R OP. V. Theorem. F 
3 1 N an ſoſceles or Equicrural Triangle, the An- 4 
| gles at the Baſe (A, C) are equal, 6 


Let the Triangle A BC be underſtood to be twice pur, Þ + 
but in an inverted Poſture ch a. Becauſe therefore, in the | 
Two Triangles ABC, c ba the Side A B is by the Suppo- 
ſition equal to the Side c þ, and the Side C B to the Side 
4 ab, and the Angle B to the Angle 5; the Angle A alſo 
Cc) Per 4. at the Baſe will (c) be equal to the Angle c. Q. E. D. For 
1. 1. as for the Angles C and c they are the ſame, | | 


* 


1 Corollary. 
PHEREFORE an Equilateral Triangle is alfo 
4: Equiangular. 1 8 VVV 
or. VI: Theben. 


F in a Triangle (4 B C) Two Angles | (4 and 
C) be equal, the Sides alſo (A B, BC) which 
are oppoſire to thoſe Angles are equal alſo, 18 


Fic. 26. 


„ ib. I. Eucr i' Elements. ant 


let the Triangle A B C be ſuppoſed to be twice put, 
put in an Inverſe ſituation, c % a. Becauſe therefore in 
he Triangles A B C, cb a, one Side A C is equal to one 


1... Side (c 4,) and the Angle A is equal to the Angle c, and 
oy he Gay C equal to the Angle a, all the other Things 


mall be likewiſe (a) equal, and conſequently A B ſhall (a)PerScho!. 
pe equal to the Side cb. Q. E. D. For as for the Lines Prop: 4- 


C B and c b they are the ſame. 
Coroll. 


. W HEREFORE an Equiangled Friangle, is alſo 
| Equilateral. DE | 


3 Coroll. (2.) Hence, by the means of the Shadow of the Fig. $0. - 
ly Sun, we may meaſure the Heighth of a Tower, or any elevated 
ll Pint. For when the Sun is elevated 45 Degrees above the 
es 3 Horizon, the Shadows which the Tiwers caſt towards the Hori- 
- Jon will be exadly equal to their Height. For, by reaſon that 
the Angle ACB is half a right Angle, the Angle B AC alſo 
* will behatf a right one; and ſo, by the force of the preſent » p,, Carol. 
Propoſition, the Line A B will be equal to the Line B C. The 11. Prop. 33. 
line BC therefore being found by meaſuring, there is found l. 1. 
at the ſame time the Line A B, the Height of the Tower 
above the Horizon. ; 
Coroll. (3. The ſame Thing alſo may be found without the 
Sun by the means of an Aftronomical Quadrant. For where 
the Angle of Elevation is half-right, there the Height of the 
Tower above the Obſerver's Eye is equal to the diſtance of the 
ſame Eye, from that Part of the Tower which is oppoſite to 
it. The Diſtance therefore of the Eye from the Tower being 
given by meaſuring, there is given at the ſame time the 
Height of the Tower. N. E. I. 
The VIIch Propofition in Euclid is for the fake of the 
VIUrh, which wichout it will here be demonſtrated, 


PROP, vin. Theorem. 


1 F Two Triangles (X, Z) have all their Sides . mY 
1 equal amongſt themſelves reſpectively (AC Fs * 
equal to EF; C B to FI; ABto E1 ;) they 
will alſo have all the Angles which are oppoſite to 
qual Sidergequal : (C equal to F; A to E ; Bt H. 


1 PII tafis as, ö 33 — — — Nom _ 


h | Fir, £9. | 


(d) Per 8. 


4. 1. 


F. 30. 


if then the Point C falls upon F, the Triangles will in!“ 
the Whole agree or coincide, and conſequently all the Iz 


He, „E Circumference of both Circles, and conſequently in the Point 


N PROP. IX. Problem. 


N 
* 
2 * 


Compaſſes, and a Rule. 


— — 


\EUcL1D's Elements. Lib. % 
For ſuppoſe the Side A B laid upon its Equal E I} % 


Angles will be equal. But the Point C will fall upon che 9 
Point F. For, 7 
From the Centre A let a Circle be deſcribed with the Semi. Y 
diameter EF; and from the Centre I let another Circle be 
deſcribed with the Semi-diameter 1 F ; the Point C by reaſon} 3 
of the Equality of the Sides of both Triangles, will be in the 


the common Interſection of £ both the, e * Cir exmferencer. 2: E.D 


= £ 

0 Biſct or Divide into two equal Parts | l N 
given right lin d Angle, as I AL. 1. 
From the Sides of the Angle take with a Pair of Com- 
paſſes two Equal Lines, A B, A C; then from the Cen- 
tres B and C defcribe two equal Circles cutting one ano- | 


cher in F; which done draw the Line F A. This biſetts | 
the Angle. 5 


For draw the Lines B F, CF; the Triangles FA B | 


FAC are to each other Equilateral ; for che Sides A B, 


AC are by the Conſtruction equal, as in like manner are : 


the Sides 5 F, CE, they being Semid iameters af equal 
Circles; and A F is. common to both Triangles. There- 
fore the Angles BA F, CAF (d) are equal. Ae | 
_ n e IAL is biſected. Q. . . 


Corollary. 


ENCE we may learn how i Angle may be divi- 


ded. into equal Angles 8, 1 C vix. by bi- 
ſeeting each Part are again * 


Sebolium. ET BY 
Q one - hath hitherto taught che way of dividing An- 
gles into all equal Parts whatſoever wich a Pair of 


Yet may you divide any 8 Ang le Mechatically into 
wy oquil Parts ka tram che Top of edel — 


Lib. I. 


dhe Centre you deſcribe an Arch between the Legs of the 
Angle, and divide that Arch into as many equal Parts as 


EUCLID's Elements: 1 


you require; for right Lines let down from A through 


I the Points of the Diviſion will cut the Angle into fo many 
Equal Parts. 


PRO P. X. Problem. 


O biſet a finite given Line (A B). 


Upon the given A B make an Equilateral (4) Trian- (a) Fer 1. 
gle AGB. Biſect its Angle G (5) with the right Line G C. (i for : 
The fame ſhall biſe& the given Line AB. 3 fre 
For in the Triangles X, Z the Side CG is common; 
and by the Conſtruction GB, GA are equal, and the 
Angles contained between them AGC, BGC, 
are likewiſe equal. Therefore the Baſes AC, BC (c) (©) Per 4 
= equal. The given Line therefore AB is biſetted, * # 
E. F. „ | 
But for Practice it is ſufficient from the Centers A and 
B to deſcribe two equal Circles, cutting one another in 
Gand L, and ſo to draw the right Line GL. 


Fx. 31 


PROP. XI. Problem. — 


FIROM given Point (A) to raiſe a Per- N. W NN 
pendicular in a given right Line ( LI.) 


With a Pair of Compaſſes take the 2 Lines A C, — 3 

AF. From the Centre C and F deſcribe two Circles, | 

cutting one another in B. The Line which i. drawn from 85 — 

B to A will be the perpendicular required. . 
For let the right Lines CB, F B be drawn. The e 

Triangles X and Z are cquilateral to one another. As 

JE the Angles CAB, FAB . (a. 00 Per b. 
erefore BA is (b) perpendicular to ine (L I.) 7 


— 


= 
" . 


In practice this and the next are eaſily performed bß 
the help of a Square. 2 "A 3 


1 
PRO. 
- 


Eue lip Elements, Lib. 1 

AS. | ; ENS Ke 1 We 

ee ee J 
P R O P. XII. roblem. | 


Ni. 1 
TEES vi 


Eb. 33- \RO M a given Point (W 3 is wakes | 
an infinite right Line (IL) to let mY 
a Perpendicular to that Line. 


From the Centre A deſcribe a Circle which may a | . 

(e) Yer"ts the given L Qin C and I. Biſect the right Line CI 

we * (c) with the hr Line AB. This AB is the Perpene | g 
* dicular require 3 

| For ler there be drawn AG, AI. Becauſe by the 8 
(a) Per d. Conſtruction X and Z are equilateral to one another; 


uf 


— wa<a'a $ 


44 Therefore the Angles (4) CBA, IBA are equal, . 
* Therefore A B is @) perpendicular. " © = ag 4 
" 14» 
TT P K Sr. Xt Theorem. 3 
\ 8 -1 
.. HE right Line (BA) ftanding upon the rgh 11 
8 Line (C F) either makes tuo right Angles, f 
or 3 etunl to thpo Tight A | 
W For if BA ſtand upon it perpendicularly, then by F 
Definition 14 the two Angles B AC, BAF will be right i 
\ ones” And if BA ſtand obliquely, let there be rais'd 
= (ater. n. (F) the perpendicular AL. Where becauſe, the = * 
_ | qual Angles CAB, FAB poſſeſs the ſame Place whil a 
111 the two right ones 0 AL, LA F Qo, and agree to l 5 
8 aged are 8 (2 to them. = E. > . 
WW * 1 . = cenie, | 1 | 
1 TER the ſame. anher ic hilde demenſtrated, ir n wars 1 
'n n one ftind upon the lame rigitr « 
85 Line, — — =” Angles thereby) w are equal to rwo ff 
L & 3 ri ight ones. p 8 
F Fe. .. Be] Two right Lines cutting one another, make the An- 
q gles equal to tbur right ones. 1 
1 Fg. 36. 3. All the Angles which are about one Point, make a 
8 251 18 equal to four right ones: It pres from be 
| MW * - „„ | | 9 
1 De | | N 


I Lib. IJ. EvucLid's Elements: 13 
4. The Angle CAF being known, you at the ſame Fige 3% 
time know its Complement unto two right Angles BAF. 
Por Example, Let the Angle C AF be of 70 Degrees; 
the Angle B AF Will be of 110 Degrees. For thoſe 
two Numbers added together make 180 Degrees, which 


| 1 is the Meaſure of two right Angles. 
Pp RO pP. XIV. Theorem. Fay 
E277 right Lines (X R, Z N) at-the ſame Fe. 33. 
1 Poiat of a right Line QR make the An- 


„les on both Sides (XR 2, ZR Q equal to two 
al. right Angles ; the Lines (XR, ZR) make one 


right Line. a oo 
If you deny it, let XR, BR make one right Line. 
| FX Therefore the Angles XRQ QRB (a) will make two Ca) Per 23; 
right Angles. Which thing is (5) abſurd ; ſeeing bv the 5 =, 
ze Hypothetis x RQ, ZRQ do make two right Angles. (b) contra 


axio. 9. 
PROP. XV. Theorem. 


F two right Lines (BC, FL) cnt one FA. 37. 
another in A, the Angles oppoſite at the top 
(A) are equal, viz. LAB ro CAF, and 
&4Em LAG : :: W 
For becauſe BA ſtands upon the right Line LF, 
the Angles LAB, FAB are (c) equal to two right ones: (c) Per 13. 
And becauſe FA ſtands upon the right Line BE, che An- 7 By the 
| gles FAC, FAB are allo equal (d) to two right ones. (fan: Prop. 
- I} Therclorenhe two Angles tagether (e) LAB, EA B are (el er axio, , 
re equal to thoſe two together CAF, FAB. Therefore 
ut taking away che common Angle, FAB; LAB (J) remains G ere, 
% equal to CA F. In the fame manner BAF, LAC are 
, fhewed to be equal, | | | W x 
n Coroll. Frem theſe two Propoſitions we gather in Catcptrics 4 
hat a Ray of Light; as reflefted in an Angle equal to the An=  _ 
ele of Incidence, taketh the Morteſt way of all. E. C. When Fige $8 
the Angles BED, AEF are e the Lines AE and EB 
taten together, are fharter 7 Lines 1 
8 n=, N 2 ; | A 


* — oe aaas Z 


© Per 4. l. i. 


— 4 an Ati a 


%. = * 


EUcr1D's Elements, Lib. I. 


AF and FB taken tigether. For from the Point B let the 4 10 
perpendicular Line B C be let down; and let BD ard D 


be equal; Let the Lines alſo EC and FC be drawn, Nom 
in the Triangles BED and DEC, ſeeing the Side DE is 


common to both, and the Side BD and DC are equal by the 1 


Hypotheſis, as js alſo in the like manner B DE equal to the 
Angle CDE; the Triangles ſhall be * equal in all other 
things, and BE ſhall be equal to CE, and the Angle BED 
to the Angle DEC : ( where becauſe the Angle DEC is 
equal to [ BED, that is ] AE F, the Lines AE, EC are 
proud to make one right Line.) And in the ſame manner the |. 
Line BF will be proved equal to Fc. Seeing therefore the ' 
Lines BE and EA taken together, are equal to the Line 
CA, and the Lines BF, FA taken together are equal to the © 
Lines CF, FA taten together ; It is manifeſt that CA, 
which is one Side of the Triangle AC FF, is leſs than the © 
wo Sides CF, FA taken together. Q. E. D. 


PROP. XVI, XVII. 


1 HE S E two Propoſitions are contain d in 6 
Propoſition 32. And are not here made uſe | 
of till then. - 


ran XVII. Theorem. 


IN * the Angle (A) which is op- 
1 poſed to the greater Side (BO) is the greater; 
and (B) which is oppoſite to the leſſer Side (AO) 1 
the leſſer Angle. | 125 


(A) Cannot be equal to (B) for then the oppoſite 
Sides BO, AO would be equal (a); which is contrary 
to the Hypotheſis. - Neither can A be leis than B, for 
if it were ſo, there might within the Angle B be made 
an — ABF by the right Line BF; which Angle 
ſnonld be equal to A. Bur then by the 6th of this Book | 


BIE, AF ſhall be oa ; and if you add to both OF, | 
then BF, FO. ſhall be equal to AO. But AO by che 
". Hypotheſis is leſs than BO. Therefore BF, FO ſhall 
be leſs than BO, which contradicts the Definition of a 
2 £0 > night 
1 
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Lib. I. EucLIp's Elements. 


1 right Line, which is the ſhorteſt of all betwixt two Points. 
; IT Therefore the Angle A is neither leſs than B, nor equal 
to it. Therefore it is greater. N. E. D. ö 


PRO P. XIX. Theorem. 


1 1 N the Triangle AOB the Side (BO) which 


u oppoſed to the greater Angle (A) s the great- 
er; And( AO)which is oppoſed to the leſſer Angle: B, 
ig the leſſer. x 
This Propoſition is the converſe of the former. BO 
is not leſs than AO, for if ic were, the Angle (A) by 
the 18th would be leſs than B; which is contrary to the 
Hypotheſis. Nor can BO be equal to AO, for in this 
Caſe by the 5th the Angles A and B would be equal. 
Bur this Equality ot thoſe Angles is contrary to the Hy- 
potheſis. Therefore BO is greater than AO. 2. E. D. 
.  Coroll. Hence we gather that a Globe or Ball perfectly po- 
liſhed cannot reſt in an horizontal plain perfectly poliſhed, but 
where it touches the Earth. For let the Line AB be an ho- 
rizontal Plain, C the Earth's Center, CA the S:midiameter of 
theEarth, perpendicular to theTangent AB. The Globe placed at 
B becauſe of its Gravity, and the Declivity of the Plain, will 
deſcend towards A. For in the Triangle C AB the perpendi- 
cular Line C A, which is oppoſite to the acute Anzle ABC, is 
leſs than the Line BC which i oppoſed to the right Angle BA; 
and ſq there is from B to A perpetual Deſcent , in which the 
Globe cannot reſt. And in the lifg manner we prove the De- 
ſcent of Fluids, and their Conformation into a ſpherical Sur- 


M P' Ri Q P. XY. Theorem. 


A gether, are greater than the remaining Side. 


This with Archimedes is as it were an Axiom; foraſ- 
much as it is immediately manifeſt our of his Definition 


of a right Line; which ſee above amangſt the Definitions. 


4 - PROP, 


F N any Triangle, any two Sides of it taken to- 


17 


Fig. 38, 


Fig. 83. 
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Fig. 39. 


2 Per 20. 
„ Jo 5 
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(b) By che 
fame, 


Fig. 40. 


„ 


be greater than the third.) ; 


2. , : f * 
* 2 4 7 3 ; l 
I | x 8 4 
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P R O P. XXI. | eorem. IJ 


F fromthe Ends of one Side AB, two right Lines 

be drawn, and joined together within the Tri- 

angle, (as the Lines AO, B O); theſe areleſs tban 

The Sides of the Triangle CAC, BC), but be 
comprehend a greater Angle (AO B. ) # 1 


For as for the firſt Part of the Propoſition, Draw out 11 
AO unto F. AC, CF are (2) greater than AF. 
Therefore the common Line FB being added, A C, BC au 
are greater than AF, FB. Again, OF, BF are t⸗ q 
er (5) than OB. Therefore the common A O being .. 
added, A F, BF are greater than AO, BO. Therefore , 
AC, CB are much greater than AO, OB. 1 

The ſecond Part of this Propoſition will be demon- 
ſtrated in the ſecond Corollary of the firſt Part of Pro- 
parece 32. And in che mean white we ſhall make no 


0 make a Triangle of three given right Lime: ; 
(Bo, LB, LO) (of which any ro welt | 


Let BL one of the given Lines be taken, and B one 
of its extremities being taken for the Centre, with the 
Interval of the other given Line BO deſcribe an Arch. 

Then the other Extremity L being taken for the Cen- 
tre, with the Interval. of the third given Line L O de- 
ſcribe an Arch, cutting the former in O; which being 
done, and the right Lines BO, LO being drawn, I Hy 
that that is done which was to be done. SE 
The Demonſtration is manifeſt from the Conſtru- 


Aion, 


atk. oft bb od nan of 


PROP. 


» . a * . 3 DS : | 
I, Lib. J. © EvcLid's Elements, 19 


Z PROP. XXIII. Problem. + 
Mi x K . ' - h I B) t Fi 8 40. 

es T a given Point in a right Line (as B) to F. 

Aale an Angle equal to à given one (A). 

n Pirſt of all let C F be drawn at a venture, cutting the 

'y Sides of the given Angle A, Then in the given right 
ine from B take BL equal to AF. Then from the 

centre B deſcribe a Circle with the Interval AC; after- 

2X wards another from the Centre L with the Interval F C, 

which may cut the former in O. Then from O unto B and 

L having drawn right Lines: The Angle LBO will be e- 

qual to the given one A. 20 : 
For by the Conſtruction the Triangles are Equilateral 

S co one another. Therefore by the 8ch of this Book the 


4 
bo 
. 


© 7 Angles B and A are equal. YH 
1 


1 T ſeems meet for the Sake of Beginners to propound 

ſome things here which are neceſſary for practice 

about Angles. ana ar 3 

The Meaſure of an Angle is the Arch of a Circle, Fig- 41. 

which is deſcribed from A, the Top of the An- 
gle as the Centre. Theretore loo c how many Degrees 
the Arch B C which is intercepred between the Legs of 
the Angle B AC ſhall contain, of ſo many Degrees the 
Angle BAC ſhall be ſaid to he. And {o becauſe BE 
. a quarter of the Circumference, contains go Degrees, and 
0 meaſures the right Angle BAE, a right Angle ſhall be 
« {aid to he of 90 Degrees. In like manner becauſe halt 
6 the Circumference , which is divided into 180 Degrees, 
3 meaſures. two right Angles, and che whole Circumference 
> Which is divided inte 360 Degrees, meaſures four right 
Angles; two right Angles ſhall be ſaid to make 180 Pe- 


F 4 * 1 « I * « 
* Why "by. Js 
7 I 
2 e * ha D P — 2 8 os Rr k 


grees, and four, 360 Degrees, Theſe Things being pre- 
$ miſed, _ Practice about Angles is as follows? 
| 1. At B a gien point in a right Line to make an An- . 
gle os given one A. * 27 To 202 5 As. a 
From A the Top of the given Angle as the Centre | 
deſcribe betwixt the Sides the Arch C F. Then from 
33 „ B the 


— 
r 3 


5 rere 


* : 
"x 4 ” * 


20 Evct1v's Element.. Lib. I.! 


B the given Point as the Centre deſcribe with the ſamne ro 
Interval the Arch LZ; from which take off LO equal 1s 
to CF. Through B and O draw a right Line; LBO 
ſhall be equal to the given A. | . by 
| Fig. 43 2. To examine the Degrees of the given Angle OPQ, 
| This is done very eaſily through any Semicircle or Pro- 
tractor, which is divided into 180 Degrees. For put 
the Centre of the Semicircle upon P the Top of the 
Angle, and the Radius of the Semicircle P L upon the 
Side of the Angle PQ; and the Arch LO which is in- 
tercepted betwixt the Legs of the Angle will ſnew of 
how many Degrees the given Angle is. : 


— 


8 | 3. To frame an Ang e containing a given Number of 
| Degrees, as 42 : 2 Y 1 
1 Fig: 43+ Draw the right Line X Q. in which mark the Point P. 
$4 Upon P ͤput the Centre of the Semicircle, and its Semi- 
1 diameter PL upon PQ. From L number 42 Degrees, 
that is, until you come to O. A right Line drawn from 
P through O, will give the Angle OP L of 42 De- 

grees. e 4 


4 
0: 
1 
] 
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ꝛ PRO p. XXIV, and XXV. Theorems. | 


fig · 4. 1 F two Triangles (BAC, BAF) ſhall have | 

L io Sides (BA, AC) equal to two (BA, 

il | AF) one ſide of one, to one fide of the ot ber; and if | 
11 one of the Triangles hath the Angle (B AF) con- 
14 tained by thoſe Sides greater than the other (B AC); 
_ 82 It = have the Baſe BF greater than the Baſe 
TEES Aud again, If it hath the Baſe greater, it ſhall 

Fo bave the Angle greater. e 


From the Centre A deſcribe a Circle which paſſeth 

| / Fhrough C, it ſhall paſs alſo through FE, becauſe AC, 

A AF are ſuppoled to be equal. Therefore BF ſnall tall 
| betwixt the Point A and C. Then join C F. The 

| Sate BC E is greater than the Angle ACE; that 

is, by the 5th of this Book, than the Angle A FC, and 

| © per 19. Coniequently much greatcr than the Angle BF C. There- 

FÞ torewnhe Triangle B CF, (a) BF Which is 


* 9 


I. Lib. I. EucLI D' Elements, 22 
ne q | to the greater Angle BCF is greater than BC which 
aal is oppoſite to the leſſer Angle B FC. 
OF 2. As for the ſecond Part of the Propoſition this is 
XZ manifeſt from the firſt Part. | 
ut "PROP. XXVI. Theorem. \. 
he | | 
he F two Triangles (X and Z) have two Angles Fis- 25. 
— 1 equal to two, one Angle of the one equal to one 
Angle of tbe other (B 10 F and C to I), and 
of one Side of one Equal to one of the other, whaher 
it be that which « betwixt the equal Angles (as 
P. BCF) or a Side which x oppoſed to one of the 
4 equal Angles (as AC. EI); all the other Parts 
m all be equal. AM 
e For in the firſt Place let the Sides (BC, FI) which 
are betwixt the equal Angles be ſuppoſed equal; In this 
Caſe all the other Parts are equal; as hath been already 
demonſtrated in the Schi, of Propofitiog 4. BS, 
5 in, ſuppoſe the Sides AC, LI which are oppoſed 
8. Aga poſec 
to the equal Angles to be equal. Here becauſe the An- 
bs gles (B, C) are by the Hypotheſis equal, to (F, I) the 
other Angles alſo (A, L) ſhall be equal by- Coroll. 9. 
5 Prop. 32. which Propoſition depends not upon this. 
f 3 Therefore by the firſt Part of this all che other Parts are 
1 Coroll. Hence alſo, following Thales, we may meaſure Fig. 84: 
Tnacceſſible - Diſtances. E.G. Let AD be an inacceſſible ; 
F Line: to which at (the Point A let there be erected the Per- 
pendicular AC. Let there be made the Angle (AC B) e- Bn, 
ö gual to the Angle CACD ) the acceſſible Line A B ſhall be SY 
equal to the inacceſ wble AD. Q E. I. „ 
— 5 ; EI 8 \, 22 
PR OP. XXVII. Theorem. a 


IF the right Line G O ſball cut two right Lines l. 48. 
1 which are parallel (AB, CF); 1. The alter- 
nate Angles (RLO, 20 L, likewiſe BLO 

5 COL) ſhall be equal, 2. The external Angle 


6 LR 


2 . 
S008 z 
* 


Ever 1v's Elements. Lib. I. 
G LB ſhall be equal ta the internal one on the ſame F 


equal to two right.ones, as likewiſe the two (B LO I 
FOL) equal to to right ones. =» Z 


| the Perpendiculars OR, LQ, Theſe are perpendicular 

Per ax. 11. to the & two Parallels AB, CF; and by Definition 36. 
(a) Per axio. equal betwixt themſelves, they ſhall therefore (a) inter- 
12. cept equal Parts of the Parallels, and R L ſhall be equal 
ro QO. Therefore the Triangles X and Z are equila- 
©) Per 8. Feral to one another. Therefore (5) the alternate An- 
* 1. gles RL O, QO L which are oppoſite to the equal Sides 
RO, QL are. equal. Which is the firſt thing. From 
whence it is likewiſe manifeſt that the alternates BL O, 
C0 are equal. For becauſe as well B LO, AL O as 
| 2 rer 13. "COL, Fol are (c) equal to two right ones; there- 
„fore BLO, AL o rogether, are equal to COL, FOL. 
Therefore taking away the Equals RL O, FO L, the re- 

maining ones BL O, COL fhall be hkewiſe . 5 
s Parr fecond. The Angle GLB is equal to t ar which 
(a) Per 15. is vertically oppoſite R LO (4); But RLO' by the 
fel» _ firſt Part of this Propoſition is equal to LOF. There- 
= fore GL B the external Angle is equal to the internal re- 
mote one which is on the ſame Side, LO f. 
Part third. A LO. by the firſt Part is ir LOF. 
But LOF with COL make Angles out to two right 
ones. Therefore AL O with COL doth the ſame. 
Coroll. Hence in Imitation of Eratoſthenes we learn to 
| Fig. 85. Fneaſure the Compaſs of the Earth, For he obſerved that on 
® * the Day of the Summer Solſtice , the Sun was perpendicularly 
cover Siene, 4 City of Egypt; and he found by the means*of 
4 Stile perpendicularly erected, that on the ſame Day the Sun 
was diſtant from the vertical Point of Alexandria City of 
Egypt, ſituate almoſt under the fame Meridian with the o- 
Fhper, ſeven Degrees, with one $th Part of a Degree; and he 
new that theſe Two Cities were about 5000 Furlongs diſtant 
from each other. From theſe Things by the Help of this Pro- 
Poſit ion he determin'd the Compaſs of the Earth. Let -4 he 
Siene, and B be Alexandria, where the Gnomon B C is e- 
ecled perpendicular to the Horizon, Let DF and EG gr | 


1 


* 11 
. | 
„ © 
, "= * . 
0 aur 
* * % _ * 3 1 


Side (that u, to LO F:) as likewiſe G L R equal to WY 
LOC. 3. The two internal ones on the ſame | 
Side (ALO, COL) as taken together, ſhall be 


Fig. 46. The firſt Part is thus proved. From O and L draw 2 


ne 
to 


ba 

i 
"wp 

1 f 
1 
1 

vs 

* 

1 
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Lib. I. Eucrip's Elements. 3 
I Mar RAY'S parallel to one another « to Senſe. DA à Ray | 
oblique to the Horizon of Alexandria, and which paſ- 

Jing by the Top of the Gnomon makes with it the Angle GC F 
which is of 75 Degrees. Now ſeeing the Angle GC F is e- 
qual to the alternate one AFB, and the meaſnre of it 1 the 

4 Arch A B of 75 Degrees; he found the Compaſs of the Earth 

y this Analogy ; as 75 Degrees are to 3000 Furlongs; ſo the 
whole Circumference, which is of 360 Degrees, is in a groſs 
Number to 2500004the Compaſs of the Earth in the ſame Alea- 

F # 1. 2 E. J. | 15 


PROP. XXVIII. Theorem. 


J* a right Line (G 0 cutting two right Lines 
(4B, CF) makes the alternate Angles 


Fi. 47. 


(AL o, LOF,) equal ; the Lines (A R, FC) 


are parallel. | 
If you deny it, let X L Z paſſing through the Point I. 

be parallel to CF. Therefore X LO (a) is equal to (a) By che 

the alternate F O L, which cannot be, ſeeing by the Hy- forcgoing. 

potheſis A LO is equal to FOL, . . By 


PROP. XXIX. Theorem. 


T F @ right Line G O catting two Tight Lines Fig. 45, & 
A (4B, CF) ſhall make the external Angle ” 

(G LB) equal to the internal oppoſite one (LO H, 

or ſhall make the two internal Angles en tbe ſame 

Side (ALO, COL) equal to two right Angles; 

(AB, C F) are parallel Line. 


By the 15th of this Book G LB is equal to AL 

which is vertically oppoſite ro ir. But by the Hypotheſis 
GLB LIE. Therefore alſo A LO is equal 

to its alternate one LO F. 5) AB, CF ar 
parallel.. NT Rn ici he * () By the 
Again, COL wich FO L makes Angles equal torwo . 
right ones, Bur by che Hyporheſis CO L. wich 4% 


makes 


W 


g 
br 


Fig. 45» 
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Eucrip's Elements. 


makes in all two right Angles al ſo. Therefore AL O, FOL 
the alternate Angles are equal. Therefore, again, (a) 
AB, CF are parallel. PSII. + 

Coroll. From the ſecond Part of this Propoſition it appears 
that every Rectangle is a Parallelogram. Þ 


PROP. XXX. Theorem. 


FF two right Lines (AB, CF) be parallel to the | 
ſame right Line (D N) they are parallel be- 


twixt themſelves. 


Ir is manifeſt in it ſelf, and from the foregoing Propo- 


fitions. For if all be cut by the right Line GO, the ex- 


ternal Angle G L B is equal (6b) to the internal oppoſite 
one LD N. Now LDN is an external Angle in reſpect 
of DO F, and therefore (c) equal to it. Therefore alſo 
G LB is equal to LO F. Therefore A B, C F (d) are 


> IF 


| PR O P. XXXI. Problem. 


| a given Point (A) to draw a Pa- | 


rallel to a given right Line (C F). 
From the Point A let there be drawn at random AL, 


=] eb cutting the given FC. At the Point A let there be 


made rhe Angle (e) LAS equal to the Angle. ALF. 
The Line AS will be parallelto C E, as is manifeſt from 
the 28th „che alternate Angles SAL, ALF being e- 
ua . - . > 4 a 1 5 6 
As for the Practice. Draw AL, and from the Centre L de- 
ſcribe an Arch IQ, and from the Center A with the ſame 
Interval deſcribe the Arch OX; from which having raken 
off QB equal to I Q; the right Line drawn through A 


8 
* 


and B will be the Parallel ſought. The Demonſtration 
depends upon the agth Il. 
Dr otherwiſe thus. From a certain Center P deſcribe 

2 Circle which may paſs through the given Point A, and 


— 


may cut the given Line C E in Q and O. Take the 


Lib. I. 


Lib. IJ. EvcLrD's Elements. 25 


Arch ON equal to QA. The right Line AN ſhall be 
the Parallel ſoughr. 

The Demonſtration hereof depends upon 29. I. 3, and 
the 28th of this. | | 


PROP. XXXII. Theorem. 


PART I. 


N every Triangle any one of the external An- Fig. 5:. 
ples (as FBC) i equal to the two internal re- 


mote ones (A and C). 

Through the Point B draw (a) BL parallel to A C. (2) Fer zr. 
Becauſe FA cuts the two Parallels BL, AC, the ex- © © 
ternal Angle FBL ſhall be equal to the internal one | 
A(b). And becauſe the Line B C cuts the ſame Paral- (b) Per 27. 
is: AC); the Angle LBC ſhall be (c) equal to Go a 
its alternate one C. Therefore the whole Angle FB C — ; 
ſhall be equal to A and C both together. Q. E. D. 


* 


— 


Corollaries. 


| 4 
1. TH E external Angle E BC is greater than either r.. 5x. 
T of the internal — ones —— C. . 1588 
2. Of the Angles 2 and AO B) having the ſame Fig. 39. 

Baſe, A OB which falls within, is the greater. 25 
For let A O be produced unto F, AO B by this Pro- 
poſition is greater than O F B; and likewiſe O F B is by 
= greater than C. Therefore AOB is much greater 
n C. N 
3. If from one Point A there fall two right Lines upon Fig. 55. 
BC; one of them AO. obliquely , the other A F per- ö 


pendicularly; this laſt ſhall fall on the Side of the acute 
Angle AO B. For let it fall, if it may be, on the Side 
of the obtuſe Angle AO C, as for inſtance in Q. In 194 
this Caſe the acute Angle AO B ſhall be external in re- i l 
ſpe& of A QB, and conſequently ſhall be greater than N! 
the right one, by Coroll. 1. which is abſurd. 1 
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Fig. 52. 
(a) By the 
= Parc of 


®) Per IN 


Fig. 53. 
(c) Per 27. 


(a) Corel i; 
Prop. * J. T. 


up. And fo on che contrary, 
ny Degrees two Angles of a Triangle 


lame time of how many Degrees the third A 


KEUCL I D's Dlemonts. Lib, J. : 


PR OP. 


xXXXII. Theorem. 
A IH 2 


4 


1 N every Triangle the three Angles taken to ef # 


ther are equal to two right ones, and there ore 
make 180 Degrees. 


Draw forth one Side A B unto F. - 


8 3 


The external Angle 


FBC is equal (a) to the two internal oppoſite ones, Ati 


and C. But FBC with ABC make (6) Angles equal 
to two right ones. Therefore the two A and C wich 
the ſame CBA make Angles equal to ewo right 
ones. Q. E. D. a 

Or thus. Draw the Line H M parallel to AC, the al- | 
ternate Angles as well O and A, as N and C (c) are 
equal. Bur O, Q, N make Angles (4) equal to two 
right ones. Therefore alſo A, 50 * are a to tW- O 
wo ones. * E. D. 5 


C orollaries. 
4. THE three An les of any one Triangle taken toge- | 
T are equal to the three Angles of any other Trizn- | 
gle taken together. 
5. If ina Triangle one Angle be right (or n 
reſt are acute. 
be right, the x90 other 


6. If in a Triangle one 
7. In every Triangle, the Angle Which is right, is e- 


Kugler together make one right 


| qual to the other two taken together. 


8. When you know of how many Degrees one angle 


of a Triangle is, you know at the Cote time how many 


Degrees the co other Angles as taken together do make 
"when you know how ma- 
taken together do 
make up, or What 1s the Sum of chem, you know at the | 
len- 

9. When two Angles of one Triangle — ſeverally 
or together are equal to two Angles of another Triangle, 
the third Angle of one DE is alſo equal to the third 


10. When 


or che other. 
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10. When two Triangles have one equal Angle, the 


ums alſo of the reſt of the Angles are equal. 


11. When in an Tſoſceles , the Angle contained by the 


equal Sides is a right one, the two others are each of them 
half-right Angles. And the Angles of an Zeſceles which 
are at the Baſe ate always acute, = 


12. In an equilateral Triangle, each Angle is rwo thirds 
of a right Angle. For it is one third of two right ones, 
therefore it is two thirds of one right one. 

13. Hence a right Angle (BAC) is eaſily divided in- 


to three equal Parts; if upon AC be made the equilate- 


ral Triangle Z; for ſeeing FAC is two thirds of one 
right one, BA F ſhall be one third of a right one. 

14. The Perpendicular A F is the ſhorteſt of all Lines 
which can be drawn from the Point (A) unto ſome right 
Line, For ſeeing the Angle F is a right one, AGF 
ſhall by Corollary the 5th be an acute one. Therefore 


27 


4 
: 


d: p: 6 (ar: L 


Fig. 54 


Fig. 55. 


(a) AF is ſhorter than any other, as AO, | aint 
138. Only one Perpeudicular can fall from one Point l. 1. 


unto one right Line. This is manifeſt out of the forego- 
ing Corollary. wn | 

16. Hence alſo we learn to determine the Parallax of the 
Stars, or the Difference of their true and apparent Place. 
Let A be the Centre of the Earth, B the Place of the Ob- 
ſerver upon the Surface of the ſame. Let DBC be the An- 
gle of the Star C according to Obſervation, or the viſible An- 


gular, Diſtance thereof from the vertical Point ; when in the - 


mean while DAC wthe true angular Diftance. Now the 
external Angle DB C which is given from Obſervation is e- 
qual to the Angles BAC and BCA taken together ; and 
conſequently the Angle BCA n the Difference of the Angles 
DBC and DAc. If therefore we ſhall from Aſtronomical 
Tables feek the Angle D AC, or what at the time of ob- 
ſervation.s the true angular Diſtance of the Star from the ver- 
tical Point, when the Angle DBC is at the ſame time known 


by means. of the Quadrant, the Difference of thoſe Angles 
BC A, which we call the Parallax, will likewiſe be known. . 


E. 4 


Scholium, 
1 * * 


the Teſtimony of Eudemus an ancient Geomerri- 
clan, Fy#hagoras was the finder-our of this Propoſi- 
| 46 | | tion, 
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Fig. 57. 


(bd) Per 32. 
4. 1. 


3 Le) Corot. Zo 
Prop. 13. 1.1. 


ere For if through the oppoſite Angles you draw the right 
19 5 „ Line BF, this will wald dee enen. 
17 N, without forming any new Angles, whoſe Angles to- 


ca) Per 32. 
lj. - 


| Angles equal. y Which thing is worthy or Admira ; "4 


Eucr I' Elements. Lib. J. L 


tion, which indeed is a Theorem moſt excellent in it ſelf, 


moſt fruitful in its Conſectaries, and of uſe in all Parts of . 
the Mathematicks. Ariſtotle very frequently makes men- 75 


tion of it, who alſo puts it for an Example of the moſt | 
perfect Demonſtration. But like as from this Propoſition 
we have already learned, how many right Angles the An- 
gles of a Triangle are equivalent to; ſo by the help of 
the ſame, it will in the three following Propoſitions be 
manifeſt, how many right Angles, the Angles of any 
rectilinear Figure whatſoever, whether internal or exter- 
nal do make. = 


S 


0 

| | 

Theorem 1. 5 

IN every quadrangular Figure the four Angles toge- : 
ther make four right ones. A 

a 

f 


gether do (4) make four right Angles. 


— PR 


| Theorem 2. 


as. a @A A 


| A LL the Angles together of every right-lin'd Figure 
make twice ſo many right ones, abating four, as are 
the Sides of the Figure. „„ 
From any Point A within the Figure let there be 
drawn unto the Angles of the Figure right Lines, which 
ſnall cut the Figure into ſo many Triangles as it hath Sides, 
and make no more Angles but thoſe of the Center. 
Wherefore when each of the Triangles contains two right 
Angles (ö), they muſt all together contain twice ſo ma- 
ny right Angles as there are Sides. Now the Angles about 
the Point A, (c) do make four right Angles. Therefore 
if from the Angles of all the Triangles: you take away 


the new Angles which are about A, the remaining Angles 


which indeed do _alone conſtiture the Angles of the 
Figure, will make twice ſo many right Angles, excepting 
four, as are the Sides of the Figure. 
Hence it appears that allRigti-lin'd Figures of the ſame _ 
Species, or Number of Sides &Angles have theSums oh cheir 


2 


* 
nn es 


7 7 
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Figure; and from th 


(6) the Baſes BF, AC are equal. (Whic Ir! 
Part.) And then the Angles at the Baſes AFB; FAC 


£ - 


Lis. Evcrip's Elements, 


The Practice is thus; Double the Denominator of the 
uct take away four; the Re- 
* of the right Angles, which the 
the Figure do make. 


mainder is the N 
inter nal Ang] 


Theorem z. 


LL the external Angles of any right-lin d Figure 
whatſoever taken together do make up tour right 
Angles, Io 
For each of the internal Angles of the Figure docs 
(d) with its reſpective external one make two right An- 
gles. Therefore all the internal ones, together with all 
the external ones, do make up twice ſo many 
right Angles as are the Sides of the Figure. Now by the 
Precedent, the internal ones, together with four right 
Angles added to them, make twice ſo many right Angles 
as are the Sides of the Figure. Therefore the external 
Angles are equal to four right ones. | 
Wonderful truly is this Property of right-lin'd Fi- 
gures; from whence it follows alſo, that all the right- 
lin d Figures of any Species whatſoever have the Sums 
of their external Angles equal. And therefore the three 
external Angles of a Triangle are equal to the thoufand 
external Angles of a thouſand-ſided Figure. Which 
Obſervation 1s altogether worthy of Admiration. 


PR OP. XXXIII. Theorem. 


F two right Lines, which are equal and paral- 


4 tel, x (AB,CF) be joined by two others 


* 


(AC, BF); theſe alſo will be equal and pa- 
„ VE | | 

Let AF cut the Parallels AB, C F. in the Triangles 
R, the alternate Angles B AF, CF A (a) will be e- 


ns Now the Side A B is ſuppoſed equal to the Side 


es. Therefore 
Which is the firſt 


F, and A F is common to both Te 


are equal; and therefore A F falling upon the right 
Lines AG, and BF, makes the alternate Angles A F E, 
N | G71 1 FAS 


29 


Fir. 58; 


(d) Fer 13. 
1 


Fig: 5$ 


(a) Per 271 
4. 1. 


(b) Per 41 


1. Is 


oy 
7 
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(c) Per 28. FAC equal. Therefore A C, B F are alſo (c) parallel. 
8 Which is the other Part. & -, 
Fig. 87. Coroll. Hence we learn to meaſure as well as the Heights © 
of Mountains above the Horizon as thety borizontal Lites, 
Let ABC be the Side of a Mountain, to which apply a great 
Square, or ſome Inſtrument equivalent thereto AD B. Then 
hall AD be equal to HB, and D B equal to AH. Then © 
coming unto the lower Part which is from the Point B unto 
the Point C practiſe as before. Sy ſhall EB be equal to 
CF, and EC be equal to B F. . Which done, the Sides pa- 
rallel to the Horizon, AD, B E, &c. added together will gibe 
the horizontal Line GC; and the perpendicular Sides B D, 
EC, &c. added together will groe the Height 46. 4 
Fig. . Coroll. (2.) Hence alſo we learn to eſtimate the Compoſs- 
tion of Motions. Let a Body placed at A be driven'in the 
ſame Moment of Time by the Force AC according to the 
Direction of the Line 40, and by the Force AB ac- 
cording to the Direction of the Line AB. From the Conjun- 
crion of theſe two Forces it will deſcribe the Diagonal 
AF. Por in this Line of its Motion neither of the Forces is 


AAN 


chan ed. For the Body at E it equally diſtant from Both the | 
Lines of Direction Ac, A B, as if it bud been dviven I 
either of the Forces ſeparately; which thing can be ſaid of no 
other Point. And this Corollary doth ſo fully agree with Aſtro- 


= nomical and other Mechanical Phenomena, that it is wor- 
aj thily reckoned by the Famous Sir Iſaac Newton, ar Hun- 
dation of his Geometrical Philoſophy. e 
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5 : 
e. upon chem ia Ie 
S W e RT hcrefore che whole Angle BAC 
Hf. 5. is equal g e Angle BFC. In the fame manner 
(d) Fer 27. B and Cate fewd to be equal. Which was the firſt 
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Now becauſe it hath been already ſhew'd that the Tri- 


; . angles Q, R, which have one common Side A F, have al- 


ſo. the Angles adjacent to the common Side equal, BAR 
to CFA; and CA F, to BFA, the Sides likewiſe ſhall 
be equal, A B to EC, and BF to AC; and thus 
whole. Triangles are equal. Which was the ſecond 


Scholium. 


Pay from this Theorem; and partly from a Definiti- 
on to be premis d to the fecond Book, the meaturing 
of a righe-angled Parallelogram is eafily deduced. The 
Area thereof being produced by the Multiplication of the 
two contigewans Sides A F, A C one by another. E. G. 
Let AF be à Line of 8, AC a Line of 4 Feet. Multi- 
ply 8 by 4, chere ariſes 32 Square Feet for the Area of 
the Rectangle : | 


But che Area of a Square is had from the Multiplicati- 
on of the Side FI by ir ſelf; as if FI be of 5 Feet, 
muleiply 3 into it ſelf, chere will ariſe 25 ſquare Feet for 
the Area of the Square. : 


Corollary, Hence Surveyors do, ei divide the Area of a 
Field when it is 4 Purallelran e A BCD be the 
parallelogram Field AD the Diametemer Diagonal Line of 
the ſame; the midule Point whereof is marked F. Whatſqce- 
ver rigbi Line, as EG, paſſeth through the Point F, it di- 
vides the Field into equal Parts EACG, EB DG. Fur the 
Triangle ABD is equal to the Triangle ACD, and * the 
Triangle A EF equal to the Triangle G FD. If therefore to 
the Trapexium EB D, inſtead of the Triangle AE F, you 
fhall add the triangle which & equal to it G FD, you will 
not change the Area; but the Trapezium EBDG will be e- 
qual to the Triangle A BD or to half the Parallelozram, and 
conſequently equal to the TrapeJium AEGC. Q E. I. 


£2 PROP; 


"The Demonſtration is manifeſt from this Propoſition; 
parallel Lines be drawn r the Diviſions of the 
ides. Ea * N 


31 


r. 60. 


Fig. Gi. 


Fig: 88; 


* prra a6. Iii 
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p ROP. XXV. XVI. Theorems. 


Arallelograms upon the ſame or equal Baſes 927 
„and between the ſame Parallels (C. Q, AX 
are equal, 


Fig. 62. 


(a) Per Def. Becauſe AL, BQ (a) are parallel, and CQ cuts 
35. them, the external Angle C LA ſhall () be equal to the 
) Per 27. internal one FQB. Then becauſe as well C F as LN 
| G) ber 34. Are equal (c) to the ſame AB; CF is equal to I. Q. 
Add then F L to both, the whole Lines C L, FQ are 
95 Per 34. equal. Moreover AL, BQ are equal (d). There- 
fore the Triangles CL A, FQB 65 are equal. There- 
© Per 4. fore taking away the common Triangle F O I., the Plains 
F OA C, QBOL remain equal: To each of which 
Trapeziums add the Triangle A OB, the whole Paralle- 

: lograms ACFB, ALQB B become equal. Q. E. D. 

568 8 This Propofition will be made umverſal, Prop. 1. /. 6. 
Beginners may here obſerve, chat although of two Pa- 
rallelograms which are between the ſame Parallels infi- 

nitely produced, and upon the ſame Baſe, one of them 
be extended unto an infinite Length, it ſtill remains but 
equal to the other, by the Force of che preſent Demon- 
ſtration. 
[ From Hence -it follows 4 that 120 cities in Magnitude 
equal, may jo much differ in Compaſs, that the Circumference | 
of one may exceed that of the other an hundred or 4 thouſand 
Times. If for inftance, one be of -a ſquare Figure or Reftan- 
gular ;, but the other a Parallelogram, betwixt the . ame Taral- 
lels indeed with the former, but very oblong. 
Moreover it hence follows, that Figures of equal t 
round may contain Area's vaſtly nn 3 w 


* cholium. 


Fig. 62. Fr R OM this Theorem we may learn ro fu any 
Parallelogram. For the Area of it is produced from 


the 5 Wa QX, or CA multiplied into 
I A * 


— * 
Py . | | * * 


x 8 For 


y 


QZ 


and between the ſame Parallels (CI, A) are 


triangular Field. Let ABC be the Field, and let the Baſe 
BC be biſected in D. The Triangles ABD, ADC upon 


Time be divided into equal Parts, and in the firſt equal Part 


ſingle Impulſe, but a great one, and make the Body to de flect 


Li Evciid's Elements: 33 


For the Area of the Rectangle CB which is equal to 
that of the) Parallelogram BL is made (a) by AC, (a) By the 
multiplying A B. Therefore, Cc. — 


PROP. XXXVII, XXXVIII. Theorem 


TRIANGLES (Ac, AFB) up- Fig 6 
on the ſame or equal Baſes (AB) , 


equal, A 
Draw the Lines BL, BI parallel! to the Sides AC, 
AF. The Parallelograms ACLB, AFIB (6) are e- cb) By the 
qual. Bur the given Triangles are halves of thoſe Paral- Ping 
lelograms (c). Therefore the given Triangles (d) are e- . 1. 
ual. bY a 8 (d) Per axis. 
This Propoſition will be made univerſal , Prop. 1. /. 1. $5: 
Let Beginners mark the fame Thing here concerning 
Triangles, which we bid them to note in the foregoing 
Propoſition concerning Parallelograms. _ 

Coroll. (1.) Hence Surveyors eaſily divide the Area of a Fig. 89. 


the equal Baſes BD and DC, and having à common Top A, 
or being between the ſame Parallels, are equal. Q. E. F. 
[D Coroll. (2.) Hence we alſo gather, with the Famous Sir 
Iſaac Newton, that the Area's with all Bodies whatſoever 
that revolve round about an immov2able Center, towards which 
they are impell d, do deſcribe, are both in immoveable Planis, 
and are proportional to the times of Deſcription. For let the Fig- Sa 


of Time, let the Body by the impreſg d Force deſcribe the right 
Line AB. Tye ſame Body in the ſecond Part of Time, if 
nothing hindred, would go forwards ſtrait unto c, deſcribing 
the Line Bc equal to AB; ſo that the Area's made by Lines 
drawn from the Center ASB, BSc (a) would be equal. Ca) Per 3. 
But when the Body comes unto B, let the Force act with one J. r. 


from Be, and to g9 forwards in the right Line BC, i. e. 
let the centripetal Force be in that Place to the Farce before 
impuls'd as Cc or Bg is to Bez in this Caſe the Body will (per Core, 
(6) deſcribe the Diagonal B C. Let there be drawn parallel 2. prop. 33. 
to BS the right Line Cc meeting BC in C. In the ſecond l: 2. 
. 


; Þ "Y 
WW \. 


£ P ere 37» 
* 


2. 


Evcstd's Flenms, Lib. I. 


Furt of Time cempleitted, the Buu¹ν will be form in the Point 
C in the ſame Plain with the finft Triungie F A. Jin . 
The Area made by a Ray ulramn ithe Center, that is e 
Triangle SBC will be equal to (c) SBc, and conſequently 
to the firſt Angle & AB (d). By the ſame Argument the 
Body in the third equal Part of Time would by ite preſent 
Force reach from C unto d, ſo that the Line Cd ſhould be 
equal ty the Line Bc or AB. But if the centripetal Force, 
whether. it be greater or leſſer , does again act upon it in the 
Point C, in the end of the third Part of Time it will be found 


| ſomewhere In the Line Pa, parallel to Sc; and ther oft as 
before, ſuppoſing the ſaid Force to be equal or unequal to 


what it was before , it will be found to have deſcribed 
the Diagonal C D, and will be found in the Point D, and u 
Ray being drawn from the Center, the Triangle S D "will be. 
equal to thut Sd C, and conſequently to the others SC B, 
SAB which are equal one to the other. In like manner if 
#he centripetal Force alt ſuc 
and be the cauſe thut ithe Body in the ſeveral Parts of time 
reſpectivel ue /cribes the Diagonals, P E, EF &c. the A. 
rea s now made as a-fore will be in the ſame Plain, and Tri- 
angles will be deſcribed equal to the former Triangles. There- 
Jore in equalTimes equal Area's are deſcribed in an immoven- 
ble Plane; and ſo the Sums of the Area's SADS, SAFS will 
be amongſt themſelves as the Times wherein they were deſcri- 
hed. Now let the Number of the Triangles be increaſed, and 
their Wideneſs diminiſhed infmitely ; both that Peri- 
meter of them ABC DEF, will be a curve Line, and 
the Area's deſcribed in one and the ſame immoveable Plane 
will in thisCaſe _ be propor tional to the Times ag well as be- 


fore. & E. D 
PROP. XXXIX, XI. Theorems. 
VE wal Triangles (AC B, AFB) upon the 


fame or an, equal Baſe (4B) . on 


the [ame Side, are between the ſame Parallels, 
(4 BYEF): 


If you deny it, let C 1/4be Varallel to A B and let 'B L 


be drawn. Then ALB is equal to AC B (a). But. 
” by ok gene A FB 3 to AC B. Therefore 


ALB 


in the Points D, E, F, 


81 
tis end a. — 7. 


„ 


. „ „ „„ cc us. vo 


Ks. 


Therefore AFB alſo is half of AL. Q. E. D. 


Lib. I. EvucL1Þ's Elements. 
ALB and AFB are equal; i. e. a part is equal to the 


whole. Which cannot be. Therefore, c. 

[.Coroll. (I.) Hence alſo, with the Famous Sir Iſaac 
Newton, we gather, that all Bodies which are moved in curve 
Lines, and deſcribe Area's about ſome Center proportional to 
the Times, ate perpetually urged and-preſsd by a Force impel- 
ling towards the Center. For becauſe of the Equality of the 
Trianzles SCB, ScB deſcribed upon the ſame Baſe SB, the 
Prints C and c ſhall be in a Line Cc which is parallel to the 
Baſe; and ſo the Figure Bc Cg ſhall be a Parallelozram ; 
the . les whereof Bc and Bg are * the Lines of the Dire- 


therefore is urged unto C by the Force Bg which tends unto 
S the Center. And ſo in all the Points, C, D, E, F. C. E. D. 
Coroll. (2.) Seeing therefore in the Motion of the primary 
Planets, the Area's made by Rays, or right Lines drawn from 


them unto the Sun, are always proportional to the Times, as all 


Aſtronomers know, the Planets gre urged by a perpetual Force, 
which-tends to the Sun. And the ſame thing is equally true of 
the ſecondary Planets with reſpect to their primary ones.] 


PROP. XII. Theorem. 


FF a Triangle (A FB) be in the ſame Parallels 


with a Parallelogram (AL) and have the 


Jame or an equal Baſe (AB), It is balf of the 


Parallelogram. 


Draw CB. The Triangles AFB, AC B are (a) e- 
qual. But ACB is half ot the Parallelogram AL (6). 


/ 


Scbolium. 


From this Propoſition, with the Scholium of Prop 35. 


we'learn that the Area of wharſoever Triangle, as 


AFB, is produced from half the Altitude FI multi- 
plied into the Baſe AB, or half the Baſe multiplied into the 
Altitude. Wherefore one Side of a Triangle being 


known, and the Heighth, that is, the Perpendicular which 


talls upon the known Side from the oppoſite Angle, the 
Meaſure of the Triangle is given. As if the Bale. AB 
„ | C 4 be 


* PerCoroll 


ions of the Firces, and BC i the Diagonal. The Body f, ul 33 


Fiz. 65. 


(a) Per zx, 
7 . 


(o) Per 34. 
1 * 


Fig. 65. 


Fig. 66. 


(a) Per 31. 
* 55 

955 Per 23. 
Tt. 


, (c Per 31. 
1. 1. 


| (d) Per 38. 
4. 1 


(ec By the 


toregoing. 


kes. K. 


1 


EuUcCL1D's Hlements. Lib. I. 


be of an 100 Feet, the Heigth FI 85. multiply half the 


Baſe 50 by 85, and you have the Area of the Triangle 


A FB=4250 Feet Square. Further, the Altitude of a 1 


Triangle, when the Area of it is in all Points acceſſible, 
may be known mechanically as well as the Sides. But 
if the Area of it cannot be gone over, the Heighth ma 
be found Geomerrically by 12 and 13. /ib. 2. as we ſhall 
A i 5 | | 

In a re&angle Triangle, the Heighth is the ſame with 
either of the Sides about the right Angle. Half of this 
therefore multiplied into the other Side adjacent #9 the 


right Angle will give the Area of the Triangle 5 


PROP. XIII. Problem. 
70 | | & 


% 


T O make a Parallelogram with an. Angle | 
equal to a given one (O and equal to a 


given Triangle (AC B.) 


o 


 Biſe& the Baſe AB in F. Through c draw C XR 
parallel (a) to AB. Make the Angle BAL equal to the 
given one O (b). Draw FI parallel (c) to AL. AL IF f 


thall be that which was fought for. 


For let FC be drawn. The Parallelogram AI hath | 
an Angle LA F equal to the given One O, and is equal 
to the given Triangle A CB; ſeeing that as well the | 


Triangle A CB (d) as the Parallelogram A] (e) is dou» 
ble co zþe fume Triangle AGF, 


-Corollary. 


\ 


T HE, T 8 8 AC being given, a Rectangle equal 
to it is had, if there be drawn a Line Parallel ta the 

Side AB, and AB being biſected in E, the perpendicu- 
lar BQ be erected. For the Rectangle under FB and 
Qu will be equal to the Triangle ACC 8. 


l. Lib. I. EUCLID's Elements. = 


2 PROP. XIII. Theorem. : 
2 1 N 4 Parallelogram (as BL) the Complements Fig. 6. | 

1 (6380, OL) of thoſe Parallelograms which 1 
are about the Diameter (RF, CS) are equal. 1 


lis If through any Point of the Diameter AQ as the 
ic point O, CF be drawn parallel to the Side A B, and RS 
parallel to the Side BQ; the whole Parallelogram BL 
is divided into four Parallelograms, whereof two are a- 
bout the Diameter RF, CS, the other two BO, OL 


— 222 
. — 


are the Complements of theſe unto the whole Parallelo- N 
„„ b 
Their Equality is thus proved. The Trian- 5 
gles (F) ABQ, ALQ are equal. Likewiſe the (f) Per 34. 4 
be | Triangles ARO, OCQ ( are equal to the Triangles . 1. ; 
AF, OSQ. Therefore if from the Equals A BQ, Q By cho ; 
AL you take away Equals, on this Side AR O, OCQ, e. 1 
on that AEO, 05; then BO and OL ſhall remain 4 
equal. Q. E. D. | 4 
ie = | | 1 
F PROP, XLIV. Problem. {A 
18 ON a given right Line (OS) to conſti- Fig. 64: i; 
ie | tute 4 Parallelogram,in a given Angle (X,) / - 
7 which Parallelogram ſhall he equal to a given Tri- 
angle (V. N 


Make a Parallelogram (a) RC equal to the given V, (a] Per 42 
having its Angle ROC equal to- the given one X, . 1. 
and join the Side R O directly ro the given Line OS, fo 
as to make one right Line therewith. Then through S8 
draw SQ (6) parallel to O C, which SQ let BC meet (by Fer 31, 
when it is produced unto Q. Then let a right Line J. 1. 
drawn through Q and O meet BR produced unto A. 
Which done, through A draw AL parallel to OS, 
which AL ler CO and Qs meet when it is produced 
unto F and L ; The Parallelogram O L. is that which 
„FCC 8 
. N "RX 


W 
3 


— 


N Ji. 91. 


Fer 33. 
a 


1.69. 


2 Per 44. 


() By the 


ROC; that is, by the Conſtruction, equal to the given 


to. a giuen Rectilineal Figure (C B A). 


ECL ED's Elements. Lib. I. 


For OL (c) is equal to RC, that is, by the Conſtru po 
ion, to the given Triangle V, and is at the given Line 
OS; and (4) the Angle FOS is equal to che Angle 


h — This Propoſition contains a certain Geametrical 
Diviſion. For in the vulgar Arithmetical Diviſion, the Num. ri 
ber to be divided may juſtly be conſidered as being a certan 
Rectangle. E. G. Let the Rectangle AB comprehending 12 
Hauare Feet, be to be divided by 2; i. e. a Refangie is th 
be found equal to that 4B of 12 ſquare Feet, one of whoſe I. 
Sides ſhall be only 2 feet: From whence it comes to be en. gi 
halred af what Number the Side ſaught ſhall confift ; which 

Side is to bei ſteemed a certain Quotient of this Diviſion. Which © 
Thing is pcrformed Geometrically after this manner. With a 
Pair.of Compaſſes take the Line BD of two Feet, and draw 
the Diagonal DEF. The Line 4 F is that which is fought 


for. For the Complements EC and EC pre * equal; and i 


in the Rectangle EG one Side EH is equal to the Line BD ey 
which. is of g Feet; and the Sie ET is equal to AF. a, 
This & ind of Diviſion ic. called Application, becauſe the e, 
reckanguſar Space AB is Applied to the Line BD or EH; 55 
and hence it comes that Diviſun is often named &pplication; 5) 
reſte being had to the Practice of the old Geometricians, 
who always made move (Uſe of Geometrical Conſtructi- 
on, which requires on'y a Rule, and a Pair of Compaſſes, | 
than of Arithmetical Computation, which is performed by | 


PROP. XIV. Problem. 


1] PON agiven Line (JQ) and in a given 
Angle (H). to make a Parallelognam equal | x 


1 


oy © 
Reſolve the given Rectilinear into the Triangles A, B, C, 2 
4 ˖ 


by drawing the, right. Lines 'F!L, FT. 


Upon cke given Line IQ in the given Angle H make 


(a) the Parallelogtam IV equal to the Triangle A. Then 
b. 1. the, right Line IR being produced infinitely -rowards'P ; 


Upon the right Line RV in the Angle V R'P (ö) make 


cke Parallelogram R Z equal to the Triangle B. Again, 
| | 1 


«1 ib. I. EvUcL1D's Elements. 39 


upon che Line S Z with the Angle Z SP make the Pa- 
rallelogram 8 G equal to the Triangle C. This done 1 
ge ay 10 is the Parallelogram ſought for. Yo 
XZ For (c) the Angle Z VR is equal to its alternate I RV. (e) Per 29. 
But 85 QVR and IRY are equal to two right Angles. „ 2. 
Therefore alſa QVR and Z VR are equal to two (a) By the 
right ones. Therefore“ QV and Z V fall directiy . Per 14 
Wo a3 to make one right Line. After the ſamne 
manner I might ſhew that QZ and ZG make one 


richt Line. Therefore the whole QV G is one right 
20ſe Line, and is alſo parallel to I X, ſeeing hy che Conſtru- 


en. tion QV is parallel to IP. Now X'G alſo (e) is ꝓa- (c) Per 30. 
rallel to I. Seeing X G is parallel to SZ, — S Z to 4 : 8 
RA, and RV to IQ. 5 
1s Therefore (f) is a Parallelogram ; but that it is (f) Fer de. 
uch an one as was required, is manifeſt from the Con- 35 
ruction 
= { Coroll. Hence is eaſilj found the Exceſs-whereby u great- 
Der reckilinear Figure exceeds a leſſer. To wit, if unto the 

X /ame right Line IQ be applied Parallelograms reſpectively 
he 2 equal to the two right-lin d Figures. For that Parallelogram 
7; y which the greater Rectilinear exceeds the leſſer will give 
J = the difference of them. Q. E. I. ] 
] 3 


Scholium. 


W E will here add a Problem that will be uſeful for 
the Practice of Propoſition 14. |. 2. 
A quad rangular Figure BF being given, to deſcrthe an Fig. 70. 
equal Rectangle. 5 
Reſolve it into Triangles by the right Line A C. From 
the oppaſite Angles let down the Perpendiculars BO, El. 
Bife& AC in S. From 8 erect the Perpendicular & L, 
equal tothe two BO, FI put together. The Rectan- 
gle comprehended under LS and S A is equal to the 
given BF. The Demonſtration appears out of Propoſi- 
en 


FR OP, 


* 
4 * 


Li 


EucL ID's Elements. Lib. 
3 3 cha 


WK TX | the 

"= PROP. XLVI. Problem. 7 2 

. Fig. 73. a RO M a given right Line (4 B) to deſcrin wn 
| I # Square. | = 


'* Ere& two Perpendiculars equal to the given AB; to 

wit, AC, BE, then join CE. I fay the Thing is done, 

(2) By the For ſeeing rhe two Angles A and B are (g) right 

|þ Conſtrution ones, AC and BE ſhall (þ) be parallel; but they are 
= h Per 29. alſo (a) equal. Therefore CE and AB are (6) parallel 
| G) By the And equal. Therefore the Figure is a Parallelogram and 


= Conſtruction Equilateral. But all the Angles alſo are right ones ( for th 
i td) Per 33. ſeeing A and B are right Angles, the oppoſite ones (c) it 
. 1. E and C are right alſo. Therefore the Figure AE is of 

© 199 34 ny, Square. h 

Ln In the ſame manner you may eaſily deſcribe a Rectangle ir 

which hath the two unequal Sides given. = 

8 | V 

PR OP. XLVII. Theorem. 1 


Fig. 7 IT N every right-angled Triangle (as A BC) the 

N Square of the Side (AC) which is oppoſite to 
the right Angle is equal to the two Squares together 
of the two other Sides (AB, CB.) | 


Let IC and BF be drawn; and BE parallel to AF. Now 

it to the right and therefore equal Angles IAB, 

FAC, there be added the common Angle BAC, the 

Wholes TAC and FAB ſhall be equal. But in the 

Triangles TAC, F AB, the Sides which contain thoſe 

ra) Per def. equal Angles are equal (d) amongſt themſelves, to wit, 
Square. IA, CA, to BA, AF, each to each. Therefore the 
le] Per 4. e IAC, FAB (e) are equal. Which becauſe 
N. * they ſtand upon the ſame Baſes IA, FA with the Paral- 


lelograms ABLI and ZAFE, and between the ſame 

Parallels I A, LBC, and AF, EZB, they are halves 

ff] Per 41. (F) of thoſe Parallelograms. Therefore the Parallelo- 
Ft. grams ABLI, L AF E, as being Doubles of Equals, 
are equal betwixt themſelves. By the ſame reaſoning 

the right Lines A X, BR being drawn, it may be 3 

1 at 


trical Magnitudes cannot be made up of a definite Num- 


Lili Euc LID's Elements. 


chat the Parallelograms E, C, B X are equal. Therefore 
the whole AR is equal to IB and BX together. 
2. E. D. 


Ir was taken for granted that I. B C is parallel to IA, 
in order to which LB and BC muſt be one right Line. 


Now that they are ſo is maniteſt from the 14th, ſeeing 
the Angles L BA and CBA are both right ones, by 


the Hy potheſis. 


Schollum. 


*HIS Theorem — Prop. 31. I. 6. Euclid extends 

unto all like or fimilar Figures) is commonly call'd 
the Pythagoric Theorem, from Pythagoras the Inventor of 
it; who, as is atteſted by Pyoclus, Vitruviys and others, 
offer d Sacrifices to the Muſes, as ſuppoſing himſelf to 
have been helped by them in ſo excellent an Invention; 


in which thing he ſhew'd himſelf to be ignorant of God, 


the Lord of Sciences, the true and only Author of all 
Wiſdom or certainly if he knew him, he glorified him 
not as God. There is frequent and notable Uſe of this 
Theorem through all the Mathematicks; and in particular 
it opens a way unto the Knowledge of incommenſurable 


Magnitudes, a main Secret of Geometrical Philoſophy. 


Thar the Side of a Square is--+incommenſurable to the 


Diameter is a thing much celebrated amongſt the old 


Philoſophers, Ariſtotle and Plato eſpecially; inſomuch 
that Plato would ſay, that he who knows not᷑ this is not a 
Man, but a Beaſt. Now the Knowledge of this Myſtery 
ſeems to have taken its Riſe out of this 47th Propoſition. 
For ſeeing in the Square AE the Angle Ais a right Angle, 
the Square of the Diameter CB ſhall be equal to both the 


Squares of the Sides, A B, AC, and therefore double to 


one of them. Wherefore ſeeing the Square of CB is 2, 
and the Square of the Side AB is 1 of Unity, the Dia- 
meter CB ſhall be the ſquare Root of 2, and the Side 
AB the ſquare Root of Unity, or Unity it ſelf; the Ra- 
tio of which Quantities (as it will be demonſtrated in its 
Place) cannot be ex plicated in Numbers, and therefore 
they are incommenſurable. „ 
And by this one Argument alone, if all others were 
wanting, it might evidently be made out, that Geome- 


ber 


41 


Fig. 71. 


N » 4 
R 
I ? 3 


ab Rucki Bow, Il 


ber of Points; for other wiſe noue would be incammen 
ſurable; foraſmuch as a Poine would be rhe common 
Meaſure of all. 

To thefe Things we will ſubjoin three Problems. which 
are deduced out of rhe mer e and 24 
frequent Uſe. 


Problem 45 


Fig. 73. ] F any Number of Squares are given,to make one equal 
to them all together. 
Let there be three or more Squares given, whoſe Sides 
are A B, BC, CB. Make the right Angle FBZ having 
indefinite Sides, and unto the Sides of it transfer A B 
SS and then join _ 8 par 0 
| | ro Squares AB; and B C r (a 
* . — — 2 Dams X, and CE the 052 a 
given Side transfer from B nnto E, "and join E X; the 
Square of EX ſhall be equal to the Squares of EB (or 
EC) and $I — v that is, equal to the three gi- 
ven Squares, whoſe Sides are N Tc CE: And ſoon | 
as long as you pleaſe. | 


Problem 2. 


Fig. 74. WO unequal right Lines beir n (AB; BC) to 
. T determine that Square, —— 2 — _ — 

b greater (A B) exceeds the S the leſs (BC. 
From the Center B with t — AB deſcribe a 
| | Circle. Then from C erect a Perpendicular CE, cut- 
ting the Circumterence in E The — of CE .t the 

Exceſs or Difference which is ſoughr | 
. For let BE be drawn. The — of B E, that is, 
[a] Per 47. of AB; is equal to the Squares (a) of BC and CE to- 

1. | gether; Therefore, Os. 


JJ d ay In TIS Tt Yo Ts Wh 


Problem 3. 


Fig- 7s NY two Sides of a ri -angled Triangle bein 
A5 known, to find the 1 | * : 


Let the Sides containing che right Angle be AB, AG 
Bene. 


9 E 


Lib. Eweztp's Hements, 


the one of 6 Feet, rhe other af 8. Lou are to find of how 
many Feet the Side C B, which is oppoſite to the right 
Angle is. To do which, multiply 6 and 8 each of them 
by it ſelf. From which Multiplication there will avite 
for the Squares of thoſe two Sides 36 and 64; the Sum 
of which is an 100. The ſquare Root of an ro which 
5s 10, gives the Feet of the Side BC, whoſe Quantity 
was ought. Oh x wg. On, it felf in and from 
this 47th Propoſition, for the Sum of the Squares B A 

and 2 A is 1 5 to rhe Square of BC. Therefore the 
al Root of the Sum of them is equal to the Root or Side 


BC. R ae 
es Then let the Sides A B, BC be known, che one of 5 
Ng Feet, the other of 10,.you are now to Hnd AC. Take the 
B Square of the Side AB which'is 36, out of the Square 
ul BY of the Side BE=100. The Fun gs 64 ſhall be che 
J' Square, of the Side AC. The Root therefore of 64, 
5 which is 8, gives the Feet of the Side AC. 

or 
* 
of 


Q, S. 


Corollarv, From hefce we derive the Original of the Ta- 
les of Sines, Tangents, and Secants. For, for Inſtance, let Fig. 92. 
AC the Semidiameter of the Circle be of 100,000 Parts, 
and the Angle BAD of 30 Degrees. Becauſe the Chord or =. 
Subtenſe of 60 Degrees * is equal to AC the Semidiameter; Per Corel. 


BD the Sine of 30 Degrees ſhall be equal to half the $:mi- = - N 
diameter, or 3 AC; and therefore ſhall contain $0,000 Parts, rol. 2. prop. 3. 


But now in the right-angled Triangle ADB, the Square of . 3. 
AB # equal to the Squares of AD and BD. Wherefore let 


⁰ the Semidiameter A B be ſquared ( by multiplying 100,000 
ic by loo, ooo) and from het Smte ſubſtract the Square of 
BD. The Remainder: ul be vhe Square of AD, or of the 
- Coſine equal to it BI; n of "which extract the ſquare 
Rot, and you will have ide Line BF or AD. Then by this 
* following Analogy, #D* :*BD:: AE: CE, or AD: 
BD. AC: CE, will be had the Tangent CE. And then 
5 laſtly, if the Square of AC be added to the Square of CE, 
9 the Root of the Sum being extracted will be the $:cant 
AE. Q. E. I. 
PROP. XLVII. Theorem. 
8 I in a Triangle the Square of one of the Sides Fx. 76. 
3; (A) be equal to the two Squares gf the other 
0 75 Sides 
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Evcrrip's Elements. Lib: I; 
Sides (AC, BC) taken together , the Angi. 


(Ac B) which the two other Sides contain,  « 
right Angle. Jo 


If not, the Angle AC B will be greater or leſs than: 
right Angle, In either of which Caſes ( as it will be de. 
monſtrated, Prop. 12, 13, I. 2. which Propoſitions depend 
not on this) the Square of A B will not be equal to the 
Squares of AC, BC together; which is contrary to the 
Hypotheſis. | | | 

Or thus. Draw FC perpendicular to AC, and e- 


a] Per 47- qual to CB, and join AF. The Square of AF is [a 
L ] By the Squal to the Squares of FC, CA together; that is, 


ion [9] to the Squares of BC, C A; that is y the Hypothe- 
is, to the Square of AB. Therefore the right Lines 
AF, AB are equal. Becauſe therefore the Triangles are 


| 11 er 8. l. r. mutually equilateral, the Angles at C [Cc] are equal, 
8 Sf Per def. Therefore they are both right Angles [4]. Q. E. D. 
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HIS Book is ſmall in Bulk, but great indeed 
| in the Excellence and Uſefulneſs of its Tho- 


rems, Young Beginners will not, I know what 

I ſay, be ar firſt able to diſcover it; but being 
further advanced , they will from their own Experience 
and with the greateſt Certainty apprehend that it is moſt 
true. 


A DEFINITION. 


Right-angled Parallelogram (as AE) (which is wont 
ſimply, and without any Addition, to be call'd a 
Rectangle) is faid to be contain d under the two Lines 
(AC, AF) which determine the Magnitude of it: 
For the one of them AC determines the Heighth, the 
other AF the Breadth of it. Now if the Side A C be 


AF, or AF along AC, by that Motion the Rectangle 
Wor its Area will be produc'd, Wherefore a Rectangle is 
Wightly faid to be produced from the Drawing of two 
nes into one another, or the Multiplication of them 
ue by the other. When therefore you have theſe Words, 
the 1 under (or of) AC, CB, J or for Brevi- 
Wy 5 fake, [the Rectangle AC B, ] there is meant that 
ectangle which is contained under AC and CB multi- 
yd one into the other. In like manner, when we ſay 
e Refangle under AB, BC, or the Rectangle A B C, 
ere is deſigned the Rectangle contain d under the right 
ines AB and BG, multiply d by one another. 


23 More« 


Fig. 60.1.1, © 


underſtood to be carried perpendicularly along the whole 
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EUCL1D's Elementss Lib. II. 


Moreover of Rectangles fome are Oblong, ſome are 
Square. The Oblong Rectangle is that which hath its 
contiguous Sides unequal, or which is contained under 
two unequal right Lines. The ſquare Rectangle that 
which is contain d under two equal right Lines. 


' 
* 


PROPOSITION I. Theorem. 
IF there he two right Lins (AB, AC) 


one whereof is divided into as many Parts as 
on will (A E, E F, FC) the Rectangle comprix'd 
under thoſe two (AB, AC) is equal to all 
the Rectangles together, which are contain d under 
the undivided Line (A B) and the ſeveral Parts of 
the divided Line (AE, EF, FC). | 
Make AB perpendicular to AC, through B draw 
the infinite Line BR parallel to AC. From E, F, C, 
erc& the Perpendiculars EI, FL, CQ. BC will be a 
Rectangle under AB and AC; and is equal to the Re- 
ctangles BE, IF, LC; that is, ( becauſe as well J E 
as LF are equal (a) to AB) equal to the Rectangles un- 
der A B, A E; AB, EF,; AB, F C. 


| by PER 


HE ten firſt Theorems of this Book are true alſo in 
Numbers, if they as Lines be divided into Parts. 
The numerical ReRangles are produced from the Multi- 


plication of two Numbers, and the numerical Squares W;: 


from the Multiplication of the fame Number by it ſelf. 
[ Let the undivided Number be 9, and the divided one 12. 


The Rectangle which is from 9 multiplying 122108 will be 


equal to the three ReFangles , 27, 36, and 45, which are 


Produced from 9 multiplied by 3, and 4, and 8, reſpectivehy and 


ſeparately. Or let the Number 432 be as it were a multipli- 
cand divided into g00 and 30 and 2; and the Number 8 an 
undivided Multiplier; 8 & 432 = 34536 will be equal to 8 
X 400 = 3200 KES % 30 = 240 448 X2= 16. And 
from this Propoſition therefore the Demonſtration of Multipli- 
cation is to be deri “t? bk is eps, 
PROP, 


Lib. II. EucL ID's Elements. 


p R O p. II. Theorem. 


F the right Line (AB) be cut any where (as 

in C), the two Rectangles under the whole 
(AB) and the Parts (AC, C B) are equal to the 
For of the whole Line (AB). 2 


For A js the Square of the whole; and AH, D are 


| Reftangles under the Whole A B and the Parts de, @B.] 


24, 4- $R5=40. ] FEA 1 


PRO P. | III. Theorem. 


ET a right Line as (A B) he cut any where 
(as for Inſtance in C); the Rectangle con- 
ain d under the hole A B and either of the Parts 
(BC) 4s equal to a Rectangle under the Parts 


(AC, C B) together with the Square of the ſaid 
Part (BC). 

Nr AF us the Rectangle under the whole Line AB, and 
the Part AC; and CF is the Rectangle under the Parts; as 
4E is the Square of the Part AC. 

In Numbers. Let the Number 7 be divided into the Parts 
3 and 4. The Rectangle of 7%3==21 4s equal to the Re#- 
angle of 3X4=12, together with the Sjuare 3% 3=9. In 
ite manner 7 X4==28, is equal to the Rectangle 3X4=12+ 
the Square 4X4=16.] 


43a ks 3®FFae ww W "=> 


PROP. IV. Theorem. 


nd 

7 ET a right Line as (F L) be cut any where, 
8 as in (O) : The Square of the whole ſhall be 
5 equal to the Squares of the Parts (FO, O L) and to 
i- 


Iwo Rect angles contain d under the Parts(FO,OL). 
(For FD i the Square of the whole; and CG and CL 
> ie Szuares of the Parts; and CB, CD, two Rectangles 
Ader the Parts.) D 2 In 


— 


47 
Fig. 2. 


Fig. 17. 


= 


[Let the Number 8 be divided into 3 and 3; the Square of ,;-q \ , 
| | RD: 
the Whole 8 X 8 = 64, is equal to the Rectangles 8 & 3 ** 


Fir, 3. 


Fig. 18. 
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EUCL1D's Elements, Lib. II. 


In Numbers. Let the Number 10 be divided into two Parti 
7 and 3. The Square of 10X10=100 4s equal to th 
Squares of the Parts 7%7=49, and 3 X 3 , and to the 
two Redlangles 7y3==21, and 73==21, And on thi 
; Propoſition depends the Extraction of the Square Root. ; 
Coroll. (1. Hence it is manifeſt, that the Parallelogram 
about the Diameter of a Sziiare; (OT, HK) are Squares. 
(2.) As likewiſe that the Diameter of every S;uare bi. 


ſes the Angles of it. 


' (3+) And that the Square of half of the Line is a fourti 5 
Part of the Square of the whole Line. For in that Caſe tæ 


Rectangles and Squares end in four equal Squares. 


PROS 3 Women 


I a right Line as (AY be cut equally in (R 
1 and unequally in (S) the Rectangle contain 
under the unequal Parts (DS, S X) taken toget hei 
with the Square of the intermediate Part (RS) ſha 


be equal to the Square of the half (Q. 


[For QH is the Rectangle under the unequal Parts, au 
IG the Square of the intermediate Part, and RF thi 
Square of half the Line; and therefore, becauſe the Rea 
gle QL is equal to the Rectangle SF, and the reſt of thin 


Space is common to both, the Propoſition is manifeſt. ] 


Let the Number 8 be divided equally , that is, into 4 4 ö 
4, and unequally into s and 3. The Rectangle of S x32 
together with the Square I X1==1 fhall be equal to the Suan 


4X4=16. ] | 


PROP. VI. Theorem. 


F a right Line (4 B) be divided into ti | 


equal Parts in (C), and to it à certain riglt 
Line (BF) be adjoind ; the Rectangle contain 
under the while compound Line (A F) and the ad 


join d one (B F) taken together with the Square i 
half the Line (C B) ſhall be equal to the Square 


3 e 


Lib. II. 
(c F) which is compounded of half the Line AB 
and the adjoin d one. : 
J For AN is the Rectangle under the whole compound Line FA. 27. 
and the adjoin d one; and KG the Square of half the Line 
= 4B ; and CE the Square of the Line compounded of half 
= the Line AB, and that which was added. Wherefore be- 
i cauſe the Rectangle M E is equal to the Rectangle A K, and 
the reſt of the Space is common to both, AN & KG is equal 
[ If the 4 be divided into the two equal Parts 3 
and 3; and to it te added the Number 2. The Rectangle of 
= 8x2=16, taken tagether with the Sjuare 3X3=9 ſhall be 
= equal to the Square $%5=25. | | 
= Corall. Hence, with Maurolycus , with one ſingle Obſer- 
= vation we learn to meaſure the Diameter of the Earth. Let 
= the Altitude of the Mountain A D be known, and AB the Fig. 22. 
line touching the Earth be known by meaſuring. 
= Line DE be cut into two equal Parts in the Center C, and 
= to it Le added the Line AD. Now becauſe the Rectangle un- 
der AE, AD, together with the Square of DC, is by this 
= Propoſition equal to the Square of AC, that is, equal to the 
= * Squares of the Lines AB, BC. From hence it follows that Per 17.1.1. 
j you take away on both Sides the Square of CD or CB, 
an the Rectangle which is under AE, AD is equal to the 
= Square of AB. Therefore let the known Sjuare of AB be 
BY divided by the known Altitude of the Mountain AD, and the 
"== Quotient will give the Line A E. From which ſubſtra# the 
bun Altitude of the Mountain AD, the remaining Line 
DE will be the Diameter of the Earth. Q. E. I. | 


' BvcL1d's Elements. 


Q. E. D. 


P R 0 P. VII. Theorem. 


49 


Let the 


. 


F a right Line (AB) be cut any where (as in Fig. 7. 


10), the Square of the whole Line (AB) ta- 
ken together with the Square of either of the Seg- 
ments (AC) i equal to two Rectangles contained 
under the whole (A B), and that Segment (AC) 
together with the Square of the other Segment 


(CB). 
[ For EB 


» 


D 3 


is the Square of the whole Line, and A L the 
Sjuare of the Part AC. But the two Refangles * 
77 


Fig. 23. 


50 


Fig. 24. 


Fig, 98. 


Fig. 25. 


f the whole compound Line (LO). 


and 4X4= :16 are equal to the _ 16X16=256.] 


E UCLID's Elements: Lib. I. 11 


the whole Line and that Part, ET, HL, together with Ga i 
the Square of the other Part, poſſeſs the [ame Space that EB 
and the Square of AC doth. Therefore they are equal U 
E B (5 the Sjuare of AC. 1 x - 

[ Let the Number 13 be divided into any two Parts, a 9 bt 
and 4. The Square 13 X13=169, together with that 5x9Þ : 
=31, is equal to 13X9= 117, and 13K 117, and 1 | 
Square 4 N 6. : 


PROP. VIII. Theorem. 


F a right Line (L ) be divided into two equal f 

Parts in (I) and to it à certain right Lin | 
Le adjoin'd (FO); the Rectangle (LIO) which uf 
contin” A mer de balf of the Line (LI) all 
the Line (IO) that 2 compounded of half the afore 
ſaid Line, and the Line adjoin d, the Rectangli 
taken four Times, together with the Square of tb 7 
adjvin'd Line (FO), ſhall be equal to the Suan 


5 


[ For AL is the Szuare of the whole Compaind, contain 3 
ing four equal Rectangles under LI and 10 (to wit, D 
B , RO, and the Fourth made up of L R and 2H addel 
together ) "and with thoſe four Reangles the Square HEE 
From whence the Propoſition is manifeſt. | 

[ Let the Number 12 be divided into 6 at 6 a 7 th 
Number 4 te added to it. The four Rectangles 1065249 


oY 


P R O P. IX. Theorem. 5 


F a right Line (AC) be divided equally i 
(B) and uncqually in (F), the Squares of Yh 
3 Parts (AF, FC) will be double to th 
Squares of half the Line (AB, ), and ＋. the intermt 
diate Part (BF). 
[Leg BE be equal and 1 to B A. From ber 
the Conftruttion being W the Figure ſhews, the Line 
G 8 | AB, 


I, ; Lib. II. EUcLID's Elements. 

GB 2 AB, BE, BC will be equal : As alſo the Lines EG, 6 
nil be equal. The Angles A EC, ABE, CBE, EGQ, 
7 QFC, will be equal; and the Angles A EB, BEC, ECA, 
=c QF, EQG half right ones. From whence the $juar? of 


: AC, and the Square of E 2 double to the Square of G 2, Or 
BF the intermediate Line. But the Squares of AE and 


[Let the Number 32 be dvided equally into 16 and 16, 
and uncqually into 20 and 12. Ihe Szuare 2020-=490 
Erith the Square 12x 122144, are double to the Sjuares 
Bf 16X16=255 and 4X4=16.] Kup | 


bp «RD! N X. Theorem. 


4 Fa right Line (FI) be divided into two equal 
Parts in (L), and to it a certain right Line 
4 IO) be adjoin d; tbe Square of the whole 
ompound Line, (FO) taken together with the 
quare-of the additional Line (JO), ſhall be dou- 
WP: to the Squares, which are deſcribed, upon the 
g Line (FL), and (Lo) that which is com- 
Wounded of balf the Line (FI) and the additional 
{ For a Conſtruction being ſuppoſed not unlike to the former; 
he Square of FE, is tlouble to the Square * of the half Line 
L and the Sguare of EG is double to the * Sare of 
Q or LO which is compounded of the half Line and the 
additional one. But the Squares of FE and EG ave * e- 
yual to the Square of FG; that is, to ths Sfuare of FO 
he whole compound Line; taken together with the Sjuare of 
DC or OT the additional Line. Q. E. D. 
[ Let the Number 40 be divided into 20 and 20, and to it 
et there be added the Number 14. Tie Square 5454 
£915, with the Sjuare 14%14=196 are double to the 
1136. of 20X20==400 taken together with 3434 
LI 50, | | 8 ; 


| "Bi: - ir in 58: &6 


51 


4 will be double to * the Square of AB, which is half of Per ai. 


Eg are + equal to the Sjuare of AQ, that is, to the I By the 
mares of AF and FQ or FC the unequal Parts, Q. E. D.] ſame. 


Fir, 10. 


Fig. 26. 


Per 47. l. 1. 
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P R OP. XI. Problem. 


Fig, 11. * to cut the given right Line (AB) in (C 
10 that the Rectangle (ABC) which & contain d 

under the whole Line and one Part, ſhall be equal u 

_ #be Square of the other Part (A C). 


From A erect a perpendicular AF equal to AB. 
Biſet AF in X. Draw the right Line X B; from the 
Line FA drawn forth cur off XI equal to X B. Then 


cut off AC equal to AI. I fay the Thing is done. : 
For let the Square BAF S be perfected; and a per. 
pendicular being drawn through C, let the Rectangle 
FILO be perfected alſo. Becauſe F A is biſected in 
X, and to it is added AI; there ſhall be : 
the Ret, FI 
(a) Per 6, 3 * = (a) to the Square of XI 
1. 2. < Square of X A | 
IA 5 That is, S to the Square of X B (6b) 
[c] Per 47. That is, = to the Squares ot BA 0 0 | 
4. 1. = A X ) 


There fore let there be taken away on both Sides th: 
Square of X A; there will remain 
Rectangle FIA or FL. 
== AS the Square of the Line B A; N 
i Wheretore again, the common Rectangle A O be 
ing taken away, | 4 5 
Al. will remain equal to CS. 8 
But AL is the Square ot the Line A C, ſeeing by 
the Conſtruction A C and AI are equal. And CS 5 
the Rectangle A B C, foraſmuch as BS is equal to AB 
Therefore the Rectangle A BC is equal to the Square d 
AC. Therefore we have cut the Line A B, as it was rc 
quired. 
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T HE Ten firſt Propofirions of this Book are true all 
in Numbers. But this Eleventh cannot be exempl: 

fy'd in Numbers; for no Number can be ſo divided tha 
the Product of rhe whole multiplied by one part ſhall b 
: equ 
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Lib. II. EvucL1D's Elements. 
equal to the Square of the other. The Force of this 


Section of a Line is wonderful, for which ſee Prop. 30. 


lib. 6. 


PROP. XII. Theorem. 


| I N an obtuſe-angled Triangle (Ac B), the . 


Square of the Side (A B) oppoſite to the obtuſe- 


Angle (C), exceeds the Squares of the other Sides 
(Ac, C B), by the Rectangle (BCF) twice ta- 
= hen ; which ſame Rectangle u comprixed under 


cg, with the Re 


(ch, one of the Sides containing the obtuſe. Au- 

"BY gle, and the Line (CF) which & intercepted be- 

twixt the Perpendicular (AF) and the obtuſe An- 

ge. 3 

The Square of AB is equal to the Squares of wh (a). 0 2 1 
d. 1. , 


" 
But the Square of B E is equal to the Squares of F C, 
le FCB twice taken (b). There- (b) Per. ++ 
fore if you ſubſtitute theſe for the Sq 4. 2. 
the Square of A B is equal to AF Sa 


| and Rectangle BC F twice, 
But the Squares of AF, FC are (c) equal to the (c) Per 47- 
Squareof AC. Wheretore this being ſubſticuced for 4. l. 


| AB Square is equal to AC Square þ 


CB Square 
＋Kectang. BC F twice. 


| P R O P. XIII. Theorem. 


Square of the Side (AB) oppoſite to an acute 
2 (C) M exceeded by the Squares of the ather 
Sides (AC, CB) by the Rectangle (BCF) twice 
taken; which ſame Rectangle contain d _ 
9 (BC 


N any Triangle whatſoever ( as ACB) the Fig 13, 14. 
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(B 0 one of the Sides comprehending the. acute An. 
gle (C); and the Line (FC) which 2 intercepted Þ 
betwixt the perpendicular (AF) let fall upon tie] 
Side (BC) from its oppeſi te 22 (A, and the 
acute Angle (C). 4 


(anne. The Square of BC is equal ro ( the Reftan, EEC 
| (twice, | 


EC Square 
| ＋ FB Square 
le] Per 4 Wy AC Square i 18 equal to (e) C F Square 
4. 1 | FAS wo 
S Wherefore the two FBC Og equal roReft. BFC 
"Ine | . 'Squz (twice 
| & TY D BPS Square k 
d $%% wan C7} 3 4g 3.2860 gqure \' BY 
: + AF Square. / WM & 
But the Rectangle ou. _ , together wich the Si 
uare of FC twice, is (a) equal to the Rectangle 
2 #4 E. CF twice. Therefore rhis being ſubſticuced "Tor 1 
them 
BC Squ. | are equal o the Refang, BOE twice ] 
+AC 2 8 15 + BF, geg Þ 
f AF Squar. J 


1 8 the Squares of AF, B F are equal to (b) the Mt "| 
9 hd Square of A * Therefore this being ſubſtituted for Pp 


them, K 
2 gar are equlro the Refangle BGF ewice) IM 
That 15, % C Square +- AC Square do exceed AB F 
Square by the 8 BCF twice taken. 8 
4 2 
Coll). 


r 2.2 15. 1 HE Propoſition is true, although the perpendicular 7 
falleth without the Triangle. And the Demonſtra- 

tion is almoſt the A 5 p * 
More briefly thus. 404 = (c) 437 C34 + 
07. 12. 2 bk Add on both Sides CBq, then ACq CB4 
ja) yer 3 24 80 * NODE I SONLSS (0) ABq+2BCF, 


. 


* 9 < 7.0 


© 
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9 136 Put r ̃ 
rn S415 "i'm? 5. 
e .-. * 0. WONT, 


T Rom this Propoſition and the 47th of the former 
4 F Book, we have the Meaſure of any Triangle what- 
ſoever, whoſe three Sides are known, although the Area 
© be alrogether inacceſſible. For by the help of theſe 
© Theorems, the Perpendicular is known, albeit the Impe- 
diments of the Place ſhould not permit us to markit out. 
But Note, That the Perpendicular multiplied by half the 
Side on which it falls, produceth the Area of the Trian- 
© gle, as appears out of the Scholium of Propoſition 41. 
; lib. I. N 233 „ ; 1. 
| .. Ler there be any Triangle (as ABC) having its Sides Fig. 15, es 
| known, It is required to give the Perpendicular A F, 7+: 
which falls from the given Angle A upon the oppoſite 
Side CB. 
— Jake the Square of the Side A B oppoſite to the acute 
Angle C, our of the Sum of the Squares of A C, and 
BC. By the 13th the Remainder ſhall be the Rectangle 
CF wwice taken. Divide half of the Remainder, that 
a is, the Rectangle B C F by the known Side BC; thence 
will ariſe the right Line CF. Fake the Square of the 
de tight Line CE out oY the Square of AC. The Re- 
mainder will give (a) the Square of A F, whoſe ſquare [a] Per prob, 
Root will give che: Perpendicular. AF. 41] 3» 7 poſe 
| This ching alſo may be obtained out of Propoſition ) 44 ** 
* 12. But the 13th ſufficeth, foraſmuch as in every Tri- ? 
angle the Perpendicular let fall from ſome one of the An- 


eis unto the oppoſue Side, falls wichin the Triangle. 

pP R Op. XIV. Problem. 
ar HE right-lin'd Figure (DO XZ) being gi- Fig. 16; 
a- 1 ven, to make a Square equal to it. | 


'S Make (b) a Rectangular Parallelogram CI equal to the (67 Per 45; 
4 Rectilinear QX Z; , Sides of which 2 if J. 1 * 
F, chey ſhall be equal, you have already made the Square 
-* I which was required; if they be unequal draw forth the 
greater Side I A unto L, until AL ſhall be equal to 
AG. Then biſect IL in Z; from which as from a Cen- 
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ter through I and L deſfcribea Circle, and let C A be : 
produced till it meets the Circumference in B. The 
n e of the right Line A B is equal to the given Red. 
angle QX Z. 1 5 
For let the right Line Z B be drawn; becauſe IL i; BY 
cut equally in Z and unequally in A; the 7 


- 


Rectangle TAL | | 
) Per 5. 2A Squ. Fare equal (c) to Z L Squ. that is, 
2 . equal to (d) Z B Square, that is, | 
Saulen equal to (e) Z A Square | 
fe} Per 47. ＋ AB Square. : 
J. 1. Taking away therefore on both Sides the common 


Z A , there remains | 
Rect. IAL equal to ABꝗ; that is, 


Becauſe AC and AL are equal, the Re&. CI equal | . 


w AB Square, and conſequently A B Square equal to 
2 By the the rectilineal (g) QXTZ. 


Scholium. | 


F VCLTID's Conſtruction of this Problem requires 
that the given Rectilineal be reduced unto a Rectan- 
gle by Prop. 45. l. 1. Which Reduction being operoſe 
enough, che Problem perhaps will more readily be diſ- 

patch d after this manner. 
Let the given Rectilinear be reſoly'd into as many Qua- 
drangles (X, Z) as it can. Then to each Quad rangle 
ſaſper *. (i) make an equal Rectangle. If there remain, as here 
- it happens, one Triangle (Q), to it alſo (6) make 2 


5. 45. l. 1 | 
tb) Ferferell, Rectangle equal. Then to each Rectangle by 2 14. J. 2. 
make an equal Square; and laſtly to all theſe Squares let 
Cc} Per prob, one equal one be made (c). This will be equal to the 
3 Rectilinear QX T2. 5 

I. 


7. 42. J. 1. 
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BOOK III. 


— ___ 


| HE fundamental Properties of the moſt perfe& 
amongſt plain Figures are demonſtrated in this 
Book. The Uſefulneſs of the Book is mani- 
feſt by this one Thing alone, thar it treats of a 
Circle, that abundant Source of admirable Things through 
the whole Mathematicks. The more famous Theorems 
are 16, 20, 21, 22, 31, 32, 35, 36. 


DEFINITIONS. 


1. T Hoſe Circles are equal whoſe Diameters or Semi- 
diameters are equal. 

2. A right Line (F B) is ſaid to touch a Circle, when Fr. 20. l. 3. 
it doth ſo meet it in the Point (B), that albeit it be pro- 
duced it doth not cut it. | 

3. Circles are ſatd to touch one another, when they Fig. 13. 14. 
do ſo meet that they do not cut each other. 

4. In a Circle the right Lines (BC, FL) are ſaid to Fi. 18. 
be equi-diſtant from the Center (A), when the Perpen- 
diculars which are ler fall upon them from the Center 
(AO, AT) are equal. 

5. Segments or Portions of a Circle are the Parts into Fig. zy. 
which the right Line (C E) which cuts the Circle dorh 
divide it. | FA hints — 

6. An Angle in a & nt is that (BQC) which is Fag. 33 
contain d 5 the 1 which — * unto * 
one Point of the Circumference () from the Ends of 
the Segment, (B, C). I 

7. The Angle (CQB) is ſaid to ſtand upon the Cir- pig. 33. 
cumterence (BOC), as being oppoſite to it. 


8. A Se- 


Fig 1. J. 3. 


G) Per 8. 


9 
[b) Per def. 
14. L. 1. 


Fig. 2. 
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8. A Sector is that Part of a Circle which is contain ; 
by two Semidiameters, as (AB, AF), and an Arch a 
(BF or BCF) intercepted betwixt the Semidiame. 
ters. \ | : 


PROPOSITION I. Problem: 


＋ O find the Center of a given Circle, 


Let the right Line (BC) be drawn in the Circle at 
random, which bife& in Q. Through Q draw the per- 
pendicular LF, which biſect in A. A ſhall be the Cen- 
_—_ A 

If you deny it; let the Center be O, which is without 
the right Line FL (for in FL it cannot be, foraſmuch 
as this Line is divided every where unequally but in A): ot 
and let there be drawn BO, Q, CO. Becauſe there. 


fore you ſuppoſe O to be the Center, BO, CO muſt be iſ 


equal; and the Triangles BOQ, COQ, muſt be equi- 
lateral to each other; ſeeing by the Conſtruction BY 
and CQ are equal, and QO is common. Therefore 
the Angle OQC (a) is equal to the Angle O QB. There. 
fore O QC is a right Angle (5), and conſequently equal 
to LQC which is a right one by Conſtruction, a Part 


to the whole. Which is abſurd. 8 
5 4 . 2 


Corollary. 


F Rom what hath been demonſtrated it appears, that if Þ 
the right Line (L F) cuts another right Line BC in- 
to two equal Parts and perpendiculatly , the Center is in 
the Line that cuts the other. | | ; 
The Center of a Circle is very eaſily found by a Square; 
the top of it (Q) being applied to the Circumterence '| 
for if the right Line DE joining the Points D and E/ 
in which the Sides of the Square cut the Circumference, 
be biſected in A, (A) ſhall be the Center. The Demon - 
ſtration whereof depends on Prop. 31. J. 3. 


PROP, 


1.1 ib. Il. EUcL1D's Elements, ' 


PROP. II. Theorem. 


F in the Circumference of a Circle there be ta- 
3 ken two Points (Band C) the right Line 
hbiech i drawn through them falls entirely within 
be Circle. 

let there be taken in the Line B C any Point whatſoe- 
per, as O, and from the Center A, be drawn AB, AO, 
AC. Becauſe AB, AC are equal, the Angles alſo B 
nd C are (c) equal. Becauſe therefore A OC is (4) 
Freater than the internal one B, it ſhall be greater alſo 
han C. In the Triangle therefore O AC, the Side AC 
ubrending the greater Angle AO C, is (e) greater than 
he Side AO ſubtend ing the leſſer Angle C. Seeing 
1 ihcrefore A C reaches no farther than from the Center 
o the Circumference, A O ſhall not reach ſo far, There- 
pre the Point O ſhall fall within the Circle. The ſame 
Ining may be ſhew'd of any other Point of the Line B C. 
ET herefore B C falls wholly within the Circle. 

The Propoſition is alſo manifeſt from the very 'Notion 
pf a right Line and a Circle. 

Coroll. Hence it follows, that a right Line touching a Cir- 
e, toucheth it in one ſingle Point only. For if it touched the 


rough two Points of the Circle, and conſequently would fall 
Pithin the Circle, contrary to the Definition of a Tangent. 
nd by the like Reaſoning (in paſſing from Planes to Solids ) 


Point. 


c if i 

in- Þ 0 a 

Sin Þ PROP. III. Theorem, 

are; 1 E in a Cirele a right Line (B L) drawn thro 
be Center biſetts another (C F) not drawn 


brough the Center, it will cut it perpendicularly. 
ind if it cut it perpendicularly, it will biſect it. 


F. The Triangles X and Z are cquilateral to each 
3 „ „„ . _ 


4 ircumference in two Points , it would be a right Line drawn 


= might be proud, that every Plane toucheth a Sphere only in 


Part 1. From the Center (A) let there be drawn AC, 


(©) Per F. 


„I. 
[d) PerCorol. 
1. prop. 32. 
1. 1 


(d) P er 19. 
t. Io 


ö Cc es i ett + — 
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| other. For CO, FO are by the Hy potheſis equal, and : 


Fige 4 . 


Fig. 5. 


Fig. 4+ 


(a) By the 
toregoing. 


Nx. 6, 9. O reles cutting each other, or inwardly touching che 
one the other, have not the ſame Center, N C0! 
| We | r 


was the firſt Part. 


esch other, they cannot hiſect each the other. 


AC, AF are ſo, becauſe drawn from the Center; while dr 
AO is common to both. Therefore the Angles A Oc, 
AO F are (a) equal. Therefore right () ones. Which 


Part 2. Becauſe by the Hypotheſis AOC, AO F art 
2 AC Square ſhall(c)be equal to the Square, i - 
AO, OC together ; and AF Square equal to the 
Squares of AO, OF together. Seeing therefore the 
Squares of AC, AF are equal, the Squares of A0, 
OC together will be alſo equal to the Squares of 
AO, OF together: Wherefore taking away the com. 
mon Square AO, the Squares of OC, OF remain e. 
qual. And therefore the right Lines OC, OF are e. 
qual. Which was the other Part. : 
Coroll. (1.) Hence in every equilateral Triangle, and in 
that alſo which is only an Iſoſceles, a Line whcih falling 
from the Top of the Angle, biſects the Baſe, is cular 
to it. And on the contrary, a Line which falling from the 
Top of the Angle is perpendicular to the Baſe, doth biſe# it. 
(2.) Hence it follows, that half of the Chord of ever; 
Arch, is the right Sine of half the Arch. 


PROP. IV. Theorem. 


F in a Circle tworight Lines (BC, FL), nt 
drawn both of them through the Center, cu 


For if one of them L F paſſeth through the Center, 
it is manifeſt that it ſhall not be biſected by BC which 
doth not paſs through the Center. 

If neither of them paſſes through the Center, from 
the Center A draw AO. If now BC, FL were both 
biſected in O, the Angles AOC, AOL would (2) be 
right Angles, and conſequently equal; the whole to a 
Part, which is abſurd. 


Pp R O P. V, VI. Theorems. 


* 


or 
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For if it were otherwiſe, the right Lines AB, Ac F, 
drawn from the common Center A, would be equal; and 


4 AC would be equal to AF; a Part to the whole, be- 
= cauſe they are both equal to AB. Which is abſurd. 


PROP. VII. Theorem. 


T* in a Circle there be taken any Point beſides 


the Center (A), as the Point (C), and divers 


| right Lines fall from thence unto the Circumference 


( CB, CL, CO, CF); 
x. (C B) which paſſeth through the Center will 


© be the greateſt. 


2. The remaining Part of the Diameter (C F) 


| vill be the leaſt, 
. Of the reft that will be the greater, which 
| i nearer to the greateſt. 


4. And no more than two equal Lines can be 


| drawn from the ſaid Point (C) which à different 


| from the Center, unto the Circumference. 


Part 1. Let AL be drawn from the Center A. Be- 
cauſe AL, AB are equal, the common Line A C being 
added to each. AC and AL together are equal to CB, 
But AL AC are greater than LC (5). Therefore 
CB is greater than LC. In the ſame manner BC will 
be ſhew'd to be greater than any other. 

Part 2. From the Center A draw AO. AO (that is 
AF) islefs than AC, CO (c). Theretore taking away 
the common Line AC, CO remains greater than C t. 
In the fame manner CF is prov'd to be leſs than GQ, 
or any other. | q 

Part 3. In the Triangles COA, CLA, the Sides 
LA, AC, are equal to OA, AC, each to each. Bur 
the Angle LAC is greater than the Angle OAC, 
Therefore (d) the Baſe LC is greater than the Baſe 
OC. Is 

Part 4. This is maniteſt from what goes betore. For 
if there could be three drawn equal, CO, CI, CQ, 
there would be two on the ſame Side equal: Which is 


contrary to Part 3. 
E cas Coroll. 


24 


61 


Fig. 8. 


(b) Per 200 
J. 1. 


2 By the 


ame 


(d) Per 244 
J. 1. 


. 


Fig. 9, 10. 


ference, the greateſt u (AB) which paſſes through ; 


nearer to the greateſt (AB), 


unto the Circumference from the ſame Point (A 


out, 
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Coroll. By the like reaſening Theodoſius gathered, thi: 
of the Arches. of great Circles drawn upon the Surface of i 


Sphere, from any Point diverſe from the Pole of a certan 
Circle, unto that Circle, the greateſt is that which paſſeti 


through the Pole of that Circle; the leaſt, that which 1 


drawn unto the oppoſite Point; and of the reſt, that is te 
greater which is neareſt to the greateſt ; as alſo that no mon 
than two equal Arches can be drawn from that Point unto th 
Circle. And in the like manner may the Reader reaſon of himſef 
on ſome other of the Propoſitions of this Book ; it being wn 
eaſy to paſs from Plains to Solids in theſe Argumentations. | 


PROP. VII. Theorem. 


IF from 4 Point (A) taken without a Circ: 1 
there be drawn unto the Circle the right Ling 4 1 
(AB, AC, AF) ow (40, 42,48); M 
1. Of thoſe which fall upon the concave Circumn I 


the Center (Z.) 1 


2. Of the reſt, that is the greater, which if 


2. Of thoſe which fall without the Circle or uf 
on the convex Periphery, the lea fi is (AO) bid 
being produced would paſs through the i Center (2 

4. Of the reſt, that which is nearer to the leaſt ii 
leſs than that which is farther off. | 7 
5. No more than to equal Lines can be dra 


o 


n 
/ a 


whether they fall within the Circle, or only wilt 


Part 1. From Center Z draw 2 C; becauſe Z C, T. 
are equal, the common A T being added to each, A 
＋ 2 C are equal to AB. But AZ, ＋ 2 C are (a)grei 
er than AC. Theretore A B is greater than A C. 


like manner A B will be ſhewed to be greater than al a 
other whatſoever. 3 les 
Part 2. Draw Z F. Becauſe in the Triangles AZ 
uath 


AZF, the Sides A Z, Z C are equal to AZ, ZF is © 
| | PIT Ee 


£ 
% 
4 
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io each; but the oe ATC is greater than AZF,there- 

«Pi fare the Baſe A C (I) will be greater than the Baſe A F. g) Per 24, 
Part 3. Draw ZQ. The two Lines AQ, Q are /. 1. 

1 reater than AT (c). Taking away therefore the 74%: 15 
Equals 7 Q, Z O, there remains ag reater than A O. [© ** 29: 

n the fame manner AO is prov'd lets than any other. ; 

Fart 4. Draw ZR. The right Lines AQ, Q are 

Wick than AR, R T (d); therefore the Equals, L C, ZR PSP 

peing taken away, AR remains greater than A. Q. (Peraids 

Part 5. This is manifeſt from the tour foregoing. 


PROP. IX. Theorem. 


Hr from ſome Point within a Circle (as A) F. 11. 


ck = more than two equal right Lines can be drawn 
ente the Circumference; that Point is the Center. 
in. ; This is manifeſt froni Part 4. of Propoſition 7. 


PR OP X. Theorem. 


boles cut each other in two Points only, F. 12. 
ier let them cut, if it may be, in mare (B, C, F.) 

ie rom A the Center of the Circle LQ, let there be 

Fraun to the Points B, C, F, the Lines, AB, AC, AF: 

eſe will be equal. Becauſe therefore from the Point A 

thin the Circle OS, there are drawn three equal Lines 

B, AC, AF, unto its Circumference, A muſt allo be | 
Wc Center (4) of the Circle OS. Therefore the Circles (a) By the 
, os, which cut one another, have the ſame Center; foreg ing. 

BY bich contradicts Propoſition 5. | | 


5 


PROF. NL Teen. 
F two Cireles touch each other inwardly, a right Fig. 13. 
Line drawn through their Centers (A and [) 
Jes through the Point of Contact (B). . 
If you deny it, let the Centers have, if it may be rfat 
is cacJFuarion chat a right Line paſſing through them off 
I Eh 2 | 5 
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without the Conta& B, oy the Circles (in O ani 
L); Let the Center be A and C; and join AB, CG 
Becauſe therefore CB, CO are equal, the conimon Ac 
being added to each of them, AC, + CB ſhall be 7 Li 
(b) Per 10. to AO. But AC, CB are (5) greater than A B, th We 
In ne is, than AL (c). Therefore alſo A O is greater thi 
n . AL, a Part than the whole. Which is abſurd, 
of a Circle. : 


————— 


Fr 

PROP. XII. Theorem. n 7 

4 va F Circles touch one another on the out-ſide, itt g' 
right Line which joins the Centers muſt qi d 

through the Point of Contact. | : 6 

If it be denied, let the Centers be ſo plac'd , as © 

Inſtance in A and B, that the Line paſſing through tha ** 

ſhall not paſs through the Contact S, but cut the Circ *4 


in O and Q. Let the Points A, 8, and B, S be j 
ber z. ed. Then AS, BS together will (4) be greater ti 
(e) By the AB. But AS is (e) equal to AO, and BS equal 
Defini ion BQ. Therefore AO and BQ together will be greu 
ot a Circle. _ AB, a part than the whole. Which caw 

e. | 

[ Coroll. A right Line drawn from the Center of one of 

Circles through the Point of Contact, will paſs through the 
Center of the other. F 3 


PROP. XIII. Theorem. 2 


Fig. 15, & Urcles touch both one another, and a right Li 
T* in a Point only. 
Fig. I5. For let two Circles touch one another inwardly i 
Part of the Circumference LC, if it may be, The 
n right Line drawn through the Centers A and B 
Hs. (J) paſs through the Point of Contact, as in C. 
3 there be drawn alſo A L, BL. Becauſe therefore bi 
BC are equal (for they are drawn from the Cente! 
unto the Circumference O LC) the common Line 
being added A B, BL ſhall be equal to AC. But . F 
is equal to AL, tor they are both drawn from the ( Lik 
ter A unto the Circumference LQC. Therefore . BC 
BI. are equal to AL, contrary to Prop. 29. J. I. ; 
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= Then let the two Circles touch one another on the out- Fig. 16. 

ſide, in the Arch OL, if it may be. The right Line 

Ap joining the Centers will paſs through the Point of 
Contact (a), as in O for Inſtance, Let AL, PL, be ſa] Per 12. 

drawn. The two Sides of the Triangle AL, PL will „. 

be equal to A O, PO or the whole AP; contrary to 

; Prop. 20, J. 1. 

* Laſtly, let the right Line BF and the Circle touch 

each other, if it may be, in ſome Part (CE): Let there 

be drawn unto the Center the right Lines CA, EA. 

The Lines CA, E A will then be equal: And therefore 

the Triangle CAE is an Iſoſceles. Wherefore the An- 


R 
. 


bs 


a 


ahi 


dicular let fall unto BF from the Center A will fall be- 11. prop. 32. 

twixt E and C, (c) as for Inſtance in D. There will 8 ; 
therefore both AC and AE be equal to the Perpendi- _ e 
cular AD, which is abſurd, and contrary both to Coroll. J. 1. 
4. b. 32. and to Prop. 47. J. 1. | 


£; 
* 
wy 
2 
4 
ON 
G4 
7 


Corollary. 


Ircles whoſe Centers are in the ſame right Line, and rig. 17, 

; which cut it in the fame Point B, do touch one ano- | 
ther in that Point only. 80 

This Propoſition is manifeſt from the very Notion of 

the Lines which are compar'd: together. For neither can 

a right Line and the curve Circumſerence of a Circle, or 

the divers Curvatures of unequal Circumferences, or two 

Curvatures both convex, agree as to any Part of them- 

felves. But they would agree, if they touched one ano- 

ther in ſome entire and proper Part. 


PROP. XIV. Theorem. 


J a Circle equal right Lines (BC, LF) are e- PRE. 18. 
qually diſtant from the Center (A). And what "0 
Lines are equi-distant from the Center are equal. 


From the Center (A) let there be drawn (AC, A F.) 


Likewiſe (AO, AT) at right Angles to BC, FL, Thus 
BC, FL ſhall'be biſected (a) jn O and I, (a aduper 3.3. 


3 See- 
4 3 — 


< 


© gies C and E (b) are acute. Aud therefore a Perpen- (b) Pe core. 


; 
i 
* 
3 


Ca) Fer 47. 


cher defin. _ Therefore (b) BC, FL are equi-diſtant from; the 
4+ [ 7 3+ 2 
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Seeing therefore the whole Lines BC, FL are up- 
poied equal, the Halves alſo O C, 1 F muſt be equal, 
and conſequently the Squares of chem are alfo equal, ÞY 
Seeing therefore the Squares of AC, AF are equal, 
and the Square of AC is equal to OC q and O Aq, 1 
alſot he Square of AF is equal to f Fq, and I Aq(a): 1 
follows that the two Squares OC q, OAq are equal to 
the two Squares 1 F q, IA q. Whetefore taking away 
the Squares of OC, IF (which before were fhew'd to 
be equal) rhe Square of O A remains equal ro the Square 
of Al. Therefore the Perpendiculars O A, Al, are e. 


eee, aa 


e , 


TN. Be X. 


enter. Which was the firſt Part. Then for the Com. 
verſe of it; „ 5 | . 
If che Diſtances O A, AI are ſuppoſed bo wy then 
the Squares of the equal right Lines being taken away,, 
by rhe fame Ratiocination Tt will be ſnew'd xhat the fe. 
maining Squares OCq, IF afe' equal, and cobſe. 
quently that the right Lines O C, IF are equal, which! 


3 
2 


per 3. l. 3. ſeeing they are * halves of the right Lines BC, FI, 9 


theſe alſo muſt be equal. Which was the ſecond Part. 


PROP. XV. Theorem. I=E 

FN F right Lines inſcribed in a Circle, ibe greatif 

vile Diameter ; and of the reſt, that « fbi b 
greateſt, which is the neareFt 10 the Center. 

Let there be any Line, as R 8 different from the Di- 


meter FL. From the Center draw AR, AS. The p 
two AR, AS, which are equal to the Diameter, are # 
ec) Per 20. (c) greater than RS. Therefore, GW. Ne 
. Then let BI be nearer to the Center chan X Z. Fron . 
[ the Center unto them draw the Perpendiculars AC, AC 
Id] Per def. AQ fhall be greater (d) than AC. Take therefore A0 
. equal to AC, ard through O draw RS perpendicular 
to A'O, Which (e) will be equal to BI; and let AR, 
A8, AX, AT be join d. Beeduſe therefore A is che 


Center, the Sides AR, AS ſhall be equal to A X, AT 
But te Angle RA S is greater than khe Angle K AT 
Thetetote the Baſe RS, tlat is, BI, is gteater chan the n 
4; Baſe X Z (FX QED) 295587 56,7 67 23 £26 
EET. ̃ ⅛ a9 o pRrozrli 


x 
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PROP. XVI. Theorem. 


1 Right Line (IF) which being drawn thro Ei. 20. 
N the Point (B), the Extremity of the Dia- 
neter (C B) # perpendicular thereto, falleth all of 
it withont the Circle, and toucherh it in (B). 
= Neither can there any right Line be drawn bitwixt 
it ſelf and the Circle unto the Point of Contact (B) 
= bat it ſhall cut the Circle. ty SAN: 


Part 1. Let there be taken in the Line IBF any Point L, 

„undo which from the Center A draw the Line A L. Be- 

aauſe in Triangle AB L, the Angle ABL is a right one, 

dy the Hypocheſis, AL B ſhall be acute (2). Therefore [g] "erCore!!. 

Al. which is oppoſite to the greater Angle B will be 5. 32. l. 1. 

greater than A B which is oppoſite to the leſſer Angle 

I). But AB reacheth only to the Circumference. 

Therefore A I. hall reach beyond the Circumference; 

and confrquently fall without the Circle. Which was 

e firſt Part. 110 vd | 

bart 2. Below BE, if it may be, let RB fall whol- 

y without the Circle. Becauſe FBA is à right Angle 

e by che Hyparhefis RB A will be adate, and rherefore 
Az is not perpendicalar co BR Therefore let there 

de drawn from the Center A to BR che Perpendicular 

„ Ao, which (4) will fall towards R and: cut the Circle (a) Per Corel. 
in . Therefore AB which is oppoſite to the greater 3- Hep. 52. 

Angle, A OB, is greater than A O, which is oppotite to * 7 

che leſſer, to wit, the acute Angle OBA. But AB is 

equal to A Q: therefore A Q alſo is greater than AO, 


1 


b Per 19. 


I. 


ron 

ack a Part wan the whole. 25 

A0 | | 

cular | 8 

AR Corollary. 

= I. Hes it appears again, that the Contact of a right Fg. 20. 
| Line and a cireular one, is only in one Point. 


oak 2. It from Centers taken in the fame right Line infi- Fg. 17. 
* I mely protracted, there be deſcribed through B infinite 
0 2. Frcles, as well lefler chan the firſt ES C, as greater; 
ak OT E 4 they 


1 . a 
( . 


/ 
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fig 26. 
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they ſhall all touch the right Line IF in the ſame one 
Point B. 

3. Circles therefore growing into an Amplitude great. 
er than any given one, approach always, even unto Infi- 
nity, nearer and nearer to the Tangent, but are never 
join d to it, otherwiſe than in one ſingle Point of Con. 
tact; which thing although ir be moſt evident, is yet 
truly admirable, 

4. From theſe Things it is manifeſt, that every geo- 
metrical Line whatſoever is infinitely diviſible. For let 
there be drawn from ſome Point of the Diameter unto the 
Tangent the right Line A Q, Infinite Circles having 
Centers in the right Line B A infinitely produced, touch 
the right Line IF by Coroll. 2. of this, and one another 
by Co ol. p. 13. in one and the ſame Point B, and con- 
fequently are no where join'd either amongſt themſelves = 
or with the right Line IF but in the Point B only, Jt 
Therefore it is neceſſary that they divide the right Line 
AQ into infinite Parts, that is, into Parts exceed ing any 
Number aſſignable. | MP | 
5. The Angle of Contingence or Contact L BO, (that, 
to wit, which is contained under the Tangent and the 
Circumference) cannot be divided by any right Line. 
6, Nevertheleſs by Circumferences touching the Line 
IE in the ſame Point, it may be divided and diminiſhed 
infinitely, And in this and the third Corollary lies hid 
the whole we of Aſymptotes, that is, of a right 
Line approaching unto an Hy perbola, together with it 
1lelt infinitely produced, unto a Diſtance: lefs than any 
given one, yet never concurring with it. oa AN 


PROP. XVII. Problem. 
_— the given Point (B) to. drew a righ 5 
1 Line which ſhall touch a given Ciro p- 

. —_ 


From A, the Center of the given Circle let there b 
drawn unto the Point B the right Line A B, cuttin 


the Periphery in O. From the Center A deſcribe thro 


B arother Circle BC, and from O draw O C perper 
x 3 by "YM Ad. | F 8 . | dicu 


— 


1 
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Aicular to A B, which may meet the other Circle in C. 

Draw CA meeting the Circle O Q in I. The right 

ine drawn from B unto I will touch the Circle O Q. 

For becauſe the Sides B A, IA, are equal to the Sides 

CA, AO and the Angle A contain d betwixt the equal 

Sides is common to both. In the Triangles IAB OA C 

the Angles AOC, AI B are alſo ( 29 equal. There- a) Per 4: 
fore A B is a right Angle, For.AOC is a right one J. 1. 

by che Conſtruction. Therefore BI (5) toucheth the (Þ) Fer 16. 
Circle in J. 1 3. 
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> ; Schalium, 
- 2 Du the 31ſt following, from the given Point O à Fig. 27 
„ B Line touching a given Circle (B) may be well 
„ 
ine! Let the right Line joining the given Point O and the 
m Center A be biſected in P. Then from Center P thro 
Z 4 and O deſcribe a Circle, meeting the given one in B. 

* he right Line OB will touch the Circle. | 
my ing join'd, the Angle ABO in the Semi- 
th For AB being join d- Sle A 

circle is a right one by Prop. 31. Therefore by Prop. 16. 
ine OB toucheth the Circle B. 
* PROP. XVIII. Theorem. 
1 it 715 


any F a right Line (CL) touch a Circle , a right Fig: 28. 
| Line (AB) drawn from the Center (A) unto © 

the Point of Contact (B) is perpendicular to tbe 
Tangent, | | AY ns 


If it be denied, let ſome other right Line (as AF) be 
the Perpendicular from the Center A. This will cut the | 
Circle in O. Becauſe therefore the Angle A FB is ſup- © 
poſed to be à right one, A B F (e) muſt be acute. C0 Cerc . 
Therefore A B (tliat is, A O) is greater than A F (d); a Zi er 19. 


4 (d) Per 19. 
Part than the whole. 6.94 * C 8 9* 


ee ; 
3 ae 
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P R O p. XIx. Theorem. 


* Jr 4 Line BC) touch the Circle, and from tl 4 
| Point of Contact ( A) there be rais'd (AT) per. : 
penditular to the Tangent, the Cooker will be 1 7 
FI that Perpendicular. 4 1 E 

If you deny it, let the Center be . AT in 25 
and from it let there be drawn unto the Contact the Lx the 

ce) By the Z A. The Angle ZAC will be a right one (e) and there. 1. 

toregoing. fore equal to the Angle IA C, which by the Hy potheſ dt 

1 W A x i one; that 15, the Part will be equal to BE 1 | 
a hole. =: 


mm Rb » "3 Theorem, . 
Fig. 30, 31, H E Angle at the 6 (BAC) 5 is Joubl, ti 5 


32. L tbe ple 1 BFC) which is at the Circum- 4 
Feet bis the ſame Areh (BC) is rb Baſe a 
the Angles, 1285 F 

Fig. 30. Here are three Caſes. In 4 firſt caſe, „ the Sides 5 


BA, B E coincide. And then becauſe A FE, AC drawn? 

from the Center are equal, there will be in the Triange h 

es. , che Angles E and C equal (a). But BAC is To KH 
J Per 32, to the two. Angfes F ind. CY. Therefore B A Ci 
double bf R 


Fig. 31. In The: ſecond. Caſe BA; CA. fl N BF cel þ 
| and then FAX being drawn, X AB by the firſt Ga Cale 
is double of XFB; and XAC double of X FTP 


Therefore che whole BAC is double of the whole 


| BRC. | 
K. . In the 197 Caſe, Wax 28. AC, and the Ang | 
Wia BAC is without che Triangle BFC. Here ler 1 : * 
208 LEED drawn. By che firſt Caſe che whole LAC is double b 
dhe whole I. FC, and LAB taken away is double off © 
Fs. PR LFB taken away. Therefore the remaining Angle 
BAC is alſo double of the remaining one BFC N.E. D. cir 
=. [ Corollary, Hence we gather that the Sides of every Tri for 
ale are to each other as the Sines of the Angles oppoſite ti N ©* 
theſe Sides reſpettively. Let E F G be any Triangle; E are 
which 


b. II. EvucLiiD's Elements, 71 


2 phie \ tet # Circle be under ſtood to be cirrumiſcrib' d (e), and ©) Per g. 
li From the Center of the Circle , ter there be ler down the Fer- (. 4. 

| erden, AB, AC, AD, which will + biſe# the Sabten- 
— Now n EF * to EG, ſo ; EF (that u, EB) - | 


/ thit &, ED. 2 75 EB 5 the Sine of the 4Þ 

oF that u, of Fair the Angle E AF, that th eee 
: hole Angle E £GF*y ty the Side EF; an ED is * Per 20.3, 
ede Sine of the Angle E AD, that is , ff half the | 
As, mu is, of the whote Angle E FC, which is oppoſite 

© the Side EG. Therefore EF fs to EG, or the Sine of 

* ; he Angle EG E, ic to the Sine of the Angle EF. Q. E. D. 

In from this one Propoſition à gveat Furt of Trigonomerry is 

WF ieduced, Which Thing will be worth our Obſervation. | 

" N Coroll. (2.) Num the former CoroNWary we learn to menſure Fig. 86, 

| j We Pont the Mom. For Aﬀtromomicd! Obſeruations gi- 1. 1. 
Wing us the Angle of the diurnal Parallax * BY A, we yin! 
Tout the Diſtzmee of the Mom by The following Proportion. As 


\ * 
an 
| y 


P Corol. 16. 


e He of the Angle ACB, is to the Sine of the Angle P. 32. J. 1. 


N A350; n ts the Semithhameter of the Earth B A, unto the 
| : Y Mor?s Diſtante, AC. C. E. I. 
Coroll. (3.) From the ſecond Corollary we learn lo ro mens Fig. 54, 

5 Z | ſure the Diſtance of the Sun. For there being given by Aſtro- 

== mmical Obſervations the Angle .of the menſtrual Parallax, 
(namely, that whith is made when the Mom appears preciſely 

5 biſected,) or the Angle ZE O, and to ether with or 2 

the Moon's Diſt anre E O. We find vhe e of bhe Sk 

| this Analagy. As the Sine of the Angle E EO, is to 4 

ne of the Angle EO E; which Sine is the Radius : + S048 

820, the Moon's Diſtance,unio 2 ZE the Diſt ence of the Suns 


Wet 


ll : 

Cale 

rt PROD. XI. Thicorem 1 4 08 
ole 

ut; | HE Hngles (B AC, AB - whidi:tie 7: 33. 
92 Cirele ftand upon the ſame Arb (B80 O) ; er ; 

e U which we In the ſame Segment (B.SC), are al 


e off qual amo Jonny ſelves. 

nge Loet firſt the nn Ga BQST be greater than a Seni 

ED. circle. From the Center A draw A B, AC. By che 

Tri boregoing the Angle BAC at the Center is double of 

te fh Each BC, 'PFQO > Therefore * all BC, BFC 

about = (a Q KD. ES 4 7 20 Ca) Pro 
phic) Then axio. 6. 
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72 
Then let the 


G c. the reſt, Q and R will be equal to the 


there be taken away the Angles R and O, which by the 
firſt Part are equal, as ſtanding upon the ſame Arch QF, 
the Angles which remain Q, F muſt be equal. Q. E. U. 
. Coroll, Hence we gather in Opticꝶs that any Line BC t 
the Eye placed where you will in the Circumference of the Ci. 
cle, -whereof the Line is a Chord, appears of the ſame Mag. 
nitude; to wit, becauſe it appears every where under an equa 

Angle BQC. uw | 
L Schol. If of two equal Angles ſtanding upon the {ame 


Fig. 33. 34. it be denied, B QC ſhall either be equal to the Angle 


(4) Per Co gle BIC is (d) greater, and the Angle B EC (d) is e 


4, 344 © 


zz, than the Angle B QC. Therefore, &c. ]) 


» a WV - 3 


Fig. 35+ 


14 (AB CF) the oppoſite Angles make two right 


Let BF, CA bedrawn. The Angle ABC with the 
2) Per 32. (a) two O and X make two right Angles, But O i 
: equal to I (H), becauſe it ſtands upon the ſame Arch BC 
And again X is equal to Z (6) becauſe ir ſtands upon 


2 . 
) Per 21. 


"530" the ſame Arch AB. Therefore ABC taken together 


with the two Angles 1 and Z, chat is, with the whole 
oppoſite Angle AF C, makes two right Angles. Q. E. D 
| (Corollary (1.) Hence if one Side of 4 Quadrilateral de 
ſcribed in a Circle be protracted, the external Angle will be 
equal to the oppoſite Angle of the Quadrilateral ; for the in. 
ternal added to either of them makes two right Angles. 
. (2:) Likewiſe a Circle cannot be deſcribed about a Rhom- 
bus; becauſe its oppoſite Angles either fall ſhort of, or exceed 
„„ „ y ß 
ad (3. Hk 


* 


. Segment B QC be equal to or leſs than; 
Fi 1 4. Semicircle. In the Triangles BQI, C FI, becauſe the 
| @) er. 15. Angles vertically oppoſite at I are equal (2), the Sum of 
Sum of the () 

: 10. p.32. reſt F and O. Wherefore if from vheſe equal Sum 
1. | 
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68.) Likewiſe if in any Quadrilateral AB C F the oppoſite 
= Anzles F and B are equal to two right ones, a Circle may be 
BS deſcribed about it. For (a) a Circle will paſs through any (2) Per 5. 
BS three Angles C, F, A, and this ſo that the * fourth be f. "1 2 
= equal to B; which cannot be unleſs it doth indeed paſs through + Per ſchl. 
I the Point B T. Therefore it doth paſs through it. pr. 21. l. z. 
5 PRO P. XXIII, XXIV. Theorems, 
. A R E not neceſſary; and they treat of fimilar 
al 5 . . 7 
1 Segments, which cannot rightly be defin'd 


without Proportions, 


PROP. XXV. Problem. 


To perfect a given Arch (A BC). Fig. 36. 


Let there be ſubtended at Random the two right Lines 
Z AB, CB; which biſect in I and L. From I and I. 
raiſe perpendiculars meeting one another in O. This 
= ſhall be the Center of that Circle whereof ABC is a 
"cle Portion. : . 
| For (a) the Center is both in the Line I X, and in the a7Per Coral. 
> Line LZ. Therefore it is in their common Point O. pr. 1. . 3. 
The Practice. From the Center B taken in the Arch 
deſcribe a Circle : and with the fame Interval from other 
Centers in the Arch deſcribe two other Circles, each of - 
which cuts the former twice. Two right Lines drawn 
C: through the Inter ſections, and croſſing each other in O, 
_ will give the Center. 
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DE PROP. XXVI, XXVII. Theorems. 


N equal Circles equal right Lines (C E, FI) 
1 ſubtend equal Archs ; and if the Archs are 
. equal the Subtenſes are alſo equal. 


Tlheſe Two Propoſitions are plainly Axioms, and need 
. no Demonſtration. n 25 


CCoroll. 
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Fig. 55+ 
Per 27. 
1 


Jig. 56. 


„ 
. 4. 


1 Per 18. 
1 


* Fer 28. 
J. Is 


Fig. 38. 


Fig. 39. 


(2) Per 4. 


J. 1 


Zo 


Ccoroll. (1) If ina Circle ABCD the Arch 46 E 
equal to the Arch DC; AD will be parallel to BC, Bi 


AC. Q. E. D. 


mon, and DB is equal to DC, and the Angle B D 4 equi 
to the Angle CDA, the Arches B A, C 4 being Suppoſed u 


AE, GAF are alſo right Angles f. Therefore B C, Er 


FZ on which they Hand are equal ; and if the ; 


(e] Per 26. 
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AC being drawn , the Angles ACB, CAD, a ſtanding u | Pot 
equal Arches, will be equal. Wherefore 4 D * is parallel 


(2.) The right Line E F which is drawn from the Paint 
A, the midalePoint of ſomeArch and toucheth the Circle, is p 
rallel to the right Line BC, which ſubtends that Arch. u 
Fran the Center D draw unto the Paint of Cunta#t 4 te 
right Line D A, and join DB, DC. The Side DG is con- 


be equal. Therefore the Angles DGB, DG C ove equal *, . * 
and conſequently are right Angles. But the internal Angles 


are parallel *, Q. E. D. 


a 9 


F in equal Circles, the Angles whether at the : 
Centers (B AC, F LI) or at the Circumference © 
(ROC, FS D be equal; the Arches alſo (B XC, 


Arcbes be equal, the Angles alſo are equal. 


| Theſe two Propoſitions alſo are plainly Axia * . 
need no demonſtration. | Wy '| 


PROP. XXX. Problem. w 
O biſe& a given Arch (A BC). '* 


Draw AC, which biſect in O. From O draw the 
perpendicular O B, meeting the Arch in B. I fay the [M'# 
thing is done. | ER 1 

For let A B, B C be join d. the Sides AO, OB are [M*% 
by the Conſtruction equal to CO, OB ; and the Angles “* 
at O are equal, as being right ones. Therefore the Ba- 

ſes AB, CB are equal (4), Therefore the Archs alſo © 
(b) AB, BC are equal. 5 - 


The 


8 


\ 


ib. II. Evcr 10's Elements, 


* 464 ** = 


The Practice. From the Centers A and C deſeribe 


N vich an equal Interval Arches cutting each other in the 
Points F and I, the right Line drawn through theſe 
1 points will biſect the Ar ch A B 6. 


- 


PR OP. XXXI. Theorem. 


one; that in a Segment greater than a Se- 


Wnicircle, 5s leſs thau @ right one ; that in 4 Seg- 
ent leſs thaw 4 Semicirle u greater than à right 


Part 1. From the Center A draw AC. Becauſe 


aB and AC are equal, the Angles O and B are e- | 
qual (c). For the fame Cauſe the Angles I and F are (c) Per g. 
equal. Therefore the Angle BCP is 
I together. Seeing (a) therefore the three together n. 32 
make two right Angles, BC F which is half of two right C. 33 
Angles, is one right Angle. 

bart 2. Let the Segment LOB F be greater than a fig. 41. 
emicircle, and in it let there be the Angle FO L, and let 

LB the Diameter of the Circle be drawn. The Aypgle 
ol is leſs than that B OL, which by Part 1. is a right 
one. Therefore, Cc. 

Part 3. Let the Segment LOX be leſs than the Se- pig. 41. 
micircle LOB, and X OL be the Angle in it. This 
will be greater than BOL which is a right one. There- 
fore, Cc. 

Corollary. Hence we may take a Proof of t he Inſtrument, Fig. 4 


talled a Square, whether it be exactly Rectangular or not. 
For in what Circle foever the Top of the Square is laid upon 
C, or any Point of the Circumference whatſoever, if the Sides 


ef it do paſs through the Points of the Diameter B and F, 


the Angle is à right one; otherwiſe nat. 

(2:) ¶ F the Sides of a Sjuare be held continually upon the 
Points B and F, in the mean while that the Angle is moved 
round, firſt on one Side, then on the other, the Top of the An- 
gle C will deſcribe a Circumference of a Circle , whoſe Dia- 
meter is the Line BF. } | 

(3.) Hence we learn to raiſe a Perpendicular at the End of 
a Line. Let BC be the Line, C the Point given, from 
whence a Perpendicular is to be rais'd. From any Point hat- 

Ds OY a ro» Wome, - ſoever 


H E Angle (BC F in a Semicirele & a * Fig. 40. 


ual to B and J. 1. 
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Fig. 7. 


rel. 9. p. 32. 
. 


F is « 40s 


Fig. 42, 43. 


Contact (A) cut it, the Angle made by the Tanga 
and the cutting Line, i equal to the Angle which ill 


I., which is made in the Segment A LB; and the A 


Fig. 42. 


Fig. 43. 


(.) Per 31. 
J. 3. 
955 Per 32. 
J. 1. | 


* 


are right ones, as being Angles in a Sæmicircle; and then 
[b] Per ce. fore ACE, ABD (b) are equal. The Triangles there 


by Prop. 18. CAB is a right Angle: And by Prop. z1 | 


fſoever A as the Center, let a Circle be deſcribed paſſing thi : f 
the Point C, and cutting BC in any Point, as B. If H 
Semidiameter B F be drawn, it is manifeſt that the Lin 
CF: is the Perpendicular. required. Q. E. F. 1 
( 4.) CL Hence it is manifeſt, that Circles touching one . 
ther inwardly, do cut all Lines, as AD proportionabiy; iſ 
fo, that A E the Subtenſe of the leſſer, is to AD the'Subtiſ 
of the greater Circle, as AC the Diameter of the leſſer, 
to AB the Diameter of the greater. For there being dran 
the Subtenſes EC, BD, the Triangles EAC, DAB e 
quiangled. For the Angle A is common, and A EC, AD 


EUCGCLIDÞD's Elements. Lib. I, : 


are fimilar, by the fourth Propoſition of the Sixth Book , u 
AC: AB:: 4E: 4D. Q. E. D. 5 

(s.) In a right-angled Triangle BC F, if the Mppoten 
B F be biſected in A, the right Line AC cuts the Tria 
into two equicrural ones ACB, ACE, and ſo a Circle deſi 
bed from the Center A through B muſt paſt through C, ti 
top of the right Angles } 5 


PROP. XXXII. Theorem. 


F a right Line (C F) touch a Circle, and an ﬀ 
ther (AB) which # drawn from the Point iff 


made in the alternate or oppoſite Segment. 


Thar is, the Angle CAB will be equal to the Ang : \n 


gle FAB will be equal to the Angle O, which is maiſf 
in the Segment A OB. For | | 
Firſt, ler the Line A B paſs through the Center. 


L - alſo a right one. Therefore CAB and L are. 
ua 9 . A 

l Then let the Line A B not paſs. through the Cente, 

Let the Line AQ therefore be drawn through the Ct 

ter, and B Q be join d. Becauſe the Angle in the &. 

micircle A B Q (a) is a right one, B QA taken togethe 

with BAQ will make one right Angle (5). But GA 


* 7 
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7 


zs alſo by Prop. 18. of this Book a right Angle. There- 

US fore BQA with BAQ are equal to CA Q. The com- 

mon Angle therefore BA Q being taken away, there 

remains B QA, which is equal to L (c) equal to CAB. (c) Per 2c, 

I Therefore L and CAB are equal: Which is the firſt ““ 3 

W Part to be proved. „„ 3 | 
WS Then FAB and CAB make two right Angles (d), (d) Per 13. 

„and in the Quadrilateral BO AL, the oppoſites L and „r 


ano make two right Angles (e). Therefore the two F AB, (©) — 
re c AB are equal to the two O and I. Therefore there 
[Di being taken away on one Side CAB, on the other L, 


which have already been ſhew'd to be equal, there re- 
mains FAB equal ro O. Which was the other Part to 
be proved. | 


PROP. XXXIII. Problem. 

5 Pon a given Line (B C) to make a Segment Fis. 44 

; ] of a Circle, in which the Angle ſhall be e- 

qual to any Angle given. 

Dirſt let there be an acute Angle given A BFE, from 

„ draw B L perpendicular to AB; And at C, the 

; Extremity of the Line BC, make BCI equal to CBL 

Wu (by 23. J. 1.) whoſe Side ſhall cut BL in I. From theCen- 

gen ter I deſcribe a Circle thro B: This Circle will alſo pats 

bi through C (foraſmuch as becauſe of the Equality of the 

Angles at B and C, the Sides likewiſe CI, BI are(by 

6. /. 1.) equal) and the Segment BQC ſhall contain an 
Angle equal to tne given one A BE. | 

For becauſe AB is perpendicular to the Diameter 

BL, AB will touch the Circle which BC cuts (a), (a) Per 1. 

FT herefore the Angle in the Segment BQC is equal (5) - WY 

o the Angle A B F. „in 8 

hut if che Angle given be obtuſe as RB C, do as be- 
tore, and COB will be the Segment required. | 


> AW 


toregoing. 


p R OP. XXXIV. Po blem. 


1 1 . N | | 3 £4 
Rom a given Circle to take away a Segment fig. 45: 
containing an Angle equal to a given one, 

| 7 F | Unto 
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Unto the Diameter of the Circle FA draw the Per. 4 
le) Per 23. pendicular BAL. Then (e) let AC be drawn, whic þ 
* may make the Angle B AC equal to that which is given f . 
This Line A C ſhall cut off the Segment AQC, whoſe ; n 
Angle is equal to the given one: As is maniteft fron 


Pro . 32. 


PROP. XXXV. Theorem. Wi 
Fig. 46, 47 I in a Circle two right Lines (C L, BF) 

one another, the Rectangle (C OL) unde 
the Segments of one 1 equal to the Hol ; ! 
(BOF), under the Segments of * other 
For, 4 


i If they interſect 1 other in A the Center i 

. the Circle, the thing is manifeſt, 
Fig. 46. If one of them CL paſſeth through the Center 1 
Pie and biſects the other BF which doth not paſs rag 
1 f Per 3. the Center; it (F) cuts it perpendicularly , and fo th 
(OA . 3» Square of FO is the ſame with the Rectangle F OI 
Let AF be drawn. Becauſe CL is bi ſected in A au 
otherwiſe divided in O, 


In 


= It will be thus, | 
al per . Ret COL will be equal to AL q. (a). 
J. 2. : oh AO q. 
$a EA that is, to AF q. 
that is, equal to AO q. | 

ſbj] Per 47. ＋ FO q. (b). 4 
it aw. F 1, Therefore the common Square AO being taken 1 
wy « þ way, there will remain = 
44.008 | ©. ReR. COL equal to FOq. that is, bs 
WH * to the Rect. FOB. ; 
i Fig. 47. Then if one of the right Lines C L paſſes through a : 


Center, and cuts the other BF unequally in O, let 
right Line drawn from the Center A cut BF in 


two equal Parts in I. In this Caſe AIB will be a right A J 


41 | ſe] Per 3. gle (c). Now becauſe CL. is biſected in A, and othe ö 
11 _ 3 wiſe in O, it will be thus, : 
1 1 Rect. COL mY be equal to AL. ꝗ (d) chat is, to 5 


be 


111 e 

. + AO q. 

ue 4 , A Bq. that i 18, tO 
'# 


5 n | 9 5 | I Rn ? 4 5 
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1 + 51d. (0. 
ch! 3 9. 5 ©) Per 4 
en Bur 405 10. e There- Wy 7 
ſe Þ fore, @ ) By the 


TH OlIq. * BI d. by 
5 „ 

Therefore the © common Square AI being taken away, 
4 Mays: remains, 

| Ret. COLT = 519 
5 But BI Square is qual to the Redtangle F 0 B. toge⸗ 5 

cher with OI Square: (g) becauſe FB is biſected! in I, 03. Per 5 
and otherwiſe — in ©. i © / 
8 Req, COL are e equal to Rect. 'FOB 
4 4 01g. I olg. 
| . N the common OIq. being — 41 . Side 
=_ Reck. co I. = Re&. FOB. 
But laſtly , If neither - of the Lines cl. PB paſſes Fig- 4. 
through the Center: Through their common Interſection | 
et there be drawn the right Line X Z, which - paſſes 
1 — h the Center. By what hath been juſt now de- 
monſtrated, both the Rectangle COL, and that FOB, 
” Co equal to the Rectangle Z OX. Therefore COL, 
oO; are equal berwixt themſelves. _- 
or the er tion may be demonſtrated more eaſily and u- Fig. 52. 
uverſally thus: Foin AC and BD. Here becauje of the 
E1uality of the Angles CE A, B ED as being vertically op- 
: Foſite (J; and of the Angles C and B a being upon the (a) 1 Per 1 5. 
ame Arch AD ; the Triangles CE A, BED are equi- | 
1 ele (per Corol. 9. p. 32. I. 1.) Therefore *.CE:;EA | Ber 24½ 
EB: ED. Therefore C E ED i equal to A 
1 Fer 16. . 7 Q. E. D. 


h + # DS oY, 7 5 | of 1 | 
ing A 
Al F * (39 a Point given without a Cirels Er. - ER 


cher there be drawn unto the Circle two right Lines i. 


me (B F) touching it, the other (B Cc) cutting it; 


„ 088, Rectangle (C BO) which # com prebended ander by 
o le whole cutting Line (CB) and fo Part (BO). 
ail - F 2 which 


— 


9 


22 
- - ADS 
* - * * 
— 2 


. A 


2... ²˙¹äàà—Jᷣ Aa. 


5 — > 
wh : — — —— 
— r * 
- 


= — — — © 


„ a; = 


—— 


— * . 225 * pon — — ye py 22 6 * — 2 2 - — 2 — 
P 1 —. , . 5 * * " * X — 
. ** . — 6 bd — / 19 * - 7 = Sos bo wr - , — — Meng — — . : * * * _ 
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fa] Per 18. 
bi. 


ſb) Per 6. 
4. . 


e] Per ys 
' Is... 


Fig. FO, 51. 


[4] Per 3. 
Dl Per 18. 


TH Per 6. 
4. 2. 


5 Per 47. 
411. | 
(k) By the 


-- lame. 


ame. 


* » Be 32. | 


. . To 


3 | Per 16. 11. 


92 By the | 
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which lies betwixt the Point (B) and the Circh, 
& equal to the Square of the Tangent (B F.) 


1. If the cutting Line BC. paſſes through the Center 4 £ 
join AF. This with the Line F B will make a righ A 
— (a). And therefore becauſe CO is biſected in 7: 
and to it is added OB; it will be thus, 2 

” OE CHD j will be — to A B q. 00 thats 8 


＋ AO. 
to A F . | 
a ＋FBq. (c). We 

"Therefore the equal Squares AO. AFq. being 0 Ich 

* on both Sides, there remains, 
Re&. C BO, = BF q. 

2. Bur then 1 C B doth not paſs through the Cent, 
let there be drawn -AB, AF, AO, and AL, and 0 
AL biſect OC in L. The Angle AL © is therefore : 
right one (d). Likewiſe AFB is a right Angle (% Ja 
Now becauſe C © is biſected in L, and to it is add 


eee 4 A ae 04 
a. 


OB, it will be thus, = bh 

_ Re&. CB = LB q. (f) | . 

| Log. 3 

„ be added on both Sides AL Square, u 1 
en 4 

ERKRect. CBO 2 toL B 75 | Wa 


Bur ag — of LO, AL are equal (g) to tt 
Square of AO, or AF; and the Squares of I. B, All 
are equal to the Square of AB (hb). Therefore, | 
Ret. CBO ( A q. chat is, 0 
Ag. 2 
to BF q. 
＋ AF. 
Therefore the common Square, that of A F deing 3 
ken away, there remains N 
ect. C BO equal to the Square of BF. Q. E. 
** more eaſily and univerſally thus. Draw AB ai 
Now becauſe of the Equality of the Angles A, as 
DBC; * and fot that the Angle B is common to both; il 


h T riangles BDC, ADB are equiangled . And therefor bet. 
5 BerCorl 9. ( by 4+ lib. 6.) "AD: DB.:: BD: DC. Wherefore ti 50 
Rectangle AD x DC is equal to the Reclangle D BxDb, BE 

or DBJ. Q. E. D.] rod ples 
6 


3 
| 9 
j Lib. II. Eu CLID's Elements, 91 1 
= 5 . US 
i Corollaries, i 
50 x 1. IF from the ſame Point B without the Circle, as Fig: 52: 1 


1 many cutting Lines BC as you will be drawn, all 
, the Rectangles C BO are equal amongſt themſelves. For 
eich of them is equal to the Square of the Tangent 


G _— 
n 
— — 


1 
. 
1 
1 

: - 
47% 
'f 

FT 
_ 
* 


2 8 * x EEE 
3 f yg = BY Wy 


2. The right Lines, which from the ſame Point touch 

the Circle are equal. For each of their Squares is equal 

to the ſame Rectangle. | 8415 3 
[4. It is alſo clear, that from the ſame - Point B taten 

| without the Circle, there can only two Lines Bů E, B Q be 

drawn, which ſhall touch the Circle. For if a third be jaid 

io touch it, it muſt be equal to BF, or BQ, and therefore the 

ame with one of them. 1 8 g 

4. In every right-angled Triangle B F A, that js. not alſo F. 49. 

an Jſoſceles, the Rectangle ariſing from the Sum of the Hy- 

batenuſe, and ane Side drawn into the Difference betwixt 

them, is equal to the Square of the other Side. For the Sum 


£ 


= of the Hypotenuſe B A, L AF or AC, 8 =BC. And 


INS 


ER ape 5 RO a es 


3 


% 


3 their Difference is B A—A E= B 4—A4-O0==BO0. And the 
other Side of the Triangle is BF. But the Rectangle CBO 


v equal to the Square of B F. Therefore, &c, ] * 


bp R O p. XXXVII. Theorem. 


LY F the Rectangle under CB and O B be equil tg F *5:) 

1 the Square of BF, this muſt touch the Circle — 
in F. | SEL ee Ra cond es ne 

4 | From B let there be drawn the Tangent B Q, and the 

r0 nght Lines EQ, EF being drawn from the Center E, 
„Jaco the Points Q and F, let BE be joined. Becauſe 

o che Suppoſition the Square of BF is equal to the 


, a Reftangle C BO, as is alſo the Square of B Q, by 36. 
et this Book, the Squares of BQ, B F ſhall be equal 
ro Petw-ixt themſelves, and conſequently the right Lines 


BQ, BF are equal, Therefore the Triangles. F E By 


DUE Q are equilateral each to other. Therefore the An- 
ro! gles Q, F are equal (a). But Q 154 right Angle ( 1 [a) per 8. J. t. 


A» | 5 — n 
— a \ * * x 2 od * 7 bs — * . P 77 gen ama = 3 chin 2 _ — 4 2 2 — — 
2 — — Io . as as. - —_— 4 ann — yo . f 0 A — — — — * —— © 
* 3 as. ne — 2 y I. ö a y 8 8 2 > 2 2 
— 4 722 rr — 2 > Da - | * * 8 T4 * v4 — - 
- my W "FOE _—_ * Þ Mt — . 
1 = IL k 7 wil, ” — p - 3 o 
R SJ « +... - 2 „„ 1 - of = F p 8 2 a 5 is ha 
| \ 1 * — * * = - = a 5 1 2 Fo” 0 * 7 T p > 
- og. _ = — 3 n _ < nv r 8 1 Lc _ q 3 7 .> - =o = bl 
& re _ Z - oo, 8 3 
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18.1. 3.) Therefore F alſo is a right Angle. Thereſon 


* per 16. BF * heth the Circle (6). LY 
[ Corollaries 1. Hence the Angle E B equal to t 4. 
Angle EB Q (per 8. 1.1.) 44 


(2.) If two equal right Lines BE, B N fall from ſam 

Point B uon the convex Circumference, and B F one of they be 

toucheth the Circle, the other B A muſt touch it alſo. kW 

ſeeing B E, B N are equal, their Squares are alſo equi 

(a) By the But B Fq is equal to CB O (a). Therefore B QC 
foregoing. (1 b). N B ale toucheth the * {3 RO ; 
Ly Per axi. | 
17750 ches Sendlium 2% Seeing all Plains paſſ ng through the Cen 
1 of the Earth, which all ſtand perpendicular upon the Horn 
do produce great and equal Circles upon the Earth's Surfac, EY 
we ſhall here bring in ſome elegant Conſeftaries from then E 
out of our Author in his Aſtronomy; which fi rom the Nam 
of Circles may very eaſily be underſtood. [4 

(1.) If in any Part the Surf ace of the Earth were perfel. 
ly plain, Men could no more ſtand upright upon it, than n 
the Side of an Hill, ſaving in the Point of Conta# only, 

(2.) The Head of a Traveller performs a longer Way off 
Courſe than his Feet; Likewiſe he that is on Horſeback, ail 
goes the ſame way as a Foot man, meaſures a greater or long 
Space than he that is on Foot. As likewiſe in a Ship, they 

| yermoſt Part of the Maſt runs over more Way than the lu 
Parts of it. E 
'- (3.) If any one ſhould mat over the tub Circumferen 7 
. 5 Earth, the Way gone over by his Head, would excel 
that which was gone over by his Feet, by the Difference i 
Cireumferences ; or by the Circumference of a Circle , aN | 
Seniaiameter7 is the Man's own Stature. 5 

(4.) If a Veſſel full of Water te elevated perpendiculaiÞ 1 
the Water will continually be running over, and yet it will u 
main full; namely, becauſe the Surface of the Water is cu 
rinualhy compreſſed into the Surface of a greater Sphere. T 

a Veſſel be elevated continually higher and higher, the Sul 
* of the Water which is contain d in it, will continual 
geſcend and come nearer unto a Plain ; unto "which yet it mil 
geber aFually come. 

(s.) If a Veſſel full of Water be carried dire&y downwarl 
although nor hing run over, yet it will ceaſe ta be full; nam: 
4, becauſe the Surface of the Vater ſwells continual int 
Fart of a teſſer Hbere. From whence it fn 


(6.) Ne 
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* (6.) That one and the ſame Veſſel contains more Water at 
ES the Foot of a Mountain than at the Top; as likewiſe more in 
a ſubterraneous Cellar, than in a Chamber. To which Things 


a 
# 69 That two Strings on which two iron Balls hang per- 
8 pendicular, [ and conſequently the Walls of Buildings erected 
LS perpendicularly ] are not Parallel one to another, but Parts of 
Radius s meeting together in the Center of the Earth. 

sScholium | 2.) I think it not ami to inſert in this Place Fig. 69. 
BS this following Problem alſo, which was communicated to me by 
4 Friend, as demonſtrated by me ſomewhat more briefly. 
= Through the two Points (B) and (O) in a given Circle 
= (BDM) to draw the Circumference of a Circle which ſhall 
== biſef the Circumference of the other given Circle. h 
= Through the Center A and one of the given Points B let 
BE there be drawn the infinite right Line BAM E. Unto 
= which from the Center let there be eredtled the Perpendicular 
40d, and let BD be drawn. Let the the Line DE, be 
nade perpendicular to BD, cutting the infinite Line BA ME. 
in the Pint E. Laſtly, let a Circle be drawn (a) through (a] Per 1. 
te three Points, B, C, E. I ſay the Thing is dne. For, _ © + 
Let a Chord of the ſecond Circle be drawn through either of 

= the Inter ſeck ions of the Circles, as &, and through A the 
center of the firft Circle, to wit, G A f'; Let alſo the Diame- 
= ter of the firſt Circle G A F be drawn. Then in the firſt Cir- 
cie (by Corol. 1. Prop. 8. l. 6. and by Prop. 17. J. 6.) 
ABA EAD q, that is, (becauſe of the Equality of the 
nmidiameters, AD, AG, AF)==4 Gy AF. And in the | 
Second Circle there will be (b) ABXA EA G4 f. There- (Þ] Per 35. 
uy fore A Af, and the Paints F, f coincide, and the- 3:2 
= Arch FDG is equal to the Arch FMG. Q. E. F.] 
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ry great Benefit of the Mathematicks. 
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LENEELEEEEELEPENEEEELED 


1 
d 
The Elements of Euclid, 


HIS Book, which is wholly Problematica, 
teacheth by what Arrifice, Figures, thoſe which c 
are ardinate or regular eſpecially , may be in 

ſcribed in, and ;circumfcribed about, Circ I 

There is very great Uſe of it in Building Fortificatios; | - 

and from it as a Fountain have been derived thoſe mot 
excellent Tables of Sines, Tangents, and Secants,to the ve 

This Book is moſt uſeful for Trigonometry. Fr 
inſcribing Polygons in à Circle, we learn to frame Tables ji 

Chords, Tangents, and $:cants: by the Help of which mW 
learn to meaſure the Magnitudes of Figures and Bodies. N. 
ther without it can we duly diſtinguiſh the Aſpects, as th 
call them, of the Stars, as the Quartile, Sextile, & c.; tl 

wholly depending upon the Inſcription of Polygons in a Circh 

Neither can we otherwiſe Collect the Area (which is a certa 
Nuadrature of a Circle,) than from the Area's or Squares i 
innumerable Polygons inſcrib'd in, and circumſcrib'd about, i 
Circle. And in like manner we know the duplicate Proportin 
of Circles amongſt themſelves, from the duplicate Proportiu © 
of Polygons inſcribed in, or circumſcrib'd about, Circles. A 
as for military Architecture, it makes ſo much Uſe of HH 
Zons inſcrib'd in Circles, that more than all other Sciences i 


S 


5 
. — 


may ſeem to be wholly-owing this Book. 5 


r. A Rectilineal Figure is ſaid to be inſcrib'd in a Ci 
+ +2 cle, or to have a Circle circumſcrib'd about i 
when the Tops of all the Angles thereof are in rhe c 
cumference of the Circle. 2. 4 
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2. A rectilineal Figure is ſaid to be circumſcrib d about 

71 Circle, or to have a Circle inſcrib'd in it . when each 
1 one of its Sides toucheth the Circle. 

3. An ordinate or regular 5 is that which is equi 

z Pareral and equiangular. | 


| rROPOSITION I. Problem. 


O inſcribe a right Line (A) which is not Fir. f. «bs 4 
| greater than. the Diameter i into a Circle 25 
9. * | 

A F Take in the Circumference any Point B. - From the 

ct WT Center B with the Interval of the given Line A de- 


| N 1 an Arch, cutting the Circle i in C. Draw che _ 
= Line B C. I fay rhe _ is done. 9 509 


PR O P. II. Problem. 


i 11 Q 1 e. in a Circle a Triangle having equal "oy 3 
2 Angles with a given one (X). q | 


let the Line EF touch the Circle in D. Let EDG 
[| be made (a) eq ual to the Angle C, and F DH equal to 2 Per 21. 
if B; and] join GH. I ſay the Thing is done. For OG P 
| EDG is equal to H. H conſequently is equal to t (6) 1 
br C (c). And F DH is equal to (4d) to G; and 8 By che 
t, conſequently G to B. Therefore G D H (e) is equal to Donſtruction 
ll the wg A. Therefore 1 what was een is done. 22. Per 32. 
u 12 Per Ce- 
"A p- 322 


p R O P. II. Problem. f | 


0 circumſcribe about a Circle a Triangle, Fige 3. 


havin equal Angles with 4 given one 
| LK). * 8 * 


Let the Line IK be drawn forth on both Sides, ſo as 
cr make the external Angles. O and N. Make at the 
ir i Center A, the Angles. G AB, BAF equal to, O, N 
Cir Flpeſtvely, * 1 FI 7 27 . 1. Then in the 
2. A G 4 Points 


2 
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Points G, F, B, let three right Lines touch the Circle, | | 
meeting together in C, E, D. The Triangle CED ;* 
circumſcrib d about rhe Circle, and is equi-angled to ie 


given one I LK, For, 


| In the Quadrilateral CG A B, the Angles G and 3 
95 Per 18. are (F) both of them right ones. Therefore the remain. 
-3- „ing ones GAB, and C taken together do (g) make t-] 
right ones, and conſequently are equal to the two t- 
gether, O, I. Therefore the two GAB and O, which 
are equal by the Conſtruction, being taken away, thet MT 
remains C equal to I. In the ſame manner E will be! 
prov'd equal to the Angle K. Therefore D and L ar 
(hb) fercerel. (h) likewiſe equal. That therefore is done which wa 


151 Per Theo. 
I. ſchol. pr. 
32. U. To 


#. Prep 3% demanded. 
(c Per Ce- 
that the reſt concur, | 


Fig. 3. s incribe a Cirele in a Triangle. 5 


 Biſe& the two Angles C and E Wich the Lines C4, I 
E A, meeting together in A, From A draw the per- 
pendiculars, AB, AG, AF. A Circle deſcribed from 

the Center A through B, will paſs alſo through G and 


F, and touch the three Sides of the Triangle, 


For in the Triangles C AG, CAB, becauſe the Al: 


gles A GC, ABC, and likewiſe thoſe G C A, and BCA 
| are equal by the Conſtruction, and the Side A C is com- 
8 Per 26. mon, the Sides A G, A B (e) muſt be likewife equal. In 
like manner AB, A F may be ſhewn to be equal. There. 
4 fore the Circle deſcrib'd from the Center A, paſſeth 


through B, G, F. And becauſe che Angles at thoſe three 
N Me ff a Le ES Points | 


For that the Tangents do concur is thus ſhew'd. The 
. Angles O, I, and K, N are (a) equal to four right ones; 
[bJ Per 32. and I, K are leſs than two right ones (5). Therefore 0, 
1 N, (that is by the Conſtruction G A B, and B AF) ar 
1. greater than two right ones. Therefore G A F (c)i; 
. 1. 3 ſeſs chan two right ones. Therefore G F falls between EY 
A and D. Therefore ſeeing AGD, and A F Dat? 

right Angles, DG FE, and D F G are leſs than two rig 

(d) Per ſebol. ones. Therefore CGD and E F D (d) meet together 
Fr. 31. l. 1. towards D. In the ſame manner it may be demonſtratei 
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1 dons 2 2 it toucheth (F) all the Sides of the E) Per 10. 


therefore is done which was required. (. ; 
1115 nce the Sides of a Triangle being known, the Segments 


| [ of them which are made from the Contadts of an inſcribed 
ES circle will be known. Let DC be 12. DE 18.CE 16. 


Tz To deſcribe 4 Cliche hoot i Triangle, or through 


n-MIDC and CE will be 28. from which ſubſtr a8 18=D E 
bB E, there remains Io GCB. Therefore CG 
er CB=5. A rs ak or os 1. v FD 
er D).] 


PRO P. V. Problem. 


Fig. 4. 
three given Points B, C, D, not lying in 4 FAY 


right Line, to deſcribe s Circle. 
connect the given Points with two right Lines B C, 


cb, which biſe& with the Perpendiculars E A, O A, 


meering together in A. This will be the Center of a 


| Circle which paſſerh through B, C, D. 


Let the right Lines A C, A D, AB be drawn. By the 


|. Conſtruction the Sides D 0, O A are equal to theſe CO, 

0A; and the Angles at 0 are right ones. Theretore 

Ab hequal to AC (a). In the fame manner AB may 

be * equal to AC. Therefore A D, AB (5) are e- Fer 4 

l 2 Therefore a Circle deſcribed from the Center A (ber axie. 
ou 


gh B, will paſs alſo through C and D. Which 1 

Was 6. Thing required. 
As for the Practice, it is ſufficient to deſcribe from 
B, C, D chree equal Circles, interſecting each other; and 


N through the Interſections to draw right Lines, theſe 1 meet» 
War n will Ad 1M fought, . K 


p R O P. VI, VII. Problems. 


0 inſcribe a Square i in, and Cir um üb. one 
T. about a Circle, | mſo Eu. ” 


FF... the Diameters BD, C E be drawn, cutting each 
Fes of ls ae. The right Lines which join the 
ä in a Circle. 
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Fig o Fo 


| 8 Per 31. 


41. 
(d) Per 47. 
(2) Per 47 


I. 


Fig. 6. 


BC,; a Circle deſcrit'd from the Center A through D, : 


S 


(c) Pep, 5. 
J. 1. 
(d)PerCorol. 


| 11. Prop. 32. 


to Is 


(© Per 6. 


- To 5 - 
743 


-- 
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The Demonſtration is manifeſt from 4.1. 1. and 3. | 

I. 3. Then ler four Tangents be drawn touching the Ci. 
cle in B, C, D, E, meeting together in I, F, G, H. Tt! 
Figure IFG H is a Square, circumſcrib'd. about 21 


Circle. 


Coroll. 2. Prop. 36. 1.3. and 28, and 34. l. 1. 


6 Scholium. 


A Jute deſcribd about a Circle is double to that in 
1 ſcribd. For becauſe the Angle BCD in the &. 
micircle (c) is a right one, the Square of BD (that; 
FI Square) ſhall be (d) equal to BC q +- CD q, and 


therefore double to the Square of CD, i. e. to C DEB 


PROP. VII, IX. Problems. 


O inſcribe a Circle in, and circumſcribe ] 


about a Square, (ar B CF E). 


Let there be drawn che Diameters of the Square; cut | 
ring each other in A. From the Center A deſcribe a 


Circle through B; this will alſo paſs through E, F, C. 


The Demonſtration is manifeſt from 18. 1. 3. wich [1 


O22 6&5 < mm, &, 2 Wy ay. 


Then from the Center A draw A D perpendicular to = 


will touch all the Sides of the Square. 


Part I. Becauſe by the Hypotheſis the Lines C B, EB 
are equal; the Angles BCE, BEC will be equal (c). 


But CBE is a right Angle by the Hypotheſis. BCE BY 


therefore and B E C are half right ones (d). In the 5 


ſame manner CBF will be ſhew'd to be an half right ; 2 


Angle, as likewiſe the reſt of the Angles; and ſo they 
are equal amongſt themſelves. Therefore in the Trian- 
gle BAC, ſeeing there are two equal Angles C BA, 
BCA, the right Lines AB and A C (e) are equal. In 
the like manner the right Lines A B, A E, A F may be 
ſhew'd to be equal. Therefore a Circle deſcribed from 
the Center A through B, paſſes through E, F, C. 

Part 2. From A let there be alſo drawn the Perpet- 
diculars A G, A H, A I. Becauſe in the Triangles 3 
N dBA 


ä 
* * 


Lib. V. Evcrivy's Elements. 
DBA, the Angles at D and G, as likewiſe thoſe at B 


are equal, and the Side A B is common, the Sides A D, 


AG muſt be equal (a). In the fame manner AG, AH, 
AT may be ſhew'd to be equal. Therefore a Circle de- 


ſcribd from the Center A, which paſſeth through D, 
will alſo paſs through G, H, I, and touch all the Sides 


of the Square (b). Becauſe the Angles at D, G, H, I 


PROP. X. Problem. 


To make an Tſoſceles Triangle BAC, in which the 


Angle at the Baſe (ABC, or AC B) ſhall be 
double to that which is at the Top (A). 


Let any right Line, what you will, as AB, be taken, 
which ſo cut in D (c) that the Rectangle A BD ſhall be 
equal to AD Square. Then from the Center A thro' 


B deſcribe a Circle; in which inſcribe (d) BC equal to 
| AD, and join AC, BAC ſhall be the Triangle 


ſought, 

For let the right Line DC te drawn, and through 
A, D, C deſcribe (e) a Circle. Becauſe the Rectangle 
ABD is equal ro the Square AD, (thatis, BC) it 


it manifeſt, that BC (F) toucheth that Circle DO 


which CD cuts. Therefore the Angle BCD (g) is e- 
qual to the Angle A in the oppoſite Segment, and ſo the 


common Angle DC A being added, BCA muſt be e- 


qual to ABC A. But becauſe the Sides AB, AC 
are equal, ABC (þ) is equal to the Angle ACB, 


2 Therefore the Angle ABC is alſo equal ro AD CA. “ 
But the external Angle alſo B DC is equal to the two in- 


& t:rnal ones (i) A4+DCA. Therefore ABC, and BDC 


are equal. Therefore the Line DC is (H) equal to BC, 
(that 1s, by the Conſtruction to DA). Therefore the 


{ Angles A and DCA (J) are equal. Wherefore the 


Angle ABC, which hath been _ſhew'd equal to thoſe 


two, ſhall be double to one A. That is done therefore 


which was required. 


Corol- 


89 


(a) Per 26. : 


1. 1. 


Fig. 7. 


(c) Per 11. 
. h 


(d]Perr, I. 4: 


8 Per 5. 


4. 
9 Per 37. 


ſh] Per 5. 
l. 1. 


(i) Per 32. 
1. 


Ck]Per 6. l. r. 


(1) Per 5. 
l. 1. 


(b) Per 16, 
are right ones. Therefore we have done what was re- 
} quired. : | | 
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* alſo (d) be equal. The Pen therefore is equilateral 
AED, &c. 


/ of the Pentagon it ſelf muſt make ſix fifths of one right 


EU Ir Elements. Lib. M. 


Corollary: 


F of the Angles at the Baſe B and C in the I. 
-. celes now framed, is two fifths of two right one 
or four fifths of one right one, and the remaining one 41 

is one fifth of two right ones, or two fitths of one righ i 
one. As is manifeſt out of this Propoſition taken toge. 
ther with that 32. I. 1. | 


PRO,P. XI. Problem. 
| O inſcribe a regular Pentagon in à Circle. 


Let there be deſcribed (a) the Triangle BA C, havig 
the Angles at rhe Baſe double to that ar the Top. lu 
ſcribe a Triangle CAD equiangled to this in a Circle(i) 
Biſect theAngles at the Baſe A CD, AD C, with the rig | 
Lines CE, DB, cutting the Circle in E and B. IEK 
Points A, B, C, D, E, join'd by right Lines, will give u 
ordinate Pentagon inſcrib'd in a Circle. SD 

For from the Conſtruction it appears that the Angle 
I, N, Q, 8, O are equal. Wherefore the Arches ſubren 
ded to them & E, E D, C D, C B, BA are alſo (c) equl 
Therefore the right Lines ſubtended to thoſe Arches ſhal | 


Bur it is alſo (e) equiangular, becauſe its Angles BAE E 
20 on equal Arches BC DE, A BCD, 
&c. That therefore is done which was required. | 


Corollary, 


T HE Angle of a regular Pentagon make fix fifths oi 
one right Angle, or three fifths of two. For the 
three Angles at A ſeeing they are equal, as ſtanding 
upon equal Arches, BC, CD, DE, and the middle. 
moſt of them by the Corollary foregoing is two fifths of 
one right Angle; the three together, that is, the Ange 


One. 8 


L Scho. 


ib. V. Evcrtd's Elements. gt 


& [5cholium. This holds univerſally, that Figures of an odd Fig. 2. 
nber of Sides are inſcribed in a Circle, by means of an I- 
Joſceles Triangle, whoſe equal Angles at the Baſe are multi- 
Pe of thoſe at the Top. . But Figures of an even Number of 

.es are inſcribed by the means of Uolceles Triangles, whoje 
Anles at the Baſe are each of them multiple ſeſquialteral of 
bat which is at the Top. 

4, in the Iſoſceles ACD, if the Angle C or D be three- 

Fold A, the Side CD will be the Side of an Heptagon ; 
gf fourfold , it will be the Side of an Enneagon, &c. But if 
BT or D ſhall be 15of 4, CD will be the Side of a Square ; 
und if C (hall be 25 of the Angle 4, CD will ſubtend æ 
tb Part of the Circumference : In like manner, if C or D 
al be 35 of the Angle 4, CD ſhall be the Side of an O- 
15 i agon, &c. ] 


Moo ge RAE” > es... 
We = * 4 * has 


Scholium. 


Udids Inſcription of a Pentagon is ingenious, bur 

, that of Prolomy, which he delivers in the firſt Book 
of his Almageſt, is much more expeditious : And it is 
his. 
let the Diameters E D, BF be drawn, cutting one 
eerpendicularly in A. Biſe& the Radius A D in C. 
From the Center C through B deſcribe an Arch, meet- 
ig the Diameter E D in G. The right Line GB is the 


— — — Lars. CBT - rw 8 ne 
. WW . e — 23 * ill 
; n r n 
No COTE! * * * * „ * 
1 2 | 5 0 2 | 
7 > — 


— a 2 — Mr nn we 2 - — Rt. - " < 
- : . ; — — = * a 3 „. _—_— — . - - _— > E V p 
— — — <> — - —— — — — ; <4 . oy * 7 5 
0 = 8 > > -4 — ws... — — 1 3x 6 m—_ - 2 . 
N — 4 * - - » * x - 
l 0 | l oy \ a 7 — . 
* CI * AL n s 8 
AA 88 he." 2 0 ap" * = 8 Pl —— 
2 ; b en, an l l OY = dP 
- 7 -» —— [7 UC _ o 
= 2 2 2 RR * * * = ; es 
FINES BC ac. Ia cn IE ae v — — - 


8 


1 U PON a given right Line (AB) to deſcribe a re- Fig: 2. 
4 gular Pentagon. | 
Cut AB ſo in C (a) that the Rectangle, ABC may (a) Per 121. 
He equal to the Square of AD. From AB protracted on J. 2. 
both Sides rake away A D, B E, equal to the greater Seg- 
ent AC. From the Centers A and D with the Inter- 
al A B deſcribe two Arches, cutting each other in F. 
ikewiſe from the Centers Band E deſcribe, On. the 
ame 
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ſame Interval, two Arches cutting each other in G. A 
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again, from the Centers & and F, with the ſame Into 

val, deſcribe two others, cutting each other in I. I 
Points A, F, I, G, B, being join d, will give a regular hb 
Iygon upon the given right Line A B. * 

That it is equilateral is manifeſt from the Conſtruq 
on; that it is equi-angled will be thus demonſtrate 
Let DF be drawn. It is manifeſt by the Conſtructia 
that ADF is an TIſoſcelzs. And the Baſe AD is the greats 
Segment of the Side DF, fo divided, that the Ret 

gle of the whole and the leſſer Side, is equal to ꝗN 
Square of the greater. (For DF is equal to A B, a 
AD equal to AC). Therefore the Angle DA F is tu 

fiſths of two right ones; by Coroll. Prop. 10. JI. 4. Then 
fore the remaining Angle FAB is three fifths of tu 
co) Per 13. right ones, or fix fifths of one right one (6); and then 
. fore is an Angle of à regular Pentagon (c). In the fare 
[c]Per 4 orol. manner may it be ſhewn, that the Angle GB A is the 
Pre ld. fifths of two right ones, and ſo equal to FAB. F 
whence it is neceſſary, that the reſt F, G, I, ſhould bee 
qual to theſe, as appears from their being equilateral 

theſe, if the right Line F G be conceiy'd to be ſubtendi 
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Fig. 10. O circumſcribe an ordinate Pentagon abou 


Circle. 


Let there, by the foregoing, be inſcrib'd the reg 
Pentagon GH IK M, and let there be drawn Tangent: 
in the Points G, H, I, K, M, which may eoncur in 5, 
D, E, F. I fay the thing is done. H 
For from the Center A draw the right Lines, A G, A 
AH, AC, AI. Here becauſe from the ſame Point 
(a)PerCorel. BG, and BH touch the Circle, they (a) are equi 
2b. 36. 3. Therefore the Triangles GAB, BA H are <quilateral'W 
®) er 8. each other. Theretore () the Angles O, P, as likewl 
F * thoſe Q, 8, are equal. And therefore the whole Ang 
B is double ro P, and the whole GAH double tos 
For the ſame Reaſon the Angles C and HAT are do 
ble to T and N reſpectively. But GA H and HA 
[c] Per 29. are cqual (c), becauſe they ſtand upon equal Arches, I 
3. Conſtruction GH, HI. Therefore their halves , ant 
| 3 -— 


Lib. VL. EvucrivD's Elements. 
are alſo equal. Becauſe therefore in the Triangles 


* iq 3 AH, HAC, the two Angles S and N are equal, and 
ly 


Shoe at H are both right Angles (d), and likewiſe the 
ide AH is common; therefore the Sides (e) B H, CH, 
BS; likewiſe the Angles P, T, are equal. In the fame 
ESnanner I might ſhew B G, FG to be equal. Therefore 
P, CB which are double ro the equals BG, B H, are 
Bio equal. In the ſame manner it may be ſhew'd that 
Ihe reſt of the Sides of the circumſcribed Pentagon are 
equal. It is therefore equilateral; but it is alſo equian- 
ed; for ſeeing it hath been ſnew'd that the Angles B 
Ind C are each of them double to the equals P, and T, 
ey muſt alſo be equal betwixt themſelves. And in the 
me manner of the reſt. We have therefore deſcribed 
2 regular Pentagon about a Circle. Which was the thing 
obe done. d 

nn the ſame way any ordinate Figure whatſoever is de- 
rrib'd about a Circle, that is, if a like Figure be firſt in- 
rib'd in the Circle. . | 
bee 


PRO P. XIII, XIV. Problems. 


circumſcribe one about it. 


FZBiſect the two Angles of the Pentagon B, C, with the 
ht Lines BN, CS, cutting each other in A. From 
= draw the Perpendicular AL. | 
A Circle deſcrib'd from the Point A with the Inter- 
AA. touches all the Sides of the Pentagon; and a 
Fircle deſcrib'd from the ſame Point A with the Inter- 
Wal A B, paſſes alſo through the Points F, E, D, C. | 
Fart I. In the Triangles DCA, BCA, becauſe the 
les DC, CA, are equal to BC, CA, by the Hypo- 
eis, and the Angles P and O are equal by the Con- 
ruction, thoſe allo G and I will be equal by 4. |. 1. 
ow the whole alſo B and D are equal by the Hypo- 
Weſis. Wherefore ſeeing the Angle G is half of B by 
Fe Conſtruction; 1 alſo will be half of D. Therefore 
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Ry 
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* is biſeted by the right Line DM. For the ſame 
HA aſe the reſt of the Angles of the Pentagon E, F, are 
es, b iſected, and conſequently all the half Angles are equal 
Sul wirt themſelves, Now let rhe Perpendiculars be 

a JJ Si, co drawn, 
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h Per 18. 
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O inſcribe a Circle in a regular Pentagon, and Fig. 11. 


I r 


7 
[ 

1 

7 

* 

4 

S 4 

[6 

77: 86 
97 
+ ; ; 
1 

--i 
I 
> 

= 
Ty 

1 * 5 

” i 

Ln 

+; BY 

1 3 

= 

1 2 

4 

" - 

X » 
© 1 
1 
= * 
4 
4 
Lf 
» 

8 | 3 
þ 1 
4 . 
_ 4X 

3. 0 
a 4 

- x % 
LW _ 
7 o& 
_— 
12 
i . 

; : 1 , 
i, 
1m N 7 

ro 

| l 
4 L 
* $ \ 
i 5 
BAR 
Es 5 
4 
i! k 
1 
1 * 
1 4 4s 
1 

1 

4 

F G 

6 5 
/ 1 
= 

F 4 
"1 » 2 43 
4 : 

Y ' 

: 

7 » = 
17 5 
1 , 
11 
3 "3 
© 

1 

to 

* 


* Per 16.1.3, 
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drawn, AM, AS, AN, AR. For becauſe in the Tri 7 
angles LBA, MBA, the Angles G and BI. A are« di 
qual to the Angle Q and B MA, by the Conftruttin, N 
and the 77 A is common, AL and AM muſt he an 
. alſo anal . be In like manner I might ſhew that the th 
reſt of rpendiculars, A M, Fy N, AS, AR, zn m 
equal. 4 Circle therefore from the Center A paſſig © an 
through L, will ini * Hough M, S, N, % tie 
and becauſe che Angle J, R, are r. zh FT 
ones by the rn 71 ir will touch the ve Sides A000 
the Pentagon. Which was the firſt Part. © fo) 
Part 2. In the Triang le CAB becauſe the Angles Od cl 
G — already been . to be equal, the Sides aly WW 
AC, AB muff be equal e and in the ſame manner, 
AB, AF, AE, AD, may be prov'd pal, and they | 
fore a Circle from the Center A paſfing through 1 
muſt paſs allo through C, D, E, F. 7 tefore we i 
have both inſcrib'd a Pentagon in a Circle, and circun- 1. 
ſerib d one about a Circle. Q. E. E. CT 
In the ſame way, in any regular Figure whatſoever, (| [a 
Circle may be inſcrib a, and circumſcrib'd about it.) © thi 
PROP. XV. Problem. © ra 
N a given Circle to deſcribe a regular Hex. 
Let the Diameter FAB be drawn. From the c ons 
ter B through A deſcribe a Circle, cutting the given ont WF R, 
in C and D. Likewiſe from the Center F thro' A a Circ: giv 
cutting the given one in E and G. The fix Points, LW per 
C, E, E, G, P, connected by right Lines will give ul vic 
Hexagon required. 14 
From the Center let fall the right Lines A E, A CA et 
AD. It is manifeſt that the Triaugles H, I, M, L ar cle. 
uilateral, both in themſelves, and with one anorher (HB. 
- Then becauſe the Angles FAB E AF, each of th C, 
make one third of two right Angles ( per Corol. 12. 1, Þ ang 
. 1.) and therefore do make both together two third 5 
two right Angles; it remains (a) that E A C 1s 1 off 
third of two r1 gh Angles ; therefore the Angles EAG bar 
CAB Tory Bur the Sides alſo E A, AC, are: ſtar 
_ ro the 43. 


ides BA, A C. the Ne 
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per g. I. 1.) is equal to the Baſe BC, chat is, ro the Ra- 
155 A C by the Conſtruction. Wherefore the Triangle 


N is alſo equilateral. And in the ſame manner the Tri- 


angle K may be ſhewn to be ſo. Becauſe therefore all 


© the fix Triangles, H, I, K, Ly M, N are equilateral; it is 


manifeſt that all the Sides, 


B, B D, DG, GF, F E, EC, 


irre equal one to another, and to the Radius A C. The 
hexagon is therefore equilateral. But it is alſo equian- 
© gular, ſeeing each one of its Angles E, C, B, D, G, F, 
© conſiſts of rwo Angles of an equilateral Triangle. There 
© fore we have intcribed a regular Hexagon in the Cir- 
cle = 


Corollaries. 


| Pu E Side of an Hexagon inſcrib'd in a Circle, Cor 


a Chord of 60 Degrees] is equal to the Radius 


3 [and conſequently the Sine of 30 Degrees is equal to half 
© the Radius (per Cool. 2. p. 3. . 3.) ] 


2. An Angle of a regular Hexagon is four thirds of one 


© right Angle; as conſiſting of two Angles of an equilate- 
ra Triangle, each of which makes two thirds of à right 


Angle. 
1 If chere be drawn the Diameter P S, perpendicu- 


kr to the other FB; and with the Interval of the Radi- 
© us PA, from the Center P, and 8, there be made Secti- 
ons in O and Q, in R and T, the Points, P, E, O, F, 
6, S, D, T, B, Q, C connected with right Lines will 


re give a Figure of 12 Sides, inſcrib'd in aCircle with one A- 
perture of the Compaſſes. Which Thing is of great Ser- 


I rice in Dialling, 


4. From what has been demonſtrated we may 


eafily deſcribe an equilateral Triangle in a Cir- 


cle. The Diameter F B being drawn, from the Center 


EB chrough A deſcribe the Arch CAD. The Points 


G F, D, connected with right Lines, will give the Tri- 
angle ſought, PEP | 
3. The Side CX D of the equilateral Triangle, curs 
off from rhe Diamerer BF perpendicular to it, a fourth 
Part thereof BX. For the Angles ACX, BCX, 
ſtanding upon equal Arches & D, DB are equal (per 29. 
430 and the Sides Ac, CX, are equal to the Sides 
— * G 2 2 . BG 
& 
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u BC, C x. Therefore A X, B X are equal (a). There 
* fore BX is the fourth Part of the Diameter B F. 


Scbolium 1. Problem. 
Fig. 13. O U may raiſe a regular Hexagon upon a right Line 
Per F. I. r. Y BC — Make - * qa Triangle C AB 
upon the given Line C B. From the Center A through 
B and C deſcribe a Circle. This will contain an Hex. 
gon upon the given right Line C B. The Thing is m. 
nifeſt from the Propoſition, and Corll. 1. 


T HE Square of a Side of an equilateral Triang|: 
is treble to the Square of the Semidiameter of: 
Circle in which it is inſcribd, and is to the Square df 
the whole Diameter, as 3 to 4. 5 | 
Fig. 14. Let there be drawn the Semidiameter A D. Th: 
Square of FD is equal to FAq + DA ka the Ret: 
angle FAX twice taken (per 12. J. 2.) But the Ret 
angle FAX twice taken is equal to the Square of the 
[b]PerCoro!l. Semidiameter FA or DA: (For becauſe AX, XB ö 
5+ foregoing. are equal, the Rectangle FAX twice taken, is equal t 
the two Rectangles which are under FA, AX, and u. 
der FA and X B, that is, equal to the Rectangle FAB 
[c] Per 1. (c); that is, equal to FA q.) Therefore the FDqi 
** treble to F Aq or DA ꝗ the Square of the Semidiame 
Rr. 0 
Now becauſe the Square of the whole Diameter is qu: 
(d) per corel. druple of the Square of F A the Semidiameter (d), it! 
3- prop. 4 manifeſt that the Square of FD is to the Square of the 
be 2. Diameter, as 3 to 4. | Ws 
Hence it follows that a Side of an equilateral Triangt 


is to the Diameter, as the ſquare Root of z is to 2, tht 
{quare Root of 4; and therefore chat thoſe Lines are it 
commenſurable. f  Wawmro, wy 


— — — 


re £1000 JT 0; ld 
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PROP. XVI. Problem: 


T O inſcribe a regular Quindecagon in a Cir- 
cle. | 
| Tnſcribein the Circle AC the Side of a Pentagon (a), 
and AD the Side of an equilateral Triangle, ( per Cool. 
4. 5. 18. J. 4.) biſect the Arch CD in E. CE is the 
Side of the Quindecagon, or fifteen-angled Figure 
ſought. 
For if the whole Circumference be ſuppos d to be 15, 
| the Arch AC will be 3. and the Arch AD 5s, and 
therefore the Arch C D 2, and conſequently CE I. 


- .. Corollary. 


te Y this Method innumerable regular Figures may be 
0 inſcrib'd in a Circle. For if AC, AD, the Sides 
( of two regular Figures be inſcrib'd ina Circle, the Diffe- 
te rence of the Arches C D will contain ſo many Sides of 
0 a new regular Figure, as are the Unites whereby the De- 
1 nominators of the former differ one from another. But 
ul. the Denominator of tlie new Figure is had, if the Deno- 
rninators of rhe former be multiplied one by the other. 


As if AD be the Side of a Square, and A C of a 

Decagon, the Difference of the Denominators is 6. There- 
tore the Arch CD contains 6 Sides of a new Figure. 
But the new Figure is of 40 Sides. For the Denomina- 
tors 4 and 10 multiplied one by the other make 40. 


TN Scholium. 


T*. hath not yet been found out the Art by which 
regular Figures of 7, 9, 11, 13, 17, Cc. Sides may 
| deinſcribed in a Circle, by a Pair of Compaſſes and a 
Rule only, Foraſmuch as that Inſeription of Figures 
depends upon the Diviſion of the Circumference into any 
given Parrs; which thing is yer lacking. Burt if the Cir- 
cumſerence of a Circle Le divided into 360 Parts, you 
may in a mechanical way inſcribe any regular Figures 
Whatſoever in it, after chis manner. 
n — "WW 3 Pro- 


Fig. 15. 


(a) Per 12. 
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Problem 1. 


Di 360 Degrees (that is, the whole Circumfe 
rence) by the Denominator of the Polygon to be 
inſcrib'd (e. g. à Nonangle.) Make at the Center the An. 

le AG K of ſo many Degrees as are the Units of the 
e in the ſaid Diviſion. AK ſhall be the Side of 
the nine-angled Figure, which is required to be inſcrib 
in the Circle. i 
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Problem 2. 


B UT upon a given right Line you may deſcribe 205 
regular Figure whatſoever by the Help of the fol 


A right Angle is to the Angle of the Figure, 
= Difference. 
In a pentagon as 8 to. 6---- 1 
In an Hexagon as 3 to 4—1 
In an Heptagon as 7 to 10 — 3 
In an Octagon as 2 to 3 — 1 
In a Nanagon as 9 to 14 —5 
In a Decagon as 5 to 8 — 3 
In an Undecagon as 11 to 18.---7 , 
In a Duedecagon as 3 to 5 — 2 


Let à regular Heptagen be to be inſcribd upon che g 
ven right Line X B. From the Center X with the In» 
terval X B deſcribe a Circle, from which cut off the 
Quadrant BO. See in the Table what is the Proportion 
of a right Angle to the Angle of an Heptagon: You will 
find it to be as 7 to 10, and the Difference is 3. Divide We 
the Quadrant therefore into ſeven equal Arches, ſo ma 
of which add to it from O to N as the Difference hat 
Units, Through the three Points B, X, N, deſeribe (un 
5.1. 4.) a Circle. This cantains an Heptagon of the g; 
ven right Line X B. | | 
The Table was made by. means of Theorem 2. in che 
Sthol. upon p. 32. J. 1. by which is found the Number oi 
right Angles, which the Angles of any right- lind Figur 


1 


make ; which Number being dwiged by che Denomins 
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tor of the Figure, gives the Denominator of the Pro- 
ortion of the Angle of che Figure to a right one. 
Now becauſe hitherto many things have been pro- 
unded concerning regular Figures, let the following 
tamous Theorem ot Proclus cloſe this Book. 


Theorem. 


S. N TP 


NLY three regular Figures, to wit, 6 equilateral 
. Triangles, 4 Squares, and 3 Hexagons, can fill a 
= Space; chat is, can conſtitute one continued Superficies. 
Which is thus demonſtrated. That ſome regular Figure 
often repeated ſhould be able to fill a Space; it is requi- 
red that the Angles of many Figures of that kind being 


Ti 5 diſpoſed about one Point, ſhould make juſt four right 
fab ones; for juſt ſo many right Angles may be placed about 


Y one Point, as appears from Coro!. 3. Prop. 1 3. J. 1. As for 
& Example, chat equilateral Triangles ſhould fill a Space, 
it is requir'd that ſo many Angles of ſuch Triangles N, 
MN, LK, I, H, being diſpos'd about the Point A, ſhould 
nale juſt four right ones. But fix Angles of an equila- 
teral Triangle do make four right ones; (for one makes 
E 44 g's < 11580 77 ie p58” a f ! 
mo thirds or one right one *, and therefore ſix of them 
& make 12 thirds of one right one, that is, 4 right ones): 
& Likewiſe the four Angles of a Square make tour right 
ones, as is manifeſt ; likewiſe three Angles of an Hexa- 
gon; for one maketh four thirds of one right Angle 
(Ober Corol. 2. p. 1 5. L. 4.); and therefore three of them 
do make twelve thirds of one right Angle, that is, four 
1» WT cight ones. Therefore, c. ro ps 
the = But that no other Figure beſides theſe can do this, 
vill manifeſtly appear, if its Angle being found as above 
vou ſhall multiply the fame by any Number whatſoever - 
ide for the Angles will always either fall ſnort of, or excee 
four right ones. Ts 
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Fig. 13. 
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The Elements of Euclid. 


BOOK v. 


— 


HIS fifth Book of Elements is altogether ne. 
ceeſſary for demonſtrating the Propoſitions of 
the Sixth Book. The Doctrine which it con. 

| taineth is almoſt in continual Uſe, The way 
of Reaſoning from Geometrical Proportion is moſt ſubtle 
ſolid and brief. This Method of Reaſoning, as a kind of 
Mathematical Logick, Geometry, Arithmetick, Muſick, 
Aſtronomy, Staticks, and all the other Parts of the M.. 
themaricks, make eſpecial uſe of: Foraſmuch as the 
almoſt wholly depend upon Proportions connected toge- 
ther one with another; and are wont to borrow the: 


Ways of Reaſoning concerning Proportionals from thi =” 


Fifth Book. Practical Geometry, which conſiſts in the 
meaſuring of Lines, Figures, and Solids, is for the moſt 
part derived from the Doctrine of Proportions. There 
is not a Rule in Arithmetick but what may be demor- 
ſtrated from the Propoſitions of this fifth Book, without 
the Help of the 7th, 8th, and gth Books, which tren 
profeſſedly of Numbers. We may fitly call the Muſick d 
rhe Ancients Geometrical Proportions apply'd to runefulM 
Sounds; which ſame Thing you may well nigh ſay co 
cerning Staticks which are converſant about the Weights 
of Bodies. To comprehend the whole Matter in fen 
Words, If you take away the Doctrine of Proportion 
from the Mathematicks, you will leave almoſt nothing 
which is excellent or greatly to he accounted of. 
Scholium. 

There is noMathematician who is ignorant of how greatIn- 
portance in Geometry the Knowledge of Proportions Is; fi 
it is the very Marrow, as it were, of the Mathematical Sth 
ences; and the various Ways of Reaſoning concerning P ro : 
4 „ IE: 4 Tina 


* 
U 


Lib. V. Eucrip's Elements. 


nals, are both moſt uſeful and moſt certain; neither can 
e without them move one Step. ne | 

ö But then J reckon that this Doctrine is congenite in Men's 
Winds with common Reaſon it ſelf ; and that the various 
Wis of Reaſoning concerning Proportianals , which Euclid by 
uch winding and going about delivers in this whole Book, do 
yt ſo much need Demonſtration, properly ſo call d, as Illuſtra- 
on and Examples. And I altogether am of Opinion that 
PVoſe who take. in Hand to deliver this moſt eaſy Doctrine by a 
ug Circuit of Propoſitions, do involve a Thing in it ſelf moſt 
Wear, in 4 certain Cloud, and render it far more difficult. The 
Im of the Matter J will open in a few Words. | It js a thing 
fly known, that four Quantities are then proportional, or 
at the Analogies are then alike , when the firſt Quantity 
Went ains the ſecond, as of ten as the third contains the fourth; or 
When the firſt is as often contain'd by the ſecond, as the third is 
2 And 3 Here 


e Proportion of the Antecedents to the Conſequents is ſub- 
ile. (Nor is there any Proportion of commenſurable Quanti- 
ies which may not be expreſs'd by certain Numbers; nor in- 
ed of Incommenſurables, which may not be expreſſed by Num- 
ers infafrely approaching nearer and nea er unto the true one.) 
Hirthermore from what hath been ſaid? appears, that like 
EF roportions, whatſoever they are, may. be expreſs d not only by 
ers Numbers, but alſo by the ſame. Thus 2 to 1 deſigns 
Ws well t he Proportion of 16 to 8, as of 4 to 2. 1 to 3 no 
We/s expreſſeth that of 4 to 12, than that of 3 to 9, as is moſt 
Wranifeſt. Suppoſing therefore four Quantities to be proportio- 
Wd, A: B:: 4: b. It is enzuird in this Book' after how 
Nan like Manners the Terms of theſe like Proportions may be 
E'anged, and ordered among ft themſelves. So that the emer- 
Ping Proportion on both Sides may be ſtil alike. And it may be 
n/wered, that it may be done after all the ways and manners 
ofible ; for ſeeing the Proportion of A to B, and that of a 
to b are alike, both of them may be expreſs d by" the ſame 
Munbers after this manner, A: B:: 9:3, and a: 5:93. 
ind conſequently all the Proportions emerging on both Sides, 
ther by Alternating the Terms, or by Inverting them, or by 
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Table. 
Lel it be 4 1: B 26 . 1 4 
Then it will ; 
be by 45 8 2 
Alternating A Si: 229: riot #8 27 D443; 349 
Inverting B : 4 22 : :. B36 
| Compounding ALR: B 2: 44 5 $5943: (22):1 
Dividing A3: B :; amb: 5 :: 9—3 (6); 
Converting A : ALB ::: 42 : abÞb::9: 94-3 (1 
or A -B : 42 : 2 5 ::9:9—3 (6 
Mixing AgB: AB :: ab: a—b:;:; 94-3: 9:3 
Ex æquo 4: B:: a:b, G B: C:: ö: c, then A: C:: a: 
$3535.99 3. 3129 % 9 1: 94h 
Ex æquo A4: B:: 4a: l, G B: C:: : a, then A: C:: : 
perturbatè. 8: 3: 8:3, & 3: 12:: 2: 8, then 8: 12:: 2:4 
Or thus, wy ION 6, CY 3: 2 :::24:16, then 8: 2:5: 24:6 
@:b:: 


wot Axiome, may not improperly be inſerted and illuſtrate 
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Compounding, or Dividing, o Converting, or mixin 
them, may be exprejs'd by the very ſame Numbers; andy, 
ſequentiy the ſame Proportion will always be kept on both Sd 
As for Example ſake. A4-B:B:; a-: b, becauſe 5 
3: 3, expreſſeth the ſame Proportion; which is Compoſitig 
The ſame is to be ſaid of all the ways of changing the Te 
Therefore let Beginners objgrue this one Thing, that Propri. 
ons which ave on- both Sides the ſame be ever changed andy. 
dered in the very ſame manner. And then there will hen 
Room to queſtion, whether the Proportions which ariſe on will 
Sides be. aljke or no. It is indeed à Thing to be wonder da 
that no one of thoſe who have hitherto compiled Elements j 
Geometry, have made uſe of this moſt eaſy Method of ſatin 
the Equality of Proportions, for the illuſtrating of this Fiji 
Book about the Doctrine of Proportions. Take therefore ti 
primary Ways which Geometry mae of,, in reaſmin 

concerning- like Proportions, as then u etcinto this in 


:e: A. Ebbe: : a,b: ae then a: e: :a :e 


ile therefore that ts expert in theſe Ways of Reaſon 
concerning Proportionals, and knows how to bring them in 
Uſe upon Occa ſich, will ſeldom ſtand in need of the particu 
Propoſitions of theFifthBook.Only. two of them, which yet are d 


Examples, in way of Appendix, becauſe of the Fre 
cy of their Uſe-in alt the Parts of the Mathematicks ; whip 


enſurable Magnitudes, and may be expreſſed in Num- 


| 0 nſequent. 
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DEFINITIONS 


N Aliquot Part of Magnitude, is that which bei 
ſo many times more or leſs repeated, d 
eaſure or is juſt equal to the Magnitude. An Aliquant 
irt is thar which doth nor meaſure it. | 
The Length of one Foot is an Aliquot Part of rhe 
neth of 10 Eeer, becauſe being ten times repeared it 
lures ir. Bur the Length of four Feet is an Aliquant 


Err of a Line of 10 Feet, becauſe being ſo many times 


peared, ro wit, twice, it falls ſhort of it, but being 
rice repeated it exceeds it. e 

2. One Magnitude is ſaid to be a multiple of another, 
hen the leſſer meaſures the greater, and conſeqently is 

Aliquot Part thereof; or when che greater contains 
e leſier fo many times preciſely. | 

3. Proportion is the mutual Reſpect, as ro Quantity, 

two Magnitudes of the ſame Kind. 


Therefore there are in all Proportions two Terms, of 


hich that is called the Antecedent which is firſt named, 
which is nam d in che Nominative Caſe; the other the 
when the Antecedent and the Conſequent are equal it 
called Proportion of Equality; when they are unequal, 
portion of In equality. 1 : 
4. Rational Proportion is that which is. betwixt com- 
Irrational Proportion, that which is betwixt Quan- 


ies A and cannot be explicated by any 


Moreover, Commenfurable Quantities are thoſe which 


me common Meaſure meaſureth; Incommenſurable, 


= tole which cannot be meaſured” by any common. Mea- 


s. To proportions (chat of A to B, and that of C 
d D) are alike, equal or the ſame; when the Antece- 


Ent of ane (A) doch equally or in the ſame Manner (chat 


neither more nor lets, contain its Conſequent (B), as 


I Antecedene of the other (C) contains its Conlequent 


or when the Antecedent ofthe one (A) is ſo often con- 


aa inics Conſequent (B), as (C) the Antecedent of 
DN . 


other is in irs Conſequent (D). 6. Two 


Fig. 1. l. J. 


Fig. 2 


1 
he 
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6. Two Proportions are unlike, or one is greater thi 
the other, when the Antecedent of one (I) doth nylfſ 
contain its Conſequent (L), than the Antecedent of 
other (O) doth contain its Conſequent (Q); or when 
Antecedent of one is leſs contain d in its Conſequent, r 
the Antecedent of the other in its Conſequent. . ö 
7. Like or ſimilar Parts are thoſe which are equally if 

in the ſame Manner contain d in their Wholes ; ſo m 
what ſort of Part one is of its Whole, ſuch a Par vi 
other is of its Whole. Which Thing indeed is nom 
elſe, but that the Parts bear the ſame Proportion to th 

Wholes. | OP Ye Jo ni! 
_  Aliquor Parts are like, which do equally meaſure tf 
Wholes, as if each of them be one Third or one Ten 
Oe, of its Whole. args. M 

8. Magnirudes (A, B, C, D) are ſaid to be continu 
proportional when the middle Terms (B, C) are rh 
twice; that is, when they are each of them a Coil 
quent in reſpect of the foregoing, and an Anteceden i 
reſpect of the following. JETS 8 
We thus pronounce conrinual Proportions. A is "1M 
as B to C; and B is to C, as C is to D. And 
EE ono * 5 
9. Magnitudes are diſcretely proportional when not 
is twice taken. "de | | 


. . : g 


iſcrete Propoſitions we thus pronouce. A is to 38 


* 
I" 
+7. 

rw 


” 
hl 


C to F. When there are more than three, propori 
Magnitudes, if they be ſaid to be proportional, they 
always underſtood to be diſcretely fo... z. 
18. When the Magnitudes (A, B. C, P) are conta 
ally proportional, the firſt (A) is laid to have to the tlin 
05 a duplicate Proportion of that which it hath 9 
ſecond (B): And the firſt (A) is ſaid to have to df 
fourth (D) a triplicate” Proportion of that, which i; 
ſame firſt hath to the ſecond (B): And fo forwards. 
| if one triplicate Proportion be equal to another dujlice 
Proportion, the latter ſimple Proportion ſhall be ſeſquipliu 
or one and a half of the former ſimple Proportion. Let 4,' 
D, be =; and a, b, c, ; and let A the firſt in "i 
Former Analogy be unto D the fourth; as Ca) the firſt in 
ſecond Analogy is to (c) the fourth; 1 ſay that (a) is uf. 
in a Proportion which is one and a half of that which Al 
70 B. For let E be a middle. Proportional. betwixt B and 
Or, which is the ſame thing, betwixt A and H. Bran 
HOLY „ 8 ** 4 3 * — i 


+. So 0 
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„ee Equality of the Proportions of A to D, and (a) to (c), 
ale middle Proportions on both Sides F and (b); It will 
e 4: F:: 4: b. But the Proportion of A to F is compound- 
af the entire Proportion of A to B, and of the Proportion of 


ib. V. 


be [ame B to C halved; and conſequently the Proportion of 
en) to (9, which is equal to that of A to F, contains the 
Wire Proportion of A to B, and alſo the ſame halvd, to wit, 
e Proportion of B to F. But the whole Proportion with its 
% is 4 ſeſquiplicate or ſeſquialteral Proportion, or that 
Which is one and a half of the other. (a) therefore is to 
WT) in 2 Proportion ſeſquiplicate of that of A to B. S in 
o4tronomy , ſince the Cubes of the Diſtances of the Planets 
Vm the Sun bear that Proportion one to another, which the 
: mares of their periodical Times bear; ſo that the triplicated 
WF oportion of the Diſtances, is the ſame with the Duplicate 
We of the periodical Times; It is wont to be ſaid , that the 
eriodical Times are in à ſeſquiplicate or ſeſquialteral Propor- 
on of their Diſtances from the Sun.) 
WS 11. Antecedent Magnitudes are ſaid to be Homologous 
r like to Antecedenr, and Conſequent to Conſequent 
F agnitudes. As if A is to B, as C to F; A, C, and 
F, are homologous Quantities, 


XII. If a Set of Pairs of Quantities contain every one 
e ſame Proportion, that is the very Proportion alſo 
dich the Sum of all the Antecedents bears to the Sum 
all the Conſequents. | 


204 64 8 +1 3(4-14=66 
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10 34+ 4 + 9+ 7 =33 


XIX. If Parts be as Wholes, the Remainders will be 
cso in the very ſame Proportion. 

If zo be to 20, as 3 to 2; 27 will be to 18 alſo, as 
© to 20, or as 3 to 2. 5 
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HE Doärine of Proportions, which was z. Pe 

rally ſet forth in the Fifth Book, is 2pplth . 

the Sixth, to plain Figures. And thoſe Thin 

which are delivered in this Book are fo neo: 

fary to be known, that without them no Man can p 
trate into the Secrets of Geometry, and reap the fn: 
Fruits of the Marhemaricks, Each Propoſition deſem 
— have an Encomium annexed; ſo great is the Utility ii 


This Sixth Book, as hath been ſaid , begins to apply t 
excelent Doctrine concerning Geometrical Proportion, wid 
was juſt before delivered, to divers and, thoſe certainly, ill 
notable Vſes; and beginning with Triangles, the moſt m 
of Figures, ſearches out their Sides and Areas, as they i 
ſwer to one another in a certain Proportion. Then it dn 
Proportional Lines, and the proportional Augmentations o Ii 
minutions of Figures;and ſhews in what manner we may eiii pur 
Increaſe or diminiſh them according to any Proportion an » 
Tt opens likewiſe the Golden Rule, or Rule of Proportion, Micr 
very chief of all Arithmetic ; and demonſtrates that in ic 
rectangle Triangle, not only the Square, but alſo the Penta i 
Hexagon, and in general, every regular Polygon, which is ea 
ſcribed by the Hypatenuſe, is equal to the Squares, Penta 
Hexagons, or any regular Polygons whatjoever , that are uf 
ſcrib'd by the two Sides. It alſo propounds moſt eaſy and nf 
tain Principles for meaſuring as well Svlids, as Lines and 
faces, N are of very great Uſe in all Parts of the li 
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þ VI, Evciiv's Elements, , 


DEFINITIONS 


. 1 Ike or ſimilar Figures are thoſe which both have 
[ L all the Angles equal, each to each other re ſpective- 
„ and che Sides which are oppoſed to the equal Angles 
which are betwixt them, or which are about the equal 
Bangles, (for they come all to one) Proportional. 


r, if the Angle A be equal to the Angle F, and the 
Angle B equal to the Angle I, and conſequently the An- 
Ie C equal to the Angle L: And moreover if AB be 
&Þ Fl, as BC to LI; and BC is to LI, as CA is to 
ur; and CA to LF as AB to FI; by comparing 


. 
% 
A 


Ways the Sides oppoſite to the equal Angles, In the 
Moc manner the Likeneſs of all right- lin d Figures may 
explained. 


Wonſequenr Terms of the Proportions appear on both 


ern 5 ides, 
924 s in the Parallelograms X, Z, 


If AC be to CB, 

5 As FC is to CL. 
ue Antecedents here are AC, and FC of which there 
SS one in both Figures; and the Conſequents are CB, 


i 7 id CL ; of which likewiſe there is one in each Figure. 


a therefore the Parallelograms X, Z are calld reci- 
"Wa ocal. Underſtand the fame of other Figures. 


i orth Definition. 


eeaſure. 


7c ine Proportion unto their whole Circumferences. 


'd Wat Circumference, 
e Ar 9 


_ 3 The Altitude of a Figure is the Perpendicular let 
from the Top to the Baſe. This is with Euclid the 


4. Like Arches of Circles are thoſe which have the 
a Ls if each of them be a third or fourth Part, Oc. of 


PROP. 
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i As the Triangles X, Z, will be {aid to be like, or fimi- Fig. 7. l. 6. 


. keciprocal Figures are when the Antecedent and Fig. 2% 


(s the Altitude of the Triangle ABC is the perpen - F 7+ 
ccular AQ which falls from the Top upon the Baſe 
c, eicher within the Triangle or without, upon the 
ec protracted. Now the Bate and Top are aſſumed at 
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* P er de ſin. 


7. I. 5. 


(a) Per 38. 


1 


[b] Per 41. 
4. 1. 


Fig. Jo 


T HE Triangles (ABC, FIL) and the Parallelogratts X is 


Eci 1D Element. Lib. N 


PROPOSITION I. Theorem. 


RIANGLES (ABC, DEF) and Par. 
lelograms (AOPC, DORF) which Mi ;\ 
betwixt the ſame Parallels, or bave the ſame Al. 
tude, have the ſame Proportion betwixt themſeluu 
as their Baſes, (AC, DF.) . | 


Upon this Theorem the whole Sixth Book depend; 
yea, whatſoever any where is demonſtrated about Figurs 

y Proportions, whether Plain or Solid. 

Let there be taken any Aliquor Part of the Baſe DF; 
E.G. DG one Third, and ler the right Line G EK 
drawn: The Triangle DE G will likewiſe be one thin 
Part of the Triangle DEF as is gathered from 38. l.. 
Wherefore DG and the Triangle DGE are like A. 
quot Parts of their Conſequents x. Then let there | 
tahen away DG from the Baſe AC as often as it ea, 
as ſuppoſe ſix times, and let the right Lines HB, IB 
K B, LB, MB, NB, be drawn. Becauſe the Lines CH, 
HI, Oc. are each of them equal to DG, the fix Trit: 
gles CB H, HBI, Oc. are each of them (a) equal to the 
Triangle DEG. Therefore as often as D G is contain 
in the Antecedent AC, ſo often is the Triangle DEN 
contain d in the Triangle ABC. By the ſame Real Wl yr 
ing it may be ſhew'd, that the like Aliquot Parts what-W 1 
ever of the Conſequents (the Baſe DF, and the Tri 
gle D E F) are in an equal Number contain'd in the A 0. 
tecedents (the Baſe A C, and the Triangle ABC) (4 
therefore as the Baſe A C, is to the Baſe DF; fo is te 
Triangle A B C, to the Triangle DEF. 2. E. D. | 

But now becauſe the Parallelograms AP, DR are ( 

double to the Triangles ABC, DEF, they alſo will E 

as their Baſes. | 


Corollary. | | 15 ang! 
\ Fa 


which have equal Baſes (AC, FL) or the tame, Ning! 
have that Proportion one to another, which their Alt X is 
wdes (BO,TQ) have, © N 


Lib. VI. Evuciiv's Elements, 


For let QS, O R, be made equal to the equal Baſes 
(FL, A); QS, OR will then be equal. Draw SL, 
B. If in the Triangles O BR, QIS, you take BO, 
10 for the Baſes, OR, QS, will be their Altitudes; 
which 3 are equal, the Triangles OB R, QIS 
(e) will be bewixt themſelves, as their Baſes BO, IQ. 
and Qs equal to FL, the Triangles O BR, QIS, are 
© Triangles ABC, FIL, are alſo as BO is to QI. 

& Coroll. (2.) Hence a. Trapezium A B CD, whoſe Sides 
40 and BC are parallel, may be divided into any equal 
8 Parts whatſoever. For let C E be made equal to A D. Be- 
W cauſe of the Equality of the Angles wertically oppoſite (e) 
e AFD, E FC, and of the alternate Angles (f) DAF, FE c, 


H DE ECF, and the Equality of the Baſes AD, CE, 
„ oonſtruction, the Triangles AD F, FCE (g), are equal; 
l aud therefore the Triangle A B E is equal to the Fapexiun 
e ABCD. Therefore the Baſe B E being divided into any e- 
I Bn Farts whatſoever ; as for Inſtance, three, B G, GR, 
„, the Triangles AB G, 46 R, ARE, ſhall each of them 
i, BS br on? third Part of the Trapexium. Q. E. I. 

I- | 

ſe PE | 

. PROP. II. Theorem. 

* 


: IL. to one Side of a Triangle (as BC) there be 
L drawn;(FL) a Parallel, ibis cuts the Sides pro- 
otionally, that zs, (AF) will be to (FB) as 
BULL) to (LC). 

And if the right Line (FL) cuts the Sid:s 
(84, CA) proportionally , it will be parallel to 
be other Side (BC). | 


Part 1. Let BL, CF be drawn; Becauſe FL is 
ſuppoſed parallel ro BC, the Triangles FBL, LCF 

having the ſame Baſe are (a) equal. Therefore the Tri- 
angle X hath the ſameProportion to both; now the Trian- 


ms 
ne, 
li- 
"Ot 


Nis to that LCF. But the Triangle X is to the Tri- 
ingle FBL (5), as AF is to FB, and the Triangle 
X is to that LC F as AL(c)is to L C. Therefore al- 
% AF is to FB, as AL to LG: 8. E. D. 

, Part 


But becauſe by the Conſtruction O R is equal to AC, * 
(d) equal to the Triangles A B C, FI IL. Therefore the 5 


gle X, is to the Triangle FB L, as the ſame Triangle 


43 Pi 26. 


ls Is 


Fir: 6; 


2 x a | . 0 * = 
® * » v I 
p N * 4 
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la] By the part 2. As AF is to FB, ſo is the (d) Triangle xi 
torcgoing. to the Triangle FB L: And as AL is to LC, fo is A 
ſame Triangle X to the Triangle LCF. Now Ari ch 
ſuppos'd to be to FB, as AL is to L C. Therefore th he 

Triangle X is to the Triangle F BL, as the ſame x 

to LCF. Therefore the Triangles FBL, LCF arc 

| nal. Therefore ſeeing they haye a common Baſe FI 

Fe] Per 39. the Lines FL, BC, are (e) parallel. Q. E. D. ie 
I. | 


Corollary. 


*.. IF umo (BC) one Side of a Triangle there be dun 
more Parallels (IO, FL) all the Segments of M8 
Sides will be proportional. 1 
Let FQ be drawn parallel to AG. The right Li 
(f) Per 34. FS, SQ, are equal (7) to Lo, Oc. Bur B18 
425 FI as QS to SF (a). Therefore BI is alſo to IF 


| (a) Per 2. CO to OL. 


PRO P. III. Theorem. 


F a right Line (BF) which biſects an An 
of a Triangle, doth alſo cut the Baſe (AC) 

the Segments of the. Baſe (AF, FC) will h 
the ſame Proportion betwixt themſelves as the Si 
(AB, BC) have. | | 

And if the Parts of the Baſe (AF, FC) ha 
the ſame Proportion betwixt themſelves, as the 
ther Sides (AB, C B) the Line (B F) which il 
the Baſe, biſects the oppoſite Angle (AB. C). 


Part 1. Draw forth CB until BL be equal to Bl 

and join AL. Becaute in the Triangle Z the Sides Li 

1 Per 3. AB, are equal, the Angles alſo (6) L aud O are 7 

EY Becauſe therefore the external Angle ABC is equal! 

(c) Per 32. the two internal ones (c) L, O, the Angle I which 

!. 1 the FHypotheſis is half ABC, will be equal to U 

Y Per 29. Angle I. Therefore AL, F B (d) are parallel, Thet 
Per 3. fore in the Triangle ACL, AF is to FC (e) F 

82. | (that is, A B) is to BC. Q E. D. | 1 


2 


8 
3 
Oh 
"= * : 


Ib. VI. EucLipd's Elements. 111 
part 2. Protract C B again until! BL be equal to 
A. Becauſe AF is ſuppos'd to be to FC, as AB 
arts, LB) is to BC; AL, FB (a) are parallel. Ca] Per 2. 
e bereſore the external Angle I is equal to the internal 45. 
e L); and the alternate Q equal to the alternate 1 "ys 
MY Bur becauſe LB, AB, are equal, the Angles L ard (e] Per 5. 
0 are equal. Therefore I and Q are alſo equal. J. 1. 

| Wherefore ABC 1s biſected. Q. E. D. 

* * 


T® 


PR O P. IV. Theorem. 


Riangles which are equiangular to one another 


1 d. are like or ſimilar, that , have their Sides 
Wi (a) that are oppoſite to the equal Angles pro- 
n tonal. Y 


bia che Triangles X, Z, let the Angle A be equal to 
Fi e Angle F, and the Angle C to the Angle L, and the 
ale B to the Angle I; I ſay, that AB is to FI as AC 
Wo FL; and AC is to FL as CB is to LI; and 
W isto LI as BA is to FJ. | 
enonſt. If the Angle F be laid upon its equal A, Fig. 7, 8. 
& Sides FI, FL will fall upon the Sides AB, AC. 
1 becauſe the external Angle AIL is by the Hypo- | 
equal to the internal B (d), therefore (e) IL, BC, (d) Fig. 8, 
I parallel. Therefore BI is to IA (f) as CL to feng, 
. therefore by compounding - BA is to IF as P 28. 
Sa to LF. And if che Angle L be laid upon the An- f) Per . 
| C, it will be ſhew'd in the ſame manner, that AC J. 6. 
FEI, as BC is to IL; and if the Angle I be laid 
% n the Angle B, it will be ſhew'd in the fame manner, 
þ 7 t BC is to IL as AB to FI. The Propoſition 
core is prov'd.. 1 


_— 


ö BY Corollaries. 


: 4 bia rriangle a Line LI be drawn parallel to one 
J Side BC, the Triangle LFI will be like to the 
neh ole 22% ; and conſequently C F will be to LF, as 
to U to 5 
Theiß or becauſe LI, B C, are parallel, the external An- 
as is FIL, FLI will (per 27. J. 1.) be equal to the inter- 
ones B and C: But F is common to both Triangles. 
| „ „ 


Fig. 2. 


9 * * ” 

WM 4 3M 
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1 I12 EvUcCL 1 D's Elements. Lab. \| 
l Therefore they are equiangular. Therefore the $i 
bs: (F) By the CF, LF oppeſite to the equal Angles B and F II. 


foregoing» are proportional to the Sides B C, LI, which are oppo 
| to the common Angle f. 338 
| Fig. 9. 2. If in a Triangle a right Line BF drawn fry 
| the oppoſite Angle B, doth cut the Parallels A C, L 
| it cuts them praportionally, ; 
il For by Coroll. r. AF is to LI, as FB is to Il 
and FC alſo is to IO, as FB is to IB. Therchy 
M AF is to LI, as FC to 10. Therefore by changy 
* A F is to FC, as LI to FO. | 
Fig. 51. [ 3. From Coroll. 1. we learn to find the Heighth f. 
Tower, or any elevated Point, by only the Shadow of a Sd 
Fix the Staff F L perpendicularly upon the Ground in tit 
Place where the Ray of the Sun X B A, that terminate 
Shadow of the Tower B Z, may?alſo paſs through IL. Tr 
will be in the Triangle A E B the Line FL parallel u 
Heigbth of the Tower E B. M hence as AF the Diſtan 
the Staff from the Point of the Shadow, is to FL the Ing 
of the Staff; ſois AZ the Diſtance of the Tower frmil 
_ Point of the Shadow, to Z B the Heighth of the Tm: 
And becauſe the three firſt Terms are eaſily had by mea(un 
[ the fourth alſo, i. e. the Meighth of the Tower is | 
W ” B95 3: ef. QHE:L | 122 
| Fig. 322 44. From this alſo incomparably uſeful Propoſttion , we 
1 deduce that Famous Theorem ef Ptolomy; to wit, Thi 
every Quadrilateral inſerib d in a Circle, the Rectangle ii 
- -Diagonals A CMB D is equal to the two Ret angles if 
oppoſite S des, A BNC D and A DB C. For let the A 
B AZE be made equal to the Angle CAD. Becauſe th:1 
| gles BAE, CAD, are equal by Conſtruction , the Al 
* Per 21. AB E, ACD, ſtanding upon the ſame Arch AD, are * eq 
J. 3. therefore the Triangles B AE, CAD, are alike. And 4 
7 Por 16.1.6: CD:: AB: BE, and conſequently + the Rectangle f 
Extremes ACXBE is equal to the Rectangle of the I 
 CDXAB. In like manner, becauſe the Angle EAD" 
- qual to B AC by Conſtruction, and the Angles 4 DE, Al 
as ſtanding upon the ſame Arch A B, ure equal: The Ti 
gles ADE,ACB, will be lite; and AP: DE:: 4070 
And therefore the Rectangle of the Extremes A Px CB 


- "qual to the Rectangle of the Means D EXAC, B 
Rectangles ACxB E, and ACXDE, are equal to the Ri 
N angle AcxB D. Therefore the Rectangles AB 5 


—_— 
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Lib. VII. Evucrid's Elements. 
4DxBC, which are made by the oppoſite Sides, are equal to 


the Rectangle A CXB D, which is made by the Diagonals. 


PROP. V. Theorem. 


o two Triangles have all their Sides proportio- 
nal each to each , they ſhall alſo be mutually e- 
quiangular. 


That is, If AB be to RF, as AC to RQ; and as 
AC is to RQ, fois CB to QF; and as CB is to Q 
F, fois AB to RF; I fay, that the Angles oppoſite to 
the Antecedents, are equal to the Angles oppoſite to the 
Conſequents; to wit, C to I, and B to F, and A 
to O. | 


Ang. Antec. Conſeg. Ang. 
C AB R F I 
B GR F. 
A C7! Y QF O. 


Make X and 2 equal to A and C; and let zhe Sides 
meet in N. The Angles B and N will (2) be alſo e- 
qual. Becauſe therefore the Triangles P, T, are equi- 
angular, A B (by the foregoing) will be to RN, as A 
CroRQ. Bur by the — 5 „AB is to R F as 
AC to RQ. Therefore AB is to RF as the ſame 
AB is to RN. Therefore RN, RF are equal. In the 
ike manner I might ſnew that QN and QF are equal. 
Therefore the Triangles T, S, are equilateral to each o- 
ther, Therefore the Angles I, F, O, are equal (per 8. 


on to the Angles C, B, A. Q E. D. 


p R O P. VE Problem. 


J“ two Triangles (P, S) have one Angle (A) 
equal to one Angle (O); and the Sides (A B, 
4, RF, RO) which contain the equal Angles 
Proportionas ; the Triangles will be like, 


H 3 Let 


113 


Fig. 10. 


(a) PerCorel. 
9. h. 32. to 1. 


1.1.) to the Angles Z, N, X, chat is, by the Conſtructi- 
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Let X and 2 be made equal to the Angles A Fo 
and the Sides meer together in N. Therefore the 4M 
17 3 gles Band N will (7) be alſo equal. Then it may 
* zen ſhewd, as in the foregoing, that R F, RN, are equliff 
Bur RQ is common to both Triangles S, T. The wv 

gles alſo © and X are equal, becauſe .they are bote 
| qual to the fame A, the one X by the Conſtruction, 30 
1— Fer 4. by the Hypotheſis. Therefore (c) I and F are li 
175 wiſe equal to Z and N. Therefore the Triangle 5; 
cqu iangular to the Triangle T; that is, by the Conſtrudu 
to the Triangle P. Therefore 8, P, are like (per 4. .f 

2. E. D. ? | | * | 


PROP. VII. 
I S ſcarce of any Uſe, | 2 


% 


PROP. VIII. Theorem. 


tx. 1. IN 4 reftangle Triangle, tbe Perpendicul 
(BC) let down from the right Angle to f 
Baſe, cuts the Triangles into Parts like 10 

whole, and betwixt themſelves. 


In the Triangles AB F and L, the Angle F is ov 
mon, bur the Angles ABF and X are by the Hyp 
theſis right ones, and conſequently equal. Thereſa 
| le] per Corol. the other Angles A and O are (e) alſo equal, Ther 
9 9-p-42-1. 1. fore () the Triangles AB F and L are like. Init 
| 5 ber 4. ſame manner the Triangles A B F and R may be ſheii 
a7 to be <qual, and the Angle I equal to the Angle 

From which it is now maniteſt , that R and L. allo ® 
like, ſeeing the Angles I and F; O and A; U and! 


are equal. Q. E. D. 


Corollaries. 
F 75 S TBC is a mean Proportional betwixt AL 


ö Fa 
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AC f For ſong there be in the Triangles R and L, 


4 equal Ang. I. F equ. Ang. A. O 
ay þ Sides oppoſ. AC. CB | Sid. oppoſ. C B. CF. 
equi 1 is maniteſt (a) that AC: CB: : CB: CF. (a) Per 4. 
e 2. BF is a mean proportional betwixt A F, and CF. 
ot MR ikewiſe AB a mean betwixt E A and CA. 
40 For in Triangle ABF and L. c 
li equal Ang. AB F. X equ. Ang. A. O 
> 5h Sid. oppoſ. A F. BF Sid. oppoſ. B F. C F 
udn Therefore A F (: BF:: BF: CF. Likewiſe be- (b) By the 
ae in Triangle A EF and R there be lame. 
| equal Ang. AB F. V ] equ. Ang. F. I 
Sides oppoſ. AF. AB Sid. oppoſ. AB. AC 


It will be again AF: AB:: AB: AC. 


| 2. Hence we learn to meaſure an inacceſſible Line, one Fig. 11. 
Term whereof is acceſſible. Let the inacceſſible Line be CF. 
Let there be rais'd from the Point C the Perpendicular CB : 
Ind to any Point of this Perpendicular as B, let there be applied 
Sure or any right Angle ABF; ſo that in looking along the 
Line BF the Point F, and along the Side B A the Point A 
ay be obſerved. Let the acceſſible Line 4 C be meaſured, 
Wind from the following Analogy the inacceſſible C F will be 
ade known, AC:CB::CB:CF. Let the Square then 
f the Line CB be divided by the Line AC, and the Quoti- 
nt (c ) will give the ſought Line CF. Q. E. I. (ej Per Co- 
| | _ Jo P. 17. 


P R O P. IX. Problem. 


O divide a given Line (AB) according to Fx. 1 
a given Proportion (FI to IL). | 


Let the infinite Line AZ be drawn. From which take 
\Q, QR, equal to FI, IL. From R draw RB. Pa- 
allel to this draw QC from Q. I fay the thing is 
lone, 

It is manifeſt from Prop, 2. I. 6. 


| 40 
For 


1 PROP, 


Fig. 53. 


Fige 13. 


g · 14. 


F R OM this Propoſition we learn to cut a right Line 
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PROP. X. Problem. 


T divide a given Line as (AB) in like n 
ner as another given one (Al) hath been d. 
vided (in F, C). 


Let the right Line IB join the Extremities of the 
two Lines. Draw Parallels to this from the Points E, ( 
which may meet the right Line, that is to be cut, A Bi 
L and Q. I ſay the Thing is done. 

This is manifeſt from the Corollary of Prop. 2. I. 6. 

Dor thus, if the cut Line TA be greater than that whit 
is to be cut B Q, let three Circles touching on? another | 
deſcrib'd with the Diameters IF, IC, IA; and let the du 
tenſe B A be fitted from the Pint I to the Circumference i 
the greateſt Circle: The two leſſer Circles will cut the Lin 
B Q in the Points IL, P, in the Proportion * of the Seflin; 
of the Diameter L A. If the Line 14 be cut into fu 
Parts, four Circles are to be drawn; if into frve , then fit 
Circles ; and ſo infinitely. ] | 6 


Scholium. 


given into any equal Parts whatſoever. Let an inf. 
nite right Line make any Angle with the right Line ta be 
cut AB; from which take with a Pair of Compaſſes { 
many equal Parts AC, CF, FI, as you would divide 
A B into. Draw the right Line IB, and the Parallels toi: 
F L, CQ. I fay the Thing is done. 

We may do the fame Thing otherwiſe, and more er 
fily after Maurolrcus, in the manner following. Let AB 
be to be triſected or divided into three equal Parts. Dran 
the infinite Line I X parallel to A B, above or below i 
From IX, if it be below AB, take with a Pair of Com-: 
paſtes three cqual Parts IQ, QR, RS, which together 
may be greater than AB; but leſſer if I X is above. 
Through I and A, as likewiſe through S and B dran 
right Lines which may meet together in C. From C to 
Wand R draw right Lines; Theſe will triſect the givel 
Line AB. The Demonſtration appears from Coroll.2,Prop.b 
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5 Ln with Maurolycus we may otherwiſe obtain the Fg. 15. 
me thing, to wit, thus: Let AB be to be quadriſected. 
Praw the Infinite Line A X and B Z alſo an infinite Line 
: rallel to it. From theſe take with the Compaſſes equal 
; 'rcs AL, LO, OQ, and BY, VS, SR, in each fewer 
Wrcs by one, than are required in A B; "then ler there 


- drawn the right Lines, LR, OS, Cy. Theſe will 
. de the given AB. 


f For becauſe by Conſtruction, the Lines L O, RS, pa- 

alle! and Sons are join'd by LR and OS, theſe alſo 

5 will be parallel. In the like manner OS and G) Per 33. 
are parallel. Therefore ſeeing AQ is cut into ts 
Free equal Parts, AI will alfo (5) 2 cut into ſo many prop. 2. 
qual Parts. Likewiſe BC will be cut into three equal 7. 
Parts. Therefore the whole A B will be cut into four 
Roual Parts. 


Theſe two Ways of Practice are eaſier than Euclid, 
ecauſe fewer Parallels are to be drawn. 


PR OP. XI. Problem. 


{ 0 fund a third Proportional to two right Lines PO 
given (AB, BC). 


| Draw the right Line AC, iti B A produced take 
ual ro BC. Through F draw the infinite Line FX 
. er el to AC, which mnie let BC produc'd meet in 
W. Ifay chat AB isto BC, as BC to CL. (a] Perz. l. s. 
For AB: AF (a):: BC: CL. Bur A F (6) is equal (b) By the 
BC. Therefore AB: BC: BC: CL; and fa CL Conſtruction 
$ the third Proportional fought. 


Otherwi ſe. 


| ET AB and BC be fer at a right Angle, Join AC. Fg. 17. 
. From C draw CX perpendicular to AC infmite; 
Pinch CX let AB produc'd meet in L. I fay wk 

4 dk B E: B *. Sy is manifeſt from Coroll. I. pr. 8. 


U 


Scho. 


bij PerCorol, 
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Fig. 19. 


poſed. 
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Scholium, 


A Given Proportion may not only be continued jr 
three, but alſo in infinite Terms, and the whole 
Sum of the infinite proportional Terms be exhibitel 
Gregory of St. Vincent hath very handſomely proſecute 
this Matter, and the whole Bufineſs of Geometrical p 

eſſion in the whole ſecond Book of his Work. y. 
Or the Sake of the Studious, will here preſent ſuccing. 
ly the Conſtruction and Demonſtration of the Thing pro 


Problem, 


ET a Proportion of the greater Inequality be give 
L as AB to BC. It is requir'd to continue this thro 
infinite Terms, and to preſent the Sum of them all, 


Let the Perpendiculars AL, BO, be erected, and tz 
ken equal to the given Lines AB, BC, and through L, O, | 
a right Line be drawn, meeting with ABC producdi 
Z. I fay, 1. If from C you ere& the Perpendiculr 
CQ; CQ ſhall be a third Proportional. Transfer CC 
into CE, and from E erect ER; this ſhall be a four 
Proportional. Transfer ER into EF, and ere& FS; 
this ſhall be a fifth Proportional; and fo the Proportion 
of AB to BC, that is, of AL to BO, will be continu 
ed through the Terms, AL, BO, CQ, ER, FS, c. a 
AE, BC, CE, EF, FI, Cc. infinitely , becauſe even 
Term (as FS) may be taken away from the remaining 
one F Z; for ſeeing LA (that is, AB) is leſs tha 
AZ; FS alſo (a) muſt ever be leſs than F Z. 


I fay, 2. AT is equal to the whole Sum of the inf. 3 


nite Proportionals. 


Part I. [I being ſupposd as before, AZ; BZ: 
AB: BC; it will be by alternating AZ: 4B :: BZ :. 
And by dividing, AZ — AB: 4B: : BZ—BC, that i 
BZ: AB:: CZ: BC. Therefore by inverting AB: BI 


2: BC: CZ. And by compounding A BLB Z: BZ. 30 


40 
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Az: cz; ibat i, AZ: BZ: 3Z : CZ. ] But as A Z 
is to BZ, ſo is L A to OB; and as BZ is to CZ ſo is 
oz to QC. Therefore allo L A is to OB, as OB is 
to QC. In the ſame manner I might ſhew that OB is 
Eo CC, as QC to RE; and fo forwards infinitely. 
Parr 2. The whole Sum of the infinite Terms is nei- 
ther leſs than A Z, nor greater; therefore it is equal. 
It is not greater, becauſe ſeeing we have ſhew'd above, 
that QC is leſſer than CZ, and RE than EZ, and 
SF than F Z, and ſo on inſinitely, all the Terms QC, 
RE, S E, Oc. may be infinitely ſet one by another in the 
night Line A Z, fo that the Point Z ſhall never be 
| reach'd. Again, the ſaid Sum will not be leſs, becauſe I 


portional; and in the ſame manner the ſame Thing is 
| ſhew'd of the reſt EZ, F Z, c. Seeing therefore by 
| transferring the Proportionals QC, ER, FS, Oc. into 
CE, EF, FI, the Remainders EZ, FZ, IZ, gc. are 
always continually proportional , as we have already 
ſnewed; we ſhall at the laſt come unto a Remainder leis 
than any given one; and therefore the Sum of the pro- 


. portionals ſhall exceed every Quantity that is leſs than 
„AT; from whence it ſelf cannot be ſeſs than A Z. See- 
dn ing therefore it is neither greater nor leſs than A Z, it 
dur WG ſhall be equal to it. Q. E. D. | 
WH | 

urth 

FS; Theorem, 

tion | 

tin T HE Difference of the firſt Terms, the firſt Term, 
7.00 aud the whole Sum of the infinite Proportionals, are 
even I continually proportional. | 
100g In the upper Figure let OX be drawn parallel to A Z. 
chu Therefore L X ſhal/be the Difference of rhe firſt Term 


AL or AB, and of the ſecond BO, or BC. Becauſe 


AB. Therefore the Difference LX is to the firſt Term 
AB, as AB the firſt Term is to AZ the whole Sum. 


BZ NE. D. | 

0 The fame Thing may be demonſtrated univerſally and 
at h very brietly in every kind of Quantity , thus; Let there 
: BL be any continually Proportionals whatſoever (as well 


and 


let 


Numbers, as other Quantities) AZ, BZ, CZ, Oc. 
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have above ſhew'd, AT, BZ, CZ, to be continually pro- 


Eig. 19. 


Fig. 20. 


$XO is parallel to A Z; I. X ſhall be to X O, as (a) (½ercerel. 
ais to AZ. But X O is AB, and LA likewiſe is | 72+ 


Fg · 21. 


that is, co che 
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let them all be rransferr'd upon che firſt A Z. Then. 
fore AB, BC, CE, EF, Gr. will be che Differen 
ces of the Proportionals; which together with the lj 
Quantity I Z are equal to the firſt A Z. Now beta 


if Proportionals be continued infinitely, che laſt Quahcy 


vaniſneth away, it is manifeſt that the Differences of t 
infinite Proportionals are equal ro the firſt A Z. The 


becauſe A T is to BZ, as B Z is to CZ, and fo 
By dividing, A B will be to B Z, as B C to C7, u 


by converting, as A B, che firſt Difference, is to Al 
Te firſt Quantity; ſo BC, che ſecond Difference, is 1 
BZ, the ſecond Quantity, and ſo forwards. Therefir 
as AB, the firſt Difference, is to A Z the firſt Quant 
The So all the Differences, (har is, as I have alrea 
wid, the firſt 3 AT) are to all the Quantitat 
hole Sum of the infinite Quantities, { 
„„ ; ts 


. PR O P. XII. | Problem. 
Te right Lines being given (A B, B C, 4) 
to find a fourth Proportional. | 

T Tet che two right Lines be diſpoſed, as the Figur 


a 
1 
* * 
Wo 
245 
28 
* 
= 
4 
825 


* 
2 
* * 
N 
2 4 
I; 
by 
Is; 
2 
+ 
1 


ſnews, and draw the right Line B F, to which let 


infinite Line C Z be made parallel. Let A F product 


to L meet CZ. n 
I fay, AB is to B C, as AF to FL, as is maniftl 
from Prop. 2. of this Book, Therefore F L is the foutt! 


Proportional ſought. 


N 1 
+ „„ 4 


| 4 F UR f Bertin in his Treaſury of Matte 


Fog. 22. 


> 
” 
* 


matical Phi 


hiloſophy, doth handſomely from 35. 
and 14, of this, which depends not upon the preſen 


Propotition , fiud out a fourth Proportional, three bei 


given, and a third, two being given, after this mat 


+& = WM 


© If three right Lines be given, let the ſecond C B, an 
the third BD be join'd right to one another, ſo a8 b 


. 


make one right Lane, and Jet the firſt B A touch * 


. 


. 


in the Point B in what Angle you will. Through the 
Points C, A, D, deſcribe a Circle (2), which let AB (a) Per 5. 


Y 3 villbe o BC. as BD wo BZ, by the 14thof this © * 
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«Y 
By 
Mg, 
Wi 
4 


che firſt _ meet in che Point Z. B Z is a fourth Pro- “ 4. 
rtional. 


For ſeeing che Rectafgles 4 BZ, CBD, are (5) equal, (b) Ter 35. 


Book, which, as was faid, depends not upon this. 
If there be given two right Lines AB, BC; let BD Fg. 23. 
equal to BC be join d to BC, ſo as to make one ſtrait 
Line. Then let the firſt AB touch BC in B in any 
Angle. Then the reſt is as before, and B Z will be the 
third Proportional ſought, _ L 2 
The Demonſtration is the ſame; for ſeeing the Rectan- 
gles ABZ, CBP, are equal, AB will be to BC, as 
BD (that is, B C) is to BZ. | 


PROP. 5 XIII. Problem. 
O right Lines given (Ac, CB) to find à Fi: 2. 


. 


mean Proportional. | 


let the whole compound Line AB be biſected in Oo, 
and from the Center O a Circle be defcribed through A 
and B; from C erect a Perpendicular CF, meeting the 
Circumference in F. | | 
Lay, AC is to CF, as CF is to CB. 
For let AF, BF be drawn; the Triangle (c) AFB is (c) Per 31. 
right-angled, and from the right Angle there is drawn (. 3. 
the Perpendicular FC to the Baſe. Therefore AC is 
% CF as (4) CF is to CB. {b]PerCoro!. 


Corollary, 


Ence it is maniſeſt, that if from any Point of the 

Circumterence (as F) there be drawn a Perpendicyu- 
lar to the Diameter (FC), this Perpendicular is a mean 
1 betwixt the Segments of the Diameter 
(Ac, CB). —_ | 18 85 


Sobe⸗ 
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6 | " Seba m. 


T HIS Place requires, that we ſhould ſay ſomething WM 
briefly concerning the finding our of two mea 
Proportionals betwixt two given Lines. All the Geome. 
tricians of Greece, at Plato's Suggeſtion, ſer themſelyg 
with all their Might to the Solution of this Problen, 
Divers moſt ſubtle Ways of Practice are recited by Eu 
cius in his Commentary on Archimedes; as thoſe of Plah, 
Architas the Tarentine, Menachmus, Eratoſthenes, Phi 
Byzantins, Hero, Apollonins of Perga, Nicomedes, Diocle, 
Sporus, Pappu ; to whom the later Times have addel 
Verner, Gregory of St. Vincent, Renatus Carte ſius. Out il 
all theſe we ſhall ſele& Three more eaſy than the reſt, 


— 


Plato's Method. 


Fig. 25. 1 T is requir'd to find out two Means betwixt the gije1 
+4 Lines AB, BC, | 
Let AB, BC be ſet at a right Angle, and be product 
infinitely towards X and Z. Then let two Squares (io 
our Claudius Richards hath it; for Plato himſelf made ul 
of one Square only, but which had inſerted into its Side 
* See Fig.26, © DE a Rule moveable along D E, let two Squares, 
| fay) be taken, and the Angle D of one Square be ay Wet» 
plied to the right Line BX, in ſuch certain wiſe, that 
one Side may alſo paſs through A; and to the Point E 
in which the other Side cuts the right Line BZ, le 
a ſecond Square be applied, which will paſs through (. 
I ſay, that B D, BE, are two Means betwixt the given 
Lines AB, BC; that is, as AB is to BD, fo is BD 
to BE, and BE to BC. 
The Demonſtration is manifeſt from Coroll. 1. Prop. 8, 
J. 6. for ADE is a right-angled Triangle, and from the 
right Angle to theBaſe there falls the Perpendicular DB. 
Therefore by the ſaid Corollary, as AB is to BD, ſo 5 
BD to BE; and for the ſame Cauſe, as BD to BL 
d is BE to BC. Therefore betwixt the given right 
Lines A B, BC, there are found two mean Proportion 
BD, BE. Which was the Thing to be done. Thi 
manner of ſolving the Problem is, the cafieſt of all to be 
underſtood. as 


3 
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The Method of Phylo the Byzantine. 


Fer the two given right Lines AB, BC, be ſet to- Ex. 27. 
ether at a right Angle; then let the Rectangle A 

ob be perfected, and let D A, DC be produc'd infi- 

Wicely, and let the Di ameters BD, A C be drawn, cut- 

; g each other in E. From the Center E through B 

t a Circle be drawn, which becauſe ABC is a right 

Mngle (z) will paſs through A and C. Then let a Rule a) Ver 31, 
e applied to the Point B fo, that the intercepted right “ 3: 

Uines BG, OF, may be equal. I ſay, that AF, GC, 
Ire two mean Proportionals betwixt the given AB, BC; 
hat is, as AB is to AF, ſo is AF to GC, and GC 
bemonſt. Becauſe G B, O F (5) are equal, OG, BF, (b) By che 
Will be alſo equal. Therefore the Rectangles O GB, 2 
Bf 0, that is (c) the Rectangles DG C, D F A, are e- „. x. 5. 36. 
ul, Therefore as GD is to DF, ſo (d) reciprocally 1. 3. 
Io GC, bur GD is to DF (e) as BA to AF, d! Per 14: 
Wherefore as BA is to AF, ſo AF is to GC. Again, ( per d. 
ſecauſe I have already ſhew'd that AF is to GC, as . 1. 5. 4. 
WAito AF; and ſince BA is to AF, as GD is to l. 6. 

DF; that is, as GC is to CB, A F will alſo be to 

WC as GC is to CB. Therefore all four BA, AF, 

WC, CB, are continually proportional; and therefore 

Werwixr the given Lines A B, BC two Means have been 

Wound. Q. E. I. 

Theſe two Methods of Solution, although they, be in- 

Wenious and eaſy enough; yer becauſe a due Application 

f 2 Square and Rule is not made bur by trying, they are 

Wot Geometrical. | | 


The Method of Cartes. 


ET an Inſtrument of ſuch ſort be provided; that 
=, two Rules may be open'd and ſhur about Y. Let 
Here be inferred into theſe divers Squares connected to- 

ther betwixt themſelves in the Points B, C, D, E, F, G, 
ſuch fort that in the mean while that the Rules Y X 
nd YZ are open , the Square BC may impel the 
quare CD in the Rule I Z, and the Square CD _ 
| | unpe 
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VX and Y are ſhur, all the Points B, C, D, E, pp, 


ſeth through E. I ſay, that Y C, 1 D, are two 


Plato's, is in very Deed an excellent one; both becault 
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impel the Square DE in the Rule VX, and the Sc 


DE may impel EF, and EF impel or force forwu 
FG and ſo on: But fo that while the yt 


tend to fall upon one and the ſame Point A. By th H 
ſtrument not only two, but alſo four and fix, yen; 
many Means as you will, betwixt two given right lin 
may be found. Which thing can be obtain d neither) 
the Sections of a Cone, nor by any Methods found wil 
by the above- ſaid Authors. 

For two Means three Squares are requir'd, for fy 
Means five Squares, and fo on. 

Let the leſſer of the given right Lines be transfer! 
upon the Rule YX, and let it be YB; the greater y 
on the Rule YZ, and ler it be Y E. Let the firſt Squy 
be applied to the Point B, and be fixed there, and ler 
Rules be open'd; untill the Side of the third Square 


betwixt the given YB, YE; that 1s", that YB jy 
YC, as YC is to YD, and J D toYE. 

The Demonſtration appears out of Coroll. 2. pr. 8.1 
For from the Nature ot the Inſtrument, in the Trag 
YCD, the Angle at C is a right one, and from it (} 
falls perpendicular upon the Baſe Y D. Therefore) 
the ſaid Corollary, as YB is to YC, fois 1 C to iI 
Again, becauſe in the Triangle Y DE, the Angle u 
is a right one, and from it there falls the Perpendicl 
DC upon the Baſe YE, as YC is to YD, ſo WL 
to YE. Therefore YB,YC,YD, YE are four 
tinual Proportionals. Betwixt the given Line theren 
YB, YE, there have been found two mean Propom 
nals TC, TD. . E. I. 

If betwixt the given ones Y B, Y G, there be req 
red four Means, open the Rules, untill the Side of i 
fifth Rule F G paſſeth through G. There will be! 
YD, YE, Y F, four Means betwixt YB, YG. ll 
Demonſtration is maniſeſt from the ſaid Corollary. 

This way, although rhe Inſtrument is more operoſe til 


doth nothing by bare Tryal, and becauſe it exrends! 
lelf unto four and fix, and as many Means as you W 

The Deliacal Problem, to wit, the Duplicarion of & 
Cube is performed by two Means, and all Bodies wi 
loever are increas'd or diminiſh'd in a given Proport 


[ (a) 


* " p ths i * 5 5 4 
3 


1 7 1 i _ 
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©.) by the ſame ; like as the ſame Thing is. perform'd in (2) See ſchol. 

Plain Figures (5) by one Mean. . Hippocrates firſt open d 52 12, 

W his way, which as the ſingular and only one; all Geo- 5,20. . 
wetritians thar have follow 'd him have embrac'd. ' | 


7 


. 


P'-R OP. XIV. Theorem. 


Qual Parallelograms (X, Z) which have one Fig. 28, 30 
| Angle (C) equal to one (O); have their Sides 
uo, which are about the equal Ang les, reci procal; 
thats, i to GB, as FOista O L): 
And if they bawe the Sides thus reciprocal, the 
rallelogram are equal, ©? Dit Dera © 3 


Part I. Let IL and SB being produc'd meet together , 
e The Parallelogram. X is to rhe Parallelogram R, 

AC is to CB (c); and Z is to K (d), as FO to OL. [<] Per 1. 
ir becauſe by the Hy potheſis X and Z are equal X . 388 
to R as Z is to R. Therefore alſo A C is to CB as — 6 7 


ois to Ol. A KP. 
Part II. As AC is to CB, ſo X is to R (e): And (e) By th 
FO is to OL; fois Z. to R (e). But already by the 5 
ypotheſis A C is to CB, as FO to OL. Therefore 
to R as Z is to R. Therefore X and R are e- 
. 
( Coro!l. On this depends the Demonſtration of the Inverſe 
le of Proportion. For in it there is always ſom? Rett- 
gle given X; and one Side of another equal Rectangſe, 
CB ; and the other Side is ſought. As therefore AC the firft 
je of the given Rectan. is to CB, the given Side of the other 
dangle ; ſo reciprocally FC the ſought Side is to CL the 
md Side of the given Rectangle. The Rectangle therefore 
BFC i equal to the Rectangle A CXCL : And the latter 
tangle given being divided by the given Side of the former 
p; the Quotient will give the ſought Side FC. Q. E. I.] 
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. PROP. XV. Theorem. 
Qual Triangles CACL, Fc B) which have one Fir 31s 32 
Angle (C equal to one (O) bave alſo their 


Sides 


\ 


136 Buer ib, Elmer." Lb. U 
Si'ides abont the equal Ang les reci procal (that , 

1 to CB, as FO to OL). - 

And if they have their Sides thus reciprocal, ti 

Triangles are equal, | 


Let the right Line LB be drawn; the reſt of the De. 
monſtration is the ſame as that of the foregoing, 


Corollary. 
3 | / 
A well Parallelograms as Triangles which have t 
| Baſes and Altitudes reciprocal are equal: Andy 
converſely. | 
It is maniteſt from the two foregoing Propoſitions, 


g 


1 8 PROP. XVI. Theorem. 
Fige 33. I. four right Lines (AB, FI; IL, BC) beju 
| portional, (that w, if AB be to Fl as IL 
| to BC) the Rectangle (X) under the Extra 
(AB, BC) à equal to the Rectangle () uh 
the Means (FI, IL). | 
And if a Rectangle under the Extremes be uu 
to a Rectangle under the Means, thoſe four rij 
Lines will be proportional. 1 


Part I. In the Rectangles X and , about the ri 
and therefore equal Angles B, I, by the Hypothe ſis 4 
is to FI as reciprocally IL to CB. Therefore Xu 
(a) Per 14. Z (a) are equal. . E. D). 
14 part I. Becauſe X and Z are now ſuppos'd equ 
>] che therefore (5) about the equal Angles B and I, AB l 
1 FI as reciprocally IL to BC, Q. E. D. 

| [ Coroll.(1.) Hence it is eajy to apply the given Rel 
[£1 Per 12. ge E (c) to the given right Line AB; to wit, by mak 
TT AB:FI::IL:BC. For BC 4s the Rectangle Z ffi 

% the giult: tight Line AK! 
{ Coroll. (2.) Upon this Propoſition depends the Dem 
. ftration of the dire Rule of Proportion. For in it thi 
always given ſome Rectangle as C L: And another like A 
angle is ſought, one Side whereof is dlſogiven. Tt wil 704 
l | 


* 


et; * 0 l * 
9 . . * 
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2 be, & BC the "rſt Side of the Rectangle given , is to 
0 the Side of the Rectangle ſought , ſo directly CE, the 
cond Side of the Rectangle given, is to O A the other 
bt Side. Therefore the ReFangle C EXE O is equal to 
be * Reflangle BCKOA. And the Rectangle C EXE O be- 
f divided by B C the © Quotient , will give O A the other 
de which was s ſought, | Q. E. L] x | 


PR O P. XVII. 'T heorem. 


f three rigbt Lines (AB, FL, BC) be propor- 
Wl tional, the Rectangle wallet the Extremes (AB; 
2 ſhall be equal to the Square of the Mean 


L). 

And if the Reftangle under ile 8 be e- 

al to the Square vf the Mean, ee three right 
Wines are proportional, 


Part I. Let O be taken equal to che Mean F L. Be- 
uſe therefore by the Hy potheſis A B is to FL as FL 
BC, and O is equal to FL; AB will alſo be ro FL, 
0 is to BC, Therefore (a) the Rectangle under the [2] By the 
ktremes AB, B C, is equal to the Rectangle under the 3 
eans FL and O, that is, is equal to the Square of 


part II. This is demonſtrated in like manner from 
e ſecond Part of the foregoing. 


Corollary. 


Rom 5 inken together with the 1 2th „it is mani- 
feſt, that if in a Circle F C be perpendicular to the 
8 the Rectangle A CB is equal to the Square of 


9059 F AXB be equal to the Suare of C; then A: C 


6). A: 175 C3 5 2 62 be ney by A, the 


(b N 


1. 6. 


: n Y ö * * 
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* 
= 


Fiz 33 11 Por 4 given right Line (RS) te deſeribe a Po- 
Hon like, and in like manner poſited to u 
given one (B Q). 


82 


reſpectively, the whole Angles OI, AC, muſt be equal. 
und becauſe V and I alſo are equal to T & C by the Con- 
truction, Z and Qlikewiſe muſt be equal (per Corol. 9. pr. 
32. J. I.) to T and C. Therefore the Polygons RZ, BQ, 
are mutually equiangular. It remains, that we ſnew that 
* Per 4.1.6. their Sides alſo are Proportional. R S is to BF * as SX 
n to FL; and again, S X is to FL (6), as SZ to FQ. 
wy Thereſore ex equo RS is to SZ, as BF to FQ, Ge. 
Coroll. Hence is derived the Method of making Maps or 4 
Charts, whether Geographical, or Chorographical , or thoſe 8 
which Surveyors of Land make ; and of framing Ichnogra- "W' 
phical Delineations of Fields, Buildings, Countries. Far they ; 
are nothing elſe but the Reduction of great Figures unto like fi- 0 
gures which are of 'a ſmall Compaſs, which is performed 5 
by the Means of this Propoſition. sn. 


PR OP. XIX. Theorem. 


Fi ze, THE Propertion. of like Triangles (X, Z) u 
e duplicate of the Proporciow of their Sides (AC, 

| Pd) which are ſubtended to the equal Angles. ” 

*Perrz, 1.6; That is, if it be made *as AC is to FI, fo is FI to 

a third AQ; the Triangle X is to Triangle Z, as = 


TS" . 
* a 48” 4 Il * 
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dle firſt is ro the third Proportional AQ, See Den. 


Ez 


a AC is to IF, + IF to AQ. Therefore alſo K 


is to LI, (d) 4s 1 4 
2 OBA bra 2, the Sides about the Angles A, I, Cg. oF 


Coroll. Hence is their Error to be corrected, who think 
/ that like Figures are in the ſame Proportion to one another, 
hat their Sides are. For if of two, not only like Triangles, 
= but alſo Squares, Pentagons, Hexagons , &c. yea, and Cir- 
5 cles alfo, the Sides or Diameters be betwixt themſelves as 2 
10 1, the Figures or Areas themſelves are as 4 to 1: If the 


| Sidfes be bewixt themſelves as 3 to 1, the Figures themſelves 
4 or Area's ares 9 fe 1; towit, in a duplicate Proportion of 
* 3 

„ PN 


IK E Poly ons (ABCD E, FG HI) are N. 3% 


fe 2, T, and R, V) in Number equal: (2.) And 
proportional to the Wholes : And (3. Abe Propor- 
F. "Tien of tbe Polygons duplicate to that of the 
1d M. Sides, (AB, EG) which are betwixt the equal An- 


is to BC (a) as FG to GH, and the Angles 8 


1, B and G are equate Fpe Triangles P, S, (6) are like. In (b) per 6 


like manner it will be demonſtrated that R and V are !. 6. 


| ro WM Ake. Then,hecauſe the Wholes BCD, GH and the 

AC ſubducted ones BC A, G HF, are equal, the remaining 

che ones alſo, AC D, F H I, are equal. In the fame manner 
1 TL DIETS 34s | Z Rl I 3 \ 


I miglit 


1 
„ 6. 
e che 


os # 
Re © +» . 


orevoing. 


fie 


r „ 1 
> Os We eg} 11.27 by. ot 
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I night ſhew that ADC, F! H, are equal. Therefore 
Der Corol. 9. pr. 32. J. 1.) the third C AD is equal to 


the third H F I. Where alſo (e) che 1 Q and, T 
are like. The. firſt Part thereof ig manifeſt, . + 


Part II. Becauſe P and S arg like, the Proportion 


of P to S is duplicate to that of () C A to, H F, But 
for the ſame Cauſe alſo the Proportion of Q to T is du- 
. Plicate to the Proportion of C A to H F. Therefore p 


is to S as to T. In the ſame manner I will they 
that as Q is to T, ſo R is to V. Therefore as one 
Antecedent P is to one Conſequent S, ſo all the Ante- 


cedents P, Q, R, taken together, are to all the Conſe- 
quents 8, T, V, taken together, that is, ſo is Polygon to 
Polygon. Which was the other Part. 


Th] By the 


tolsgoing. 


* 4c 


Part III. The Proportion of P to 8 is duplicate (b) 


tothar of AB ro FG. But the Proportion of Polygon 


to Polygon is the ſame with the. Proportion of P to 8, 


as I have already ſhew'd. Therefore alſo the Proportion 
of Polygon to Polygon is duplicate to the Proportion of 
AB to GF. Which was third Part. 


C—̃) xrollaries 


Fa A ordinate or regular Figures, as Squares, e- 


quilateral Triangles, Pentagons, Cc. are be- 


twixt themſelves in the duplicate Proportion of the Sides. 


For all regular Figures are like, as is manifeſt from De- 


An. 1. 6. N 


2. If in any like Figures whatſoever, the Sides A B, 
FG, which are placed betwixt equal Angles be known, 
the Proportion of the Figures is alſo known. As for Ex- 
ample, Let AB. be of two Feet, and F G of fix Feet, 


and as 2 is to 6, ſo let 6 be to ſome other Number; to 
Wit, 18. The leſſer Figure is to the greater as 2 is to 


Mean proportional BX (i) betwixt the Terms of t 


18, or as 1 is to 9. Now a third proportional Number,is 
found, if (per 8 A 17. * 6.) the ſecond of the gi- 
ven ones be multiplied by it ſelf, and the Product divi- 
3. From the ſame Propoſition is drawn the excellent 
Method of increaſing or diminiſhing any rectilineal Fi- 
gure in a given Proportion. As if I would make a Pen- 
ragon, whole Side is AB fivetold of another. 99 
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proportion given, A B, BC; upon this Frame (a) a Pen- fa] Per 18, 
tagon like to the given one. This ſhall be quintuple of 

| the given one, Ne N 
For by the 20. the Pentagon A B is to B X, which is 

8 2 ir, as AB the firſt is ro BC the third Proporti- 
ns. | 

Moreover, ſeeing the Proportion of Circles alſo is du- 

a licate to the Proportion of their Diameters, as will be 

ſhew'd „ P-. 2. I. 12. This Practice belongs hkewiſe to 

F [ Schol. 'Szeing the Proportion of the Squares E, K, is Fig. 41. 

0 


wy = n 
* 8 . nb, 1 2 * 8 1 : F ood, ws 1 * * * 
2 9 8 2 ra a 5 n * * n * 4 , 
F - 1 : $5; FA. by g IS * q 5 32 "IM OS zwang * 8 ba Re Fg * 82 of 
l _ a "WF? b - i 4.4 2 2 . . - 5 
th 4 n W. - R _ n W CI I * * id, N 


duplicate of the Proportion of their Sides OR, S; from F 
thence the duplicate Proportion of the Sides O R, SV is wont ; '1 
commonly to be expreſsd by the Proportion of OR to . 
| SV g.] 5 | 5 
) PG MLS 1 
N 7 0 "4 | | bl #4] 
? W i: £$Þ RO P;. XXL - Theareas.” i 
f | . 5 a | . . 
g Igures (A, B) which are like to the ſame (C) F. 40. [iN 
are alſo like betrwixt themſelves. | 1 
This is manifeſt from Defin. 1. J. 6. and from Axiam 
I. l. I, "+ | 3 
e. Þ 00 27 © | 
© DROP.  KXTE: Pinan: 


0 FF four or more right Lines (FT, L. and OR, Fig. 49, 41, 
SV) be proportional; like Figures, and in like 
n, Fort deſcribed by them(A, B, and E, K,) muſt alſo 


Le proportional. | 


15 And Converſiy. 


50 - The Demonſtration of the firſt Part is manifeſt. For 

15 W becauſe, the Proportions of A to B and E to K are 

81 duplicate to the Proportions of FI to LQ, and OR 

0 SV, which are by Hypotheſis equal; themſelves alſo 
muſt be equal. 

ent The ſecond Patt is manifeſt alſo. 

{| Coroll. If. the right Line AB be cut in any manner in Fir. 2.44 
en- C; the Rectangle contain d under the Parts AC, CB, is 4 | 
$2 Mean proportional betwixt their Squares. Likewiſe the Rect- 

. en oS 14 angle 


Nui 
3 4 


* Per 17.1.6. 


I Per 17.1.6. 


Ja] Per 1. 


[b] By 
b] By the 


% 


Fig 42+ 


es 
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angle contain d under the whole AB, ; 2 one Part | AC or C. 
B is a Mean proportional betwixt the Square of the whole 
AB, and the Square of the ſaid Part A C or CB. For (per 


N , ö | 8 "<7 e 
F a * . 37 fed 5 os . * * 
+ * 5 85 po 3 W. 
" & 1 * * 6 « N „ 


Croll. 1. P. 67 I.G.) it js mani feſt that AC: C F.; VF: 
e B. Tlereſae 4 C Square : CF Square :: CF Snare: 


CB Sjuare. That is, * AC Szuare: Recbangle AC B:: 


Rel angle AC B: CB Sjuare. Q. E, D. 


* 


AC... Therefore: BA 9: AFq:: AFqt AC q That, is, 


4 
＋ 


+ B44: BAC Refangle :: BAC Rectangle: 40 J. In 


ve Jame manner 454: AB C:: ABC: BCA. Q. E.D.] 
- PR Op. XXIII. Theorem. 
Fig, 43+ - F Duiangled Parallelograms ( X,Z )bave betwixt 


themſelves a Proportion that is compounded 


of the Proportions of their Sides (AC to CB, and 
e 


. 


That is, if you make CB to be to O, as LC to CE, 


X is to Z, as AC is to O. 


Let IL, SB, meet together in Q. The parallelo- 


gram X (a) is to the Parallelogram R, as AC is to 


CB; and R is (6) to Z as LC is to C F, that is, as 
CB is to O. Therefore ex xd X is to 2, as A C is 
to O. Q. E, D. . 


: 4 * * LIED I . 72 * 
F d i * 1 F | v ny i) 
a 2 
85 Lied age Conolla riss, K 
a N l 0 Py 


1 | 9 
F 3 


Rom hence, and from 34. 1. 1. it is maniſeſt, ö 6: ; 
1. Thar Triangles which have one Angle (at C) equal, 


have that 4 of betwixt themſelves, which is com- 


pounded of the Proportions of the right Lines AC to 


Cg, and J. C to CF. Which Lines contain the equal 


2. That Rectangles, and conſequently all Parallelo- 


grams whatſoever, have betwixt themſelves the Propor- 
a= which is compounded of the Proportions ot the 
- Baſe to the Baſe, and the Heighth to rhe Heighth. And 
in the ſame manner we reaſon about Triangles. 


2. Henes 


. Nen FRO 


" ws _ wa 


„ 


45 
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3• Hence the Proportion of Triangles and parallelo- Fir- 42: 
ams may be readily learned. Ler X and Z be the 
arallelograms, and their Baſes AC, CB, and CI, C F 

bv their Heighths. Let it be made (c) as che Altirude (c) Per 12. 
88 ro the Altitude C F, fo is one ot the Baſes C B, ( 6. 


The e * is to Ne Parallelogrant T, 
bs AC ro O. 


br 1 4 


42 R O P. XXIV. Theorem. 


To ever) Paralelogram (« as SF) the Parallelo- Fige 43. 
grams which are about the Diameter (AB), 
to wit, (CI, 'OL) are both like to the: whole Fe- 
rallelegram, and to each other. 


17 


By 27. 1. the Angles C, S, end L, E, are equal. by 
* fame E is equal to I, "hat 18, by che ſame, equal 

A it ſelf; but B is common borh to the whole S an 
the Part CL. Therefore the whole 8 F, and the Part 
CL, are equiangular. It remains to be ſnew d that they 
have the Sides oppoſite to the equal Angles proporti- 
onal. : 
Becauſe in the Triang les BCE, BSA; CE is parallel . 
to 8 A, BC (by Corol. 1 pr. 4. J. 6.) will be to CE, as 
BS to SA: And CE will be to EB (by the lame 
J Coroll.) as S A to AB. But becauſe in a. Triangles 

E LE, AFB. alſo, EL is parallel to AF, EB (by the 

Lame Corall.) will be to EL, as AB to AF. Ae 
er edu CE is to E L. às SA to AF. Therefore (b 
Defin. I. I. 6.) 18 and the whole CF are like, In the 
ſame; manner, I might ſhew OI to be like to the whole 
S F. Therefore (per 21, I. 6.) CL and al are Mo 
he Deen e & * Dp. 5 


: p R 0 p. ey Pin 5 
* Tau gives Polygon (A) into another Fige 46. 


ike to a given one (B). 


Or to make a Polygon equal to a given one, (A) 
and like to another given one ( ). 


Upon 


187 e ks WY 
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pon CF the Side the Polygon B a like one to which 

is required, (by 48. I. 1.) make a Rectangle Q equal to 

B. Then upon FS (by the ſame Prop.) make a Rectan- 

gle R equal to A. It is manifeſt that CF and BI do 

| make one right Line. Betwixt CF and FI find a mean 

(a) Per 13. proportional FL (a). Upon this (p. 18. J. 6.) make a 

te 6. Polygon like to the given one B. this muſt alſo be equal 
to the given one A. | 

For ſeeing by the Conſtruction, CF, F L, FI, are 

three Proportionals, the Polygon B is to the Polygon 

like to it which is made upon EL, as CF is to FI (per 

20. J. 6. and Defin. 10. l. 5.) ; that is, (per 1. J. 6.) as Q 

is to R. Therefore alſo by changing, as the Polygon B 

is to Q, ſos the Polygon FL to R. But by the Con- 

ſtruction the Polygon B is equal to Q. Therefore alſo 

the Polygon upon E L, which is like to B, is equal to 

R; chat is, by the Conſtruction to the given A. That 


* 


therefore is done which was required. 


7 ; 


PROP. XXVI. Theorem. 


Fr. 44 IT IKE Parallelograms (BD, EN) having a 
L common Angle (A) are about the ſame Dia- 
meter. 44 © 1 * bs 

Draw the right Lines AE, CE, If you deny that A EC 
3s a common Diameter to the Parallelograms B D a 
FN; let anather right Line AG C which cuts F E in 
G, be the Diameter of B D, and draw the Parallel GH. 
The Parallelograms FH, BD will be therefore about 
the common Diameter AG C, and conſequently (by 24. 
1. 6.) will be like. Therefore (per defin. 3. I. 6.) as BA 

to AD, ſo is FA to AH. But alſo, as BA to AD, 
ſo is FA to AN, ſeeing BD, FN are like by the Hy- 
theſis. Therefore FA is to AH, as the fame F A is 

+ to AN. Which is abſurd. - _, _.. 


2 * PROP. XXVIL, XXVHI, XXIX. 
| 1 cauſe Trouble to, and perplex Beginners, 
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p RO P. XXX. Problem. 


To cut 4 given right Line (AB) ſo that the Fig, 45. 
 ©+.+, bole (AB) ſhall be to one Segment (AC) as 


the ſame Segment u to the remainderkC B.) | 


That is, as Geometricians ſpeak, to cut à Line in ex- 


tream and mean Proportion. 
By 11. J. 2. ſo cut AB in C, that the Rectangle un- 


der AB, CB may be equal to the Square of AC. I 
| ſay the Thing is done. CE LON | 

„ For by the 17thof this Book, as AB is to AC, fo 
| is AC to CB. D 

; The Force of this Section of a Line is admirable in the 


inſcribing and comparing regular Bodies. 
410 9.4 Cs {19% WIS £8 \ uin iQ ö ; 
_ PROP. XXXI. Theorem. 
. 1 * _ 8 * ; 1 8 , 


bd 'F from the | Sides of a rectangular Triangle Fig · 47 
4 1 (4CB) like F Au whatſoever. be deſcrib d, 
that which-is oppos'd.to the right Angle, ill be e- 
c 0 qual to the t Wo others L. R) taken together, 
Beere Prop. 43. L. 1. is made univerſal.. 


- * 


5 From the right Angle C let the perpendicular C O be 


Wu * 


u let down. 0 Becauſe ( per Coroll. 2. P. 8. 4.06.9 AB, B C, 
ut BO are three Proportionals, F ſnall be to the Figure R, 
Which is like co it, as AB the firſt, ro B O the third 
Proportional, (to wit, by 20. J. 6. and Befin. 10. J. 5. Again, 
D, becauſe(by the aforeſaid e B A, AC, AO are 
y- three Proportionals, the Figure F ſhall (by the foreſaid 
| Prop. and Defin,) be to L, which is like to it, as BA the 
firſt, to AO the third Proportional. Becauſe therefore 
F is to R as AB is to BO; and the fame F is to L 
A as AB to A0; F fhall alſo be to R and L taken to- 
| gether, as AB is to BO, A O taken together. But A 
B is equal to the two B O, A O. Therefore alſo F ſhall be 

T5, equal to the two R and L. Q. E. D. 
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"Pa this Propoſirion we can ;eafily fad. one chile! 
2 qual and like to any Number of ba wm 5 


„by the fame" Method, whereby 


Bal. 1 1. oY l. 2 47, L I. one Square is found equal 


to any N iven Juares. whatſoever. on in 


55 Demonfaton, et 31. l. 6. be eiter inſtead of 47. 


Coroll. 620 4 ci he upon the Byb tenuſe of a ReBan- 
le Triangle, is equal to two. Circles deſcribd upon the F des. 
4. all Circles are like amongſt themſelves ; and are to ane 
f not her as the A of W. e 5 "by the feed of 
"the 12th Book. ths 
Fig- 54. Coroll. (3.) From hen © we may "derive that — 
of Lunets 5 or little Moonc) which * of Chios 
foft taht en AL | 
For let ABC be —_— Wale j and B 4 BE a Semi- 
"4. +1 Circle te the Diameter B C. BNA a Semicirele deſcriba-on 
| i TY tbe Diameter A 77 "A a a Keel deſcribd upon the 
of Diameter AC. LA N the Semicircle « AC' is equal 
—_— : - #0 the Sæmicirele/ B NA, and A MO. together. If there- 
| fore gou take ach tie kd paces 1B Az; AG, communt on 
both Sides, there will be left the two Lunets BNA, AMC, 
bounded on both Saler with eifcillar Lines equal to the reiki. 
"neal Tria angle 3 AC. "And if the" Line B A be equal to the 
ö - Line AC, and-you lat fal a Perpendicular unto the Hypote- 
. HS - uſe BC, the Tangle BAO will be equal to the Lunet 'B 
1 34 and the he of e to "the Luner EM4 
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I N the ſame or equal Circles, the Ang les whe- rig. 48. 


ther at the Centers ( ABC, FO); or at 
the Circumference (as ARC, FS D) have that 
Proportion betwixt. themſelves, which tbe Arches 
(AKC, FGD) on which they Hand have, Un- 
der tand the ſame Thing of Sectors. 


As for the Angles at the Center and the Sectors, it will 


be demonſtrated altogether in the ſame manner, in which 
Prop. 1. of this Book it was demonſtrated, that Triangles 
of the fame Heighrh are as their Bafes. Only where 
_ 38. J. 1. is cited there, ler Prop. 29. I. 3. be cited 
ere. 
And becauſe the Angles R and S at the Circumſe- 
rence are Halves of the Angles ABC, F OD, at the 


Center, that which hath been demonſtrated of theſe will 
be manifeſt alſo of thole. - | * 


Wo Ceroll. 


1. T HE Angle (BAC) at the Center, is to four right Fx. 49. 


Angles, as the Arch B on whuch ir ſtands, is to 
the whole Circumference. | 

For as BAC is to the right Angle B A F, ſo by this 
33. the Arch BC is to the Quadrant BF. Therefore 
the Angle BAC is to four righr Angles, as the Arch 
BC is to four Quadrants, that is, the whole Circumfe- 
rence. . 

2. The Arches IL, BC of unequal Circles, which 
do ſubtend equal Angles, whether at the Center, as B 
AL and BAC, or at the Circumference, are like 
Arches. ED 

For the Arch IL is (by Coroll. 1.) to its Circumfe- 
renceas the Angle I AL, that is, BAC is to four right 
Angles ; and the Arch BC is to its Circumference (by 
the ſame Corollary ) as the fame Angle BAC is to Ns 
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a es right ones. © Therefore IL is to its Circumference, as 
5 BC is co its. Therefore (by Defin. 41.6.) the Arches 
= II. and BC are like. 

3 3. Two Semidiamerers (A B, Ac) d 
He concentrical Circumferences like Arches IL, BC. This 
„ 1500 from Coroll. 2. N: chick 18 
wn! 82 4. The Segments (B K C, 10 W con 
1 Angles 4 51 are 5 * 5 
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O the ſix firſt Books Euclid ſubjoins the Ele- 
ments of Numbers comprehended in the three 
following, the Seventh, Eighth, and Ninth, 
| to which he alſo adÞvins a Tenth, concerning 
mcommenſurable Quantities. We paſs immediately from 
Plains to Solids; pur poſing to treat of Numbers ſeparate- 
ly. Seeing it will, I ſuppoſe, be more commod ious for 
Learners, if the Elements of Geometry be not interrupt- 
ed, by treating of any other Matter, but be had all together. 
Nevertheleſs when we ſhall cite the Propoſitions of This 
and the following Book, we ſhall not call theſe Books 
the Seventh, and the Eighth, but the Elevench, and the 
Twelfth, leſt if we ſhould depart from the every where 
received Order of Euclid, the Citation of Propoſitions 
ſhould thereby be rendred more intricate. . hs 
This Book in a fort contains two Parts. Tn the firſt are 
laid the Foundations, on which the whole Doftrine of 
Solids; that is, of Bodies depends. In the other the 
Affections of Parallelipipeds are propounded. : 


— 


This Eleventh Bao of Elements ſets forth the firſt Princi- 
ples of Solide. Nor can indeed tbe Properties of Bodies be 
known without it; and if we ſet upon almoſt any Part of th 

 Hathematichs, without the Knowledge of Solids, we hal 
labour in vain, or be at leaſt at a great Lojs. For the Spheri- 
cal Doctrine of Theodofius, Spherical Trigonometry alſo, 2 
great Part of practical Geometry, Staticks, and Geography, 
depend upon it, and what Things occur of any great Difficalfy 
nRCS 71 ö in 
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A in the Art of Dialling, in the Conic Sections, Aſtronomy, Di- 
3 5 ricks or Optic ls, do al became more eaſy, the 227 
. is being once under ſtoodl. Sb that thoſe who have delivere 
3 Elements of Geometry, leaving out and ſetting aſide this and 
the follwhing Bot, are. to be-rechon'd to bave delivered the 
*. ſame very imperfectl j. el. L I , 


— NE Ds IVEY 


I. A Solid or Body is that which hath Length, Breadrh, 
and Thickneſs. „„ rr | 
2. an r a Solid is a Surface. * . 
2. 1. I. 11. 3. The right Line (AB) is to the Plain (CC) right 
n or 1 ir me — right 2 5 1 of 
B AC) with all the right Lines (CA) in the Plain 
(CC) by which it is touchd. e 
Fig. 2. 4. A Plain is right or perpendicular to a Phan, when 
all the right Lines (L.) which are drawn in one of the 
Plains perpendicular to the common Section (X R) are 
right or perpendicular to the other Plain (A BCO). 
8. If the right Line (OL) ſtands upon a Plain not ar 
right Angles, and from its higheft Point (L) chere be 
Z BE drawn to the Plain the Perpendicular (LP) and (OP) 
4 be join d; the Angle (LO P) is ſaid to be the Inclination 
pf the Line(OT) to the Plan. FEA 
Fig. 4. . If the Plain .(R E) doth not ſtand perpendicularly 
upon the Plain (I Q) the Inclination of one to the other 
; ' rhe acute Angle (ABC) which is conrain'd by the 
right Lines (AB and BC) which are drawn in both 
Plains perpendicular ro the common Section (OE). 
7. A Plain is ſaid to be alike inclm'd to a Plain, as is 
ſome other Plain to another, when the ſaid Angles of 
their Inclinations are equal. 1 nk 
8. Parallel Plains, are thoſe which being continued 
every way, are always diſtant from each other by e- 
qual Intervals. Wage 3 x pe 
| | 9. Like ſolid Rectilineal Figures are thoſe which are 
__ contain d under like Plains, in Number equal. 


Fig. 3. 


Ex. 5. 10. A ſolid right- lind Angle is that which is contain d 
| under plain Angles morethan rwo (BAC, CAC, O'AB) 
which are not inthe ſame Plain, meeting together 4n-one 
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11. Equal folid Angles are thoſe, which being con- 
_ ce1v'd to be put each within the other, do agree or per- 

fectly coincide. a 
Ike as a plain Angle is a mutual Inclination of Lines, 
ſo a ſolid Angle is an Inclination of Surfaces. Concern- 
ing both therefore we muſt reaſon in the ſame man- 
ner. ä 


„* 
. 


Plains, amongſt which two oppoſite ones (O F E, ACB) 
are parallel, equal, and like. | | 


13. A Parallelopiped is a Solid contain'd under qua- 


drilareral Plains, of which the oppoſites are parallel. 
14. If fix Plains in which the Oppoſites are parallel be 
Squares, the Solid contain d by them will be a Cube. 


PROPOSITION I. Theorem. 


| NE Part(AC) of a right Line cannot be 
in a Plain (Ok); and another part (CB) 
out of it. 
It is clear of ir ſelf from the Definition of a Plain and 
a right Line. See Defin. 7. and 4. J. 1. 


PROP. IL Theorem. 
1 'Pery Triangle à in one Plain. And two right 


Lines cutting each other, are in the ſame 
Plain. | | ries 
For if a Plain be applied to one of its Sides, 


and to the Point of meeting of the other two, it will 
be evident that the whole Triangle is in that Plain. 


: PROP. III. Theorem. 


Ir two Plains (AB, CD) cut each other, E E) 
1 beir common Settion is a right Line, 


K le 


12. A Priſm is a ſolid Figure, comprehend ed by 


Fig. 5. 


Fig. 10. 
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142 Eucrr1D's Elements. Lib. XI. 
| It is manifeſt from the Definition of a Plain. 
- But we may demonſtrate it thus. If E F the com- 
mon Section be not a right Line, let there be drawn in 
the Plain C D the right Line EOF, and in the Plain 
AB the right Line EQF. The two right Lines there- 
fore EOF, EQF, will incloſe a Space. Which is ab- 
R O P. . Theorem. 15 
Fig. 12, F a rioht Line (BA) be perpendicular rotwo 
right Lines (CAX, FAS) which cut each other, 
it will alſo be perpendicular to the Plain which s 
drawn through them. | 
If you deny it; let another right Line Le perpen- 
Aicular to the Plain of the right Lines "=o" "I Join 
AQ, and to this in the Plain FAC draw the Perpendi- 
cular QO. This being produced will neceſſarily cut 
(as is gathered from Schl. Prop. 31. I. 1.) one of the 
right Lines C AX, FAS, or both, whereſoever the 
Point Q ſhall' be. Therefore let it cut CA X in O, 
and let BO be join d. Becauſe therefore the Angle 


BA O is by the Hypotheſis a right one; 

The Square 5 B 1 

d . ual to BA Squ. 

(d) Per 47. | 87 + l 5 (b). 
4. 1. : | 

> | ; | AO Squ.) | 
But becauſe B Q is ſuppos'd perpendicular ro the 
Plan FAC, and conſequently .( by De fin. 3. I. 11.) 
makes a right Angle with AQ; rs 


BA Squ. is equal to BQ Squ, 
8 e 
} er 47. . 3 5 * WP 12 
5 And becauſe the Angle A QO is by the Conſtruction 
a right one; wel b 8 
AO Squ. is equal to 0 u. 
(e) By the — ts | 5 s | e). 
"_—_ AQ Squ. 
: | Therefore B O Squ. is equal to BQ Squ. + - 
F 02 Squ. 
TAKEN, 


np OD 


F Lib. XI. EvcLi D's Elements, 


Therefore BO Square is greater than the Squares of 
BQ and OQ, and (as is clear from Prop. 47. J. 1.) 
conſequently BQO is not a right Angle. Therefore 
BQ is not perpendicular to the Plain (by Defin. 3. I. 1 f.) 
CAF. Therefore the Propoſition is manifeſt. 


145 CFSGcholium. 


Rom its being ſuppos d that BQ is perpendicular to 
F the Plain FAG: it is dire demonſtrated that 
it is not perpendicular to that Plain; and conſequently 
from the denial of the Aſſertion of the Theorem, the 
ſame Aſſertion is directly proved. This Demonſtration 


as to the Subſtance of it is John Cierman's. 


P R OP. V. Theorem.” 


F three right Lines (BA, CA, FA) be 
erpendicular to the ſame right Line (AR) at 
the ſame Point (A); thoſe three will be in one 


Plain. | 


For, if it may be; let one of them BA be in ano- 


ther Plain (RO) which may cut LQ the Plain of the 


other two CA, FA, inthe right Line AO. Becauſe by 
the Hypotheſis RA ſtands perpendicularly upon the two 
CA, FA, it will be perpendicular to the Plain LQ (by the 
foregoing) Therefore R A makes a right Angle with 
AO (by Defin. 3. I. 11.) Bur alſo by the Hypothefis 
RAB is a right Angle. Therefore the Angles RAB 


and RAO are equal. Which is abſurd. 


PROP. VI. Theorem. 


IGHT Lines (AB, CD) which are per- 
pendicular to the ſame Plain (RF) are pa- 


rallel. 


It might be taken for granted as a Thing of it ſelf 
known ; but we may * ir thus. | 


BD 
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Fig. 13. 


Fige 24. 


114 EUcLI p' Elements, Lib. Xt. 
D being join d, make in the plain FE the Line D 
G perpendicular to B D, and equal to B A; and let 
. 7. GB, Find. The rig . BY, pe, 
(a) By the "are equal to BD a) an BA; and the Angles B 
9 ( DBA are right ones. Therefore (per: > 1.) AD 
5 11. BE, are equal. Therefore the Triangles A B G, GDA 
are equilateral to each other, and contequently che An- 
gies A BG, AD G are equal. But AB G (by Defin. 3. 
4 11.) is a right Angle. Wherefore A D G is alſo a 
right one. But BDG alſo by the Conſtruction, and 
.CDG by Defin. 3. are right Angles. Therefore GD. is 
perpendicular to the three Angles CD, AD, 
(c) By the ng 
forczoing. BP. Therefore CD is (e) in one Plain with AD, and 
B D. But AB alſo is in one Plain ( per 2. J. 11.) wich 
5 AD, and B D. Therefore AB, CD are in one Plain. There- 
ſore ſecing the Angles- ABD, CDB (by Defin. 3. J. 11.)are 


right ones, A B, CD will 6: pet * 1. and Defin. 36. 
. 1. be parallel Lines. NE 


| PROP. VI. Theorem. | 
M 1] A Right "PIE. (E F). cutting right Lines, ( 4 as, 


CD) placed in the ſame Plain, is in one an 
the fame Plain with them. 
It might be taken for granted. But he that will ny 
*rhus demonſtrare i it. 
Let another Plain cut the plain of the richt Lines AB, 
'ED, in the Points E, F. If now E F is not in the 
Plain of A B, C D, it is not the common Section. Let 
E F therefore be ſo, Therefore (per 3. J. LI.) EGF 


is a right Line; the two right Lines therefore E F, E'GF 
incloſe a Space. * — 15 — 


0 rrollary.. 


TH 


Ence it Silos that if EF cut the Parallels 7 
CD, ir is in the ſame Plain with them. For ( by 
De fin. 3 1 12 ing ta — are in the ſame Plain. 


K 60h. 
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PR OP. VIII. Theorem. 


F of two' Parallels (AB, CD) one (AB) be 
| Perpendicular toa Plain(EF) ; the other alſo 
(C D) will be perpendicular to the ſame Plain. 


Tt might be taken for granted. If the _— 


be requir d, it is as follows. 


BD, AD being drawn; in the Plain EF make GD per- 
pendicular to BD, It will alſo ( ſee the Demonſtration of 
Prop. 6. I. 11.) be perpendicular g AD. Therefore ( pet 
4-l.11.) GD will be perpendicular to the Plain ABD, that is 
( by the foregoing Coroll.) to the Plain CBT) As Wherefere 
(per Def. 3.1. 11.) CDG M a right Angle. But the Angle 
CDB is alſo a right one ¶ foraſmuch as with 4B D which 
(per Defin. 3. 1. 11.) is a right Angle, it maketh two right 
ones (per 27.1. I.) ). Therefore ¶ per 4. l. 11.) CD is 
perpendicular to the. Wain. GDB or .“ Q. E. D.] 


PR OP. N Theorem. 


IG HT Lines (AB; EF) wich are pa- 
rallel to the ſame right Line (CD) although 


val * then * 


TOES 


00 will be nah Lang ro the Plain GK Kh wy. 4 


dale AG, EH ©. are ner & . D. 


e be not in the ſame Plain ite. it , are ao pa- 


2 Per 1 : 


J. 11. 


Fig. 14. 


Fig. 16, 


„ 11. : 
b) Per» 8. 
[c! Per 6 
J. 11. 
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Fig. 17. 


(a) Per 33. 
4. 1. 

(b) By che 
foregoing. 
(c) Per. N. 


J. Io 


Fig. 18. 


Eucr ip Elements, Lib. XI. 


PROP. X. Theorem. 


FF two right Lines (4 C, BC) be parallel fo 
I two right ones (DF, EF); albeit they be not 
in the ſame Plain , they comprehend equal Angles 
(C and F.) | 


Ler CA, CB, be made equalto FD, FE, and let 
DE, AB, DA, FC, EB bedrawn. Seeing AC, FD 
are parallel and equal, AD alſo and CF will (a) be 
parallel and equal. In like manner I might ſhew BE, CF 
to be parallel and equal. Therefore AD, BE, are alſo 
parallel () and equal. ( per axiom. 1.) Therefore ( per 
33. J. 1.) AB, DE, are equal. Sceing therefore the 
Triangles BAC, EDF are equilateral to each other, 
the Angles C and F (c) are equal. C. E. D. 


PROP. XI. Problem. Gig 


T O draw a Perpendicular to a given Plain 
(AB) from a Point given without it (C.) 


The Conſtruction. In the Plain AB draw any right 


Line as DF, unto which, from C erect the Perpen- 


dicular CE. Then in the Plain AB through E draw 


AEM perpendicular to the ſame DF. Then to AM 


from C draw the Perpendicular CG. I ſay that CG 


is perpendicular to the Plain. 


Through G let HG be drawn parallel to D F. By 
the ConſtructionDE 1s perpendicular toCE andEM.There- 


fore DE is perpendicular to the Plain EM (Ad), as alſo is 
_ HG(e). Therefore( by Defin. 3. I. 11.) CG is perpendicular 
to HG. But CG by the Conſtruction is alſo perpendi- 
cular to EM, Therefore (f) CG is perpendicular to 


the Plain AB. Which was the Thing propos d. 


Scholium. In Practice thus. Let there be à Cord or Rule 
fafined to the given Point A. And from the ſame, let there be 
ae ſcribd by the end of it B in the Plain given the Cirele 
B CFL. The Line A K which connects the given Point and 


* the Center of the Circle, will be perpendicular to the given 


Lib. Xl. Evcrid's Elements. 


PROP. XI. Problem. 


Fr. a given Point (A) in any Plain (EF) 


to erect a Line perpendicular to the ſame Plain. 
From any Point D without the Plain EF make DB 


(by the foregoing) perpendicular to the Plain EF. And 


BA being join'd,draw AC parallel to DB. I fay the thing 
is done. The Demonſtration is maniteſt from Prop. 8. 


Scholinm. 


IN practice, from the given Point a. Perpendicular is 
erected to the given Plain, if a Square OR N be 


applied to the given Point [and be turn d round.) 


PROP. XIII. Theorem. 


INES drawn from the ſame Point cannot 
be both perpendicular to the ſame Plain 
(AB). T2 


For if they were, they would by 6. be parallel. Which 


cannot be. 


PROP. 5 XIV. T heorem. 
F the ſame right Line (AB) be perpendicular 
K to two Plains (FG, L.); the Plains will 
( - -: Eto, rn 


147 


Fs, 19. 


Fig. 20. 


Fig. 21, 


Let there be taken in either of the Plains as E G, any 


Point C, from which let CE be drawn parallel to AB, and 


meeting the Plain L Qin E. Then CE (per 8. I. 11.) 
will be perpendicular to both Plains FG, LO. Where- 
fore if AC, BE, be join'd, the Angles A, B, (by Def. 
3. J. 11.) will be right ones. Theretore (per 29. l. 1.) 
AC, BE, are parallel. Therefore ACEB is a Paralle- 
logram ; and conſequently C E, which hath been alrea- 


25 o 
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Fig: 7 


E * 27. 


(b) Per 4. 
l. 11. 4 
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dy ſhewn to þe perpendicular to both Plains, is equal 
(per 34. I. 1.) to AB. In the ſame manner I might 
ſhew that all the Per pendiculars to both Plains are equal. 
Therefore (by Defin. 8. J. 11. J the Plains are — 


2 E. P. 


P R OP. XV. Theorem. 


1 F to right Lives (BA, CA) touching ATE 


other be parallel ta tio other right Lines which 
alſo touch one —— (ED, FD) ; the Plains like- 


wiſe which are drawn through them will be pa- 
rallel. 


From A let there be drawn. 'A G perpendicular to 
the Plain EF, and let GH, GI, be parallel to D E, 
DF. Theſe 4 per 9. J. 11.) will alfo be parallel to A C, 
AB. Seeing therefore the Angles I GA, H GA, de 
(by Defin. 3. J. 11.) right; C AG, BAG, will alſo (a) 
be right —9— Therefore G A which is perpendicu- 


lar to the Plain EF, will alſo be perpendicular to the 


Plain BC (b.) Therefore the Plains BC, E F, arc 
(by the foregoing ) parallel. Q. E. PDP). 4 


PROP. XVI. Theorem, 


Fig: 83. 4 Ae, lain (E HF O) cutting arallel Plaigs 


© Per 1.4.11. in the Plaim A B, CD, produc'd, theſe Plains alſo will 
wet in I. Which is ablund, n en e 1 


(A3, CD) makes the 50 ions in them 
(EH, GF) 0 


If 99 they be in the ll interſecting Plain, 


Go wil — Waeuhege (by Sol. Prop. 3 1. J. I.) as in 
J. I Wherefore ſeeing the whole Lines HEI, FG1 be 


& 11. 


. 
— 5 y * *+ 1 : 
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P Plains cut right Lines (BD Oy GH) Fig. ” 


proportionally. 


Let the right Lines BH, GD be And * plains 
PQ, TV, and likewiſe let BG be drawn meeting the 
plain RS in F, and let FC, FI he join d. The Plain 
of the Triangle BGD cutting parallel Plains, makes the 
Seftions CF, DG, parallel (by the foregoing.) There- 


fore BC is to CD as BF (e) to Fs 1 the ſe] Þ ben a 


Triangle B H G curing parallel Plains makes the Secti- “ 


ons (by the fore T7 BH, FI parallel. Therefore 
HI is to 16 as (f) 


already ſhew'd) as BC is to CD. 2. E. D. 


— 


PROP. XVIII. Te 


F to FG; chat is, (as I have [4] Per Ty 


F p right Line (FE) be perpendicular fo a r. 55 2 


Plain (AB); all the Plains which are drawn 
through it are perpendicular to the ſame Plain 


(A B.) 


Let the Plain G C be ferry: chrough FE making 
CD the common Section with AB; and let the Linas 
HK be drawn: in. the Plain GC, perpendiculat to the 
common Section C D. Now ſecing by rhe ConſtruQtion , 
HK is perpendicular to the. fame common Section to 
which FE is perpendicular by the Hypotheſis, K H and 
FE muſt be parallel (by 29.4. 1.) Theretore HK is 
alſo perpendicular to the Plain AB (per 8. J. 11.) 
Theretore the Plain GC is e to the: Plain 
AB ee d fi: 


P R 0 P. XIX. Theorem. 0 


6 * 9 ro the "my Plain (AB) ; 


their 


4 
IS 


F two Plains ( N F, G D cutting each other Fig. 26, 
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their common Section alſo will be perpendicular to 


that Plain (AB). | | 
For ſeeing by the Hypotheſis the Plain M F is per- 
pendicular to the Plain AB; it is manifeſt by Definition 
4. that there may be drawn in the Plain MF from the 
Point L a perpendicular to the Plain AB. Again, by 
the Hypotheſis G D is perpendicular to that Plain AB, 
- and therefore there may be alſo drawn in the Plain GD 
from the Point L a perpendicular to the Plain AB. But 
trom the Point L ( 5 can be erected only one Per- 
pendicular to the ſame Plain AB. Therefore the Per- 
1 to the Plain AB, which is drawn from the 
int L, muſt be found in both the Plains M F and G 
D, and conſequently LK, the common Section of thoſe 
two Plains M F nl GD, is perpendicular to the Plain 


PR O P. XX. Theorem. 


IF 4 ſolid Angle (A) i contain d under three 
1 Plain Angles (BAC, CAD, DAB); any two 
of theſe is greater than the third, 


If rhe three Angles be equal, the Aſſertion is manifeſt 
at firſt Sight; and it is as certain, it they be unequal. 
For let BAD be the greateſt; and from BAD cutoff 
BAE equal to BAC, and make the Line AC equal 
to AE. And through E let there be drawn a right 
Line meeting AB and AD in B and D, and let BC, 
DC be join d. Becauſe (by the Conſtruction)the Angles 
BAE, BAC are equal, as likewiſe the Sides B A, A E, 
equal to the Sides BA, AC, the Baſes alſo BE, B C, 
will be equal (5). And becauſe BC, CD (c) are 

reater than BD, the Equals BE, BC, being ta- 

en away, there remains C D greater than E N. 
But the Sides E A, AD, are (by the Conſtruction) e- 
qual to the Sides C A, AD. Therefore the Angle (d) 
CAD is greater than the Angle EAD. Seeing there- 
fore the Angle BAC is equal by the Conſtruction to 
the Angle B AE; thoſe two Angles together BAC, 
CAD are greater than the whole BAD. C. E. D. 


— 


PROP, 


n „ EO cc  c eo ee ic... 


0 hd ww WW DV ns CTY. W 9 


CCC ne. on 


TA Plain Angles conſtituting any ſolid Angle Fs 23. 


F DE, EF, FB, be ſubrended to the plain Angles which 


G, H, I, K, L, about the Baſe, as taken together, are 
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P R OP. XXI. Theorem. 


whatſoever are leſs than four right ones. 


Let A be a ſolid Angle; let the right Lines BC, CD, 


make up the ſolid one, fo that thoſe right Lines be all in 
one Plain. Which being done, there is conſtituted a ä 
Pyramid, whoſe Baſe is the Polygon BC DEF; A is 9 
the Top, and it is contain d under ſo many Triangles G, 2 
H, I, K, L, as there are plain Angles which compoſe the 2 
ſolid Angle A. And now becaule the two Angles AB F, 
ABC, are (by the foregoing, greater than the third 
FBC; andthetwo ACE, ACD, are greater than the 
third BCD, and ſo on: All the Angles of the Triangles 


greater than all che Angles of the Baſe B, C, D, E, F, 

taken together. But the Angles of the Baſe together 

with four right ones, make twice fo many right Angles 

(by Theorem 2. Schol. aſter 32. J. 1.) as there are Sides, 

or, which is the fame, as there are Triangles, There- 

fore all the Angles of the Triangles about the Baſe, to- 

gether with tour right ones, make more than twice ſo 

many right Angles, as there are Triangles. But the 

ſame Angles about the Bale, together with the Angles 

that compoſe the Solid, make up (a) twice fo many (a) Per 32. 
right Angles as are the Triangles. It is manifeſt there-“ * 

fore that the Angles which compole the ſolid Angle A 

are leſs than four right ones. Q. E. D. N 


Corollary. 


* this and the foregoing it is obvious to collect, 
that a ſolid Angle may be compos'd of any three 
plain Angles, which are lets than four right ones, if ſo be 
that any two of them be greater than the other. 


Scha- 
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Scbolium. 

| 10 1 1 E 
Rom this Propoſition is demonſtrated that famons 
Theorem, That only three regular and equal plain 
Figures can contain a Body; to wit, equilateral Trian- 
gles, either 4, or 8, or 20. 6 Squares, and 12 Penta- 
Sons. And conſequently that there are only five regular 
Bodies. A Pyramid which is contain d under 4; an O- 
ctaed rum which is comprehended by 8. And an Icoſie- 
drum, hie is bounded by 20 equilateral Triangles. A 
Cube which is contain d under 6 Squares; and the Do- 
decaedrum under 12 regular and equal Pentagons. Now 
2 Body is called Regular which is comprehended under 


Demonſt. A ſolid Angle cannot be compos'd of only 
two equilateral Triangles; three at leaſt are requir'd. 
Of three equilateral Triangles meeting in one Point, 
there may he conſtiruted the ſolid Angle of a Pyramid; 
of four, the folid Angle of an Octaed rum; of five, the 
ſolid Angle of an Icoſiedrum: Foraſmuch as both 3, 4, 
and 5 Angles of an equilateral Triangle, are leis than 4 
right ones, as is gathered from Coroll. 1 2. Prop. 32. J. 1. 
And becauſe three Angles of a regular Pentagon ( as 
is gathered from Coroll. prop. 11. J. 4.) are leſs than four 
right ones, three Pentagons meeting in one Point will con- 


ſtitute a ſohd Angle; that of the Dodecaed rum. 


That of three Squares meeting in one Point, may be 
eompos d the ſolid Angle of a Cube, is maniteſt of it 
ſelf. And thus there ariſe five regular Bod ies. 

But that there are no more than theſe five is thus 
proved. nd rr 3 
Six Angles of an equilateral Triangle make juſt four 


right ones. For one is two Thirds of one right one; 


and therefore ſix ſuch will make (by Coroll. 1 2. prop. 32. 
J. 1.) twelve Thirds of one right one, that is, four right 
ones. And therefore of fix equilateral Triangles a ſolid 
Angle .cannot be compos d; much leſs of more. 

That of four Squares a folid Angle cannot be made, 


much leſs of more, is manifeſt in ir ſelf. 

Four Angles of a regular Pentagon are greater than 4 
right ones. For(byCoroll. prop. 1 1. I. 4. each of them makes 
uin Fifths of one right one. Therefore a ſolid Angle 

8 can- 


„ 4 0 


Rep” 


4 £ 7 5 : P q * A 
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date de Halle of four ſuch Pentzgons; much leſs of 
Nor can a ſolid Angle be compos'd of any other regu- 

lar Figures whatſoever.- Three Angles of a re Ar Hex. 

agon ( by Corell. 2. prop. 15. 1:4.) ate equal to four 

right ones. For one makes four Thirds of one right 

one; and therefore three make twelve Thirds of one, 


| that is, four entire right ones. Therefore of three Hex- 
| P. a a ſolid Angle cannot be made up; much leſs of 


But ſeeing three Angles of a regular Hexagon are e- 


f qual to four right ones, three Angles of any other Fi- 
: gures whatever: greater chan an Hexagon, as of an Hep- 
tagon, Octagon, c. will be greater than four right ones. 
Wherefore it is manifeſt that che reſt of the regular Fi- 
, 'gnres are all incapable of compoſing a ſolid: Angle; and 
; conſequently that there can be no regular Bodies beſides 
the five foregoing. , 
1 507 7 AEM 
: PR Op. XXII, XXII. 
e A RE very prolix, and tedious to Beginners, 
„ and ſcarce at any time come into Uſe. 
s P R O P. XXIV. Theorem. 
Ty . | F 2 | 
* HE Plains which contain a Parallelepiped Vie. 22. 
are (1.) + Parallelograms. (2.) Tbe oppoſite 


ir | ones are equal. (3.) The Plains are equal. 


part I. The Plain A F curing the Plains B D, FH, * 
1 which dy Den. 13. ure parallel, makes (a) the Sections 2 Per 16. 
BA, FE, parallel. Again, the Plain A F cutting che “ 1. 
FF Plains A H, BG, which by the ſame Definition are pa- 
„I rallel, (by the ſame) makes the Sections A E, BF, pa- 
* rallel. Therefore BAE F is à Parallelogram. By the 
0 like Argument the reſt of the Plains of the Parallelepi- 
n ped may beprov'd 1 — * 22 
. Part II. Dirne e 3 
hs that &B,>BC, are parallel-ro-EF, EG, che Angles (h) pee 10 
4 | BG, FG, auſt be (b) equal. *Wheigfore ſeeing þ 31, 


CS > | 


the alternate Sides alſo are equal, the oppoſite Parallelo- 
y-_ BD, FH, are like or ſimilar. And the ſame of 
reſt. 


PROP. XXV. Theorem. 
Fig. 30. | 


J whatever be cut by a Plain (NP) that i; 
parallel to the oppoſite Sides ; there will be this 
Proportion, as the Baſe (DCPO) is to the Baſe 
(OPFE) ſo is the ſolid (GP) to the ſolid (NE.) 


| This is demonſtrated in the fame manner as p. 1. 7.6. 


Coroll. 


A priſm cut by a plain Parallel to the oppoſite Plains, 
he hath a Section like and equal to the oppoſite 


PROP. XXVI, XXVIL 
R E not neceſſary, = 


PR OP. XXVII Theorem. 


Plains (AC, EG) cuts the Parallelopiped 
into two equal Priſms, [A 4 


fa) per 24. Becauſe (a) BG, BE, are Parallelograms; CG, A 
Ab My are wort wk fromthe ſame B F. Therefore (b) — 
G) Per 9. are alſo parallel betuixt themſelves, and conſequently 
11. arc inonePlain. Therefore the right Lines AC, EG, 
in one Plain. But now that a Plain drawn thro' 
cur the Parallelopiped into two equal Prifins, 
- : es 2 IM... of 6 A wes gf | 15 


—— 


nn 


99 — 
« 


Part III. This is manifeſt from the firſt Part „ and 4, 


1 Fa Parallelopiped (G FD I) or any Priſm 


Z A Plain paſſing through the Diameters of oppoſite 


«ai — — — a—_ cw 1 2 TE A 


e tows pune 


—— 
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c is thus ſhew'd. Let the Priſm AEGCDH be under- 

ſtood to be ſo conſtituted upon its Plain EAC G, that 
| the 2 25 D, H, bend towards the Angles B, F. It is 

, manifeſt that it will yet be betwixt the parallel Plains 
BA DC, FEHG. But then D muſt needs fall upon B, 
and H upon F. For, let D fall without B, if it may 
be, and in N. The Angle BAC (4) is equal to the An- (d) Per 27. 
gle DCA. But DCA is equal to NAC ( for it is J. 1. 

J one and the ſame Angle). Therefore BAC and NAC 

* are equal: Which is abſurd. Therefore D falls upon 

is B; and for the ſame Cauſe H upon F. Therefore the 

is RN PriſmA EGCDH coincides with the Priſm ACGEFB, 

ſe and conſequently they are equal (by Axiom. 7.) 


4 PROP. XXIX, XXX. Theorems. 


HE Parallelopipeds ( FEAGRIMC ) and HN. 31. 
FEBHLOMT) which have the ſame Baſe 
(EFIM) and the ſame Altitude, and conſequently 


ore | exift between parallel Plains(EFIM) and(GAOL) 
are equal. | | 


For they either exiſt betwixt the lateral parallel Plains 

EAOM and FGLI, or not. Let the firſt beſuppos'd. From 

the 24th of this, and the 8th of the firſt Book, It is 

manifeſt that the Triangles AEB, CMO; hkewiſe 

G FH, KIL, are <quilateral and equiangular to each o- 

ther. Wherefore, as in the foregoing , I might ſhew 

that the Priſms CMOLIK, AEBHEFG, being laid 

| upon each other will coincide, and conſequently are e- 

| qual. Wherefore the common ſolid FEBHKCMI 

ofite J being added, the whole Parallelopipeds FE AG K TMC 

i ped and FEBHLO MI are equal. Q. E. D. | 

Then ler the Parallelopiped FXQE MIPR not exiſt 

berwixt the ſame lateral parallel Plains with the Paralle- 

AE, I lopiped FEAGKCMI. Here, becauſe by the Hypo- 

they Y thefas, GR, AC, RP, QX, are in one Plain, which is 1. 

ently parallel ro the Baſe E FIM; let RP, QX, cut GK in = 

EG, L and H, and A C in O and B; and let EB, MO, | 

thro FH, IL, be join d. It is eaſy now to ſhew that the 1 
iſms, Plains containing the Solid FE BHLO MI are Faralle- 1 

e 9 
„ | an 
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Fig. 33- 
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49d conſequently that that Solid is (byDefn. 13. J. 17.) a 
aten But to this by . A 25 the Paralle- 
depipeds FRQEMIPR, and FEAGRCMI, are 
eath of them equal. Therefore they are alſo equal be- 
4awixt themfelves. 2. E. D. og agus 


4 


Coroller . 


T His Propofition is like to the 35th of the firſt Book * 


for it affirms concerning Solids, what that doth 


£ 


rocking! Plains. Wherefore the Demonſtration of the 
reſt of the Caſes will be like alſo. — 


p R Op. XXXI. Theorem. 
Arallelopipeds npon equal Baſes (AO and EG) 
& and in the ſame Altitude ( S) are equal, 
Firſt, let che Parallelopipeds have their Sides perpen- 


dicular to the Baſes. Unro the fide F G produc'd ler 
there be made a Parallelogram G MK H equal and like 


to the Parallelogram AO; and the Parallelogram GM 


PR being perſected, let che right Lines PM, R G meet 


XH in C and I. And now let Parallelopipeds be un- 


derſtood to be conſtituted upon G R, GG, GP, whoſe 
Sides are perpendicular to the Baſes, and 8 is their 


common Altitude. The Solid EGS is to the Solid 


Ss, as EG (per. 25. L II. ) is to GP ; that is, (be- 


* 


cauſe EG, A O, are equal by che Hypotheſis), as AO 
to G; that is, by the Conſtruction, as GR is to GP; 
hat is, as G is to G (per 88. J. 1.); tharis, as the 


Solid GQS is to the ſame Solid G PS. ( per 25. I. 11.) 
Becauſe therefore the Salids EGS and GS have the 
ſame Proportion to the Solid G 8, che Solid EGS will 


de equal to the Solid G QS; that is, to the Solid GK 
8 (per 29. l. 11.) chat is, ( becauſe the Baſes GK, AO, 
are equal and like by the Conſtruttion) to the Solid n 
O8, as it appears from 29. J. 11. and even in ir ſelf, 
Which was the ching propos d. Note, chax in this rea- 


„ r ones. 


E 
Do. ä 5 FIG F I ot. Then 
6 " - 2 , "a 
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Then let che given Parallelopipeds EGS, A QS, have 
their Sides ar the Baſes E G, AO, oblique. - Let there 
now be made upon EG, A O, Parallelopipeds, whoſe 
4 Sides are perpendicular to the Baſes in the heighth S; 
theſe will be equal to the oblique ones by 29th or Zoth. 
Wherefore ſeeing by the firſt Part right Parallelopipeds 
are equal berwixt themſelves ; the oblique ones will be 
equal betwixt themſelves likewiſe, Q. E. D. 


9 


R OP. XXXII. Thebrem. 
ne 1 


A L L - Parallelopipeds whatever of equal F*:3+ 
Heigbth, are betwixt themſelves as their 
MES yr a es | | 
Let GO and A be the Baſes. Upon CO make the 
5) Parallelogram O E equal to A. 85 
Upon BC, OE, let Parallelopipeds be underſtood to 


be erected in the Altitude K; theſe thereſore will be 
Parts of one Parallelopiped BE K. Therefore the Paral- 
en- lelopiped O E K, is to the Parallelopiped B C R, as the 
ler Baſe O E, to the Baſe BC (per 25. J. 11. ); that is by 
like the Conſtruction, as the Baſe A is to the Baſe BC. But 


j 
3M becauſe the Baſes OE and A, are equal, the Parallelo- 3 1 
1eer pipeds O EK aud AK are equal (by the foregoing). 1 
un- Therefore alſo the Parallelopiped A K is to the Parallelo- 1 
hoſe piped BCK, as the Baſe A is to the Baſe BC. . 1 
heir E. D. bee ee n 1 = 
oy 5 1 $2) | ii 
(be- | | 8 7 
0/0 5s - 5 -.- Scholes. OO 1 
GP; : | . | 3 1 10 
the T HAT which hath here been ſhew'd of Parallelopi- 10 
11.) Y 1 peds, will be demonſtrated in the Twelfth Book of 


> the Pyramids, Prop. 6; Of all Priſins whatever, in Coroll. 1. 
will after Prop. 9; Of Cones and Cylinders, Prop. 11. 


. PRO P. XXXIII. | Theorem. 


YT. IKE Parallelopipeds (HA and CM ) are in N. 35- 
. & triplicate Proportion of their homologous 
Sides (AB, BC), * Let 
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Let the parallele pipeds A H, CM, be like. There- 
tote all their Plains (by Defin. 9. I. 11.) are like; and 
Conſequently A B (by Defin. 1. I. 6.) is to B C, as E B 
td BO; and as F B is to BG, fois E B to B O. More- 
over the 1 5 of the Plains are alſo equal (by the ſame). 
Therefore let the Solids A H, C M, be ſo plac'd, that 
the equal Angles C BO, AB E, may be oppoſite, and 
the Sides AB, CB, may lye ſo as to make one ſtraight 


Line; and then E B, OB will alſo lye fo as to make 


one ſtraight Line. Now let Solids be imagin'd to be con- 


ſtituted upon the Plains BQ and EC, in ſuch ſort that 


the Solids K B, HA, may one Parallelopiped, and 
KB, PO, may make one Parallelopiped, and PO, 
CM, may make one Parallelopiped likewiſe. The 
Solid H A is to the Solid K B (per 25. I. 11.) as A E to 
BR; that is, (per 1. J. 5.) as AB to BC; that is, (as 
T ſhew'd above by the Hypotheſis,) as EB is to BO; 
that is, (by the ſame ) as EC is te BQ; that is, (per 
25. I. 1 I. as the fame Solid K B is to the Solid P O. There- 
fore the three Solids H A, K B, PO, continue the fame 


Proportion. | But now the Solid K B is to the Solid PO 


(by the fame) as the Baſe BR is to the Baſe PQ; that 
3s, (ber 1.1.6.) as EB is to BO; that is, as FB is 
to BG, as it was ſhew'd above by the Hypotheſis ; that 
is, (by the ſame) as the Plain FC is to the Plain BS; 
that is, (per 25. J. 11.) as the fame Solid PO again is to 


the Solid CM. Therefore the four Solids, HA, KB, 


PO, CM, are continually proportional. Therefore (by 
Defin. 1c. I. 5.) the Proportion of the firſt H A to the 


fourth CM is triplicate of the Proportion of the firſt 


HA to the ſecond K B; that is, triplicate to the Pro- 
portion (per 25. J. II.) of AE to BR; that is, tripli- 


cate (per 1.4. 6.) to the "4 men of rhe homologous 


Sides, AB to BC. 2. E. D. 
[ Coroll. (1.) Hence if there be four right Lines continu- 
ally Proportional; as is the firſt to the fourth, ſo is a Paralle- 


lepiped deſcribd upon the firſt, to a Parallelepiped like, and 


in like manner deſcrib'd upon the ſecond. 
(2.) Upon this alſo depends that moſt famousProblem concern- 
ing doubling the Cube; of which afterwards. Schol. p. 8. J. 12. 
(3+) Hence alſo is ta be corrected the Error of thoſe, who 
ſuppoſe that the Proportion of like Solids. is the ſame as is that 


_ of their Sides. For the Cube of a Line which is double to a- 
not her Line, is nat only double to the other, but as 8 to 5 


N S8. 5 8 c 


Eb. XI EucL in's Elements: 


And the Cube of a:Line,, which is treble to another Line, is 


not-only trehle-to the. other Cube, but contains it 27 Times, 
Nr 1:2:4:8% and 1: 3:9: 27 , and the ſame 


Thing is to te ſaid of all-:like Bodies whatſoever ; 4s will aps 


pear afterwards, 
(A.) Hence the. tripli cate Proportion of any Quantities 


. whatſoever is the Proportion of the Cubes of the ſame Quanti- 


ties. Let there be any two Quantities in the triplicate Pro- 
portion. of the Quantities 4 B, BC; 5 they ſhall . be as 


25 cube is to BC a. 


Scholium, 


HAT which hath here been ev d of banalen 


peds will be demonſtrated Book 12. Of Pyramids 
Prop. 8. Of all Priſms whatſoever, Coroll. 2. Prop. 9. Of 


Cones and an, Prop. 12. Of Spheres, Proy. 18. 


P R 2 P. XXXIV. Theorem. 


I F the Parallelepipeds (BM, CK) be equal, 
their. Baſes and. Altitudes are reciprocally propor- 
tional ; (that u, the Baſe AM 1 tothe Baſe FR;as 
reciprocally the Heighth FC i to the Heighth. AB). 


And if they be reciprocally proportional their 
Baſes, and Altitudes are equal. 


Part. I. Firſt let the Sides be perpendicular to the 
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Fig. 35, 


Baſes. If now the Altitudes of the Solids B M, CR. be | 


equal, the thing is manifeſt. 
If the Altitudes be unequal, from the greater F'C* cut 


off FE equal to BA ; and throu E _ the Plai 


EL parallel to F K. The Baſe A M is to the Baſe F 
(per 25. J. 11.) as the Solid BM is to the Solid ER; 
that is, Tee by the Hy poxheſis the Solids BM, C K 
05 — as the Solid C K is to the Solid EK; char i is, 
IX is. to EG; . 5 is, ( per 1.46 
as 2 5 4 BE 1 that is, by. the: Conſtruction, as C 
to, BA. 
Then let be Fuss be oblique to che Baſes. Let ri 92 
* be erected upon the fame Baſe! in = 
- L 2 ame 


1660 — Evctriv's-Plamens: Lb. XI. 


ſame Heighth. The oblique Parallelopideds will be equal 
to theſe. Wherefore ſecing theſe by the firſt Part have 
their Baſes and Altitudes reciprocal , thoſe alſo will 
be likewiſe. Q. E. D. . 2 | 
Then ler the Sides be oblique to the Baſes. Let right 
Parallelopipeds be erected upon the ſame Baſes in the 
fame Heighth. The oblique Parellelopipeds wp 29. 
and 30. J. I I.) be equal to theſe: wherefore ſeeing theſe by 
the firſt Part have their Baſes ahd Altitudes reciprocal 
thoſe alſo ſhall be ſo likewife. Q. E. D. 1 5 
part II. Let the Altitudes be unequal, and the Sid 
perpendicular to the Baſes ; And from the greater CF . 
take E F equal to AB. The Solid BM 1s to the Solid 
E ER, (per 32.1 11) as AM is to F K; that is by the 
Hypotheſis as CF is to AB; that is, by the Conſtru- 
92 Per 1. ction, as CF is to EF; that is, as CG is to (f) EG; 
5 t hat is, (g) as the Solid CK is to the ſame Solid EK 
Therefore the Solids B M and C K have the ſame Pro- 
; portion to EK. Therefore they are equal. . E. D. 


. Corollaries, 


"XIA 7 HAT Affections have been demonſtrated of Pa- 
I, rallelopipeds, Prop. 29, 30, 31, 32, 33, 34, do 
alſo agree to triangular Priſms, which are the Halves of 
| n As is manifeſted from Prop. 28. There- 
ore, 1 5 
Fig. 37. 1. The triangular Priſms, which are of equal Heighth, 
are as their Baſes, A, B, | 


2. If they be like, their Proportion is triplicate to the 
Proportion of the Sides, oppoſite to equal Angles.” _ 
3. If they be equal, they reciprocate their Baſes and 
Altitudes; and if they reciprocate their Baſes and Al- 
ditudes they a.” me FEM En 


it af 


* 


oy 44 Scholium. 5 
W HAT hath here in Prop. 34. been ſhew'd of Pa- 
VVV rallelopipeds, will be demonſtrated in the 12th 
Book of Pyramids, Prop. 9 ; Of all Priſms wharſoever, 
ral. 3. after Prop. 9; Ot Cones and Cylinders, Prop. 
"I% . 3 * ö F. 2 . . 4 RT 3 : 


— . 
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N 


15 very long, and ſubſervient to the following 
| ' Propoſition, which we will demonftrate without 
it. ; = . 


S - 5 e © 2 | 4 92 
+ "PR OP. XXXVI. Theorem. 
l X Parallelopiped (DH) made of three pro> Fig. 38. 
: portional Right Line, (A, B, C.) i equal to 
K 4 Parallelopiped (IN), which w made of the 
4 Mean (B), and « equiangular to the former. 
let the Baſe FD of the Parallelopiped D H have 
the Side E F equal to A, and the other Side E D equal 
to C: And the Side EG which ſtands upon the Baſe e- 
qual to B. Thus the Parallelopiped D H will be made 
a- of the hree right Lines, A, B, C. Then let the Three 
do Sides, L X, IX, XM, (and conſequently all the reſt ) 
of of the Parallelopiped IN be equal to the middle Line 


* B: And the ſolid Angle X equal to the ſolid Angle E; 
£ the Parallelopiped IN will be made of the Mean B, and 
th, be equiangular to the former. I ſay alſo that it is equal. 
; For ſeeing by the Hypotheſis and the Conſtruction as 
the F E is to LX, ſo reciprocally I X is to D E, the Baſes 
alſo “ DF, IL will be equal. Now becauſe the ſolid * Per 14. 
Angles at E and X are equal; if they be put within SS defi 
Al- one another, f they will coincide ; and becauſe of the 1 Nele 
. Equality fof the right Lines, E G, X M, the Points M 
and G, will coincide. Wherefore both the Solids will 
have one per penaicular Altitude; to wit, the right Line 
"which is, ler: tall. from the Points M, G, (now become + 
one) unto the Plain of the Baſe. The Solids theretore 


Perz 2. l. 1 T: 


pa- 


* are equal. O. A 
er, | & 4 + I Was 
My Sͤcbolium. | 
Sa} W E will further obſerve whit is of great Uſe, that of 


" + three Lines drawn into or multiplied one by another 
48 | "IJ | aſte 


— enay” cs _ p——_—_—_ <= — — 


F - "OI LEE CLIENT WIE ons, = b hi 
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ter what manner ſoever, a Solid of the ſame Magnitude 
1 8 d. 

unc. 0 A B, B CR. 


Ir the pteſeue Schame e firſt, errersdeſign-rhe 


Sale ;\the'third-the Altitude. Let us compare "the! firſt 
with the ſecond. 


The Baſe AB is to the Baſe C A, per 1. I. 6. as the 


Side B is to the Side C; that is, reciprocally as the 


Heighth 4B -is co the Heighth C. Theretore: by qq. 34, 
ABC, is equal to CAB. 
In the ſame manner it. may be ſne w d that the firſt is 
equal to the third, and the third to the ſecond. = 


3 a e e in 
" the like manner by A R Lines, 


will themſelves =” be Proportions and con- 
verſely. 

This is manifeſt of. dit Lulf. For the praportions of 
Parallelopepids by the 33d, oftthis Bock willi he: triplicate 


to thoſe Proportions oh by the Hypotheſis are equal 
which the Lines have * tkemſeſyes. 


The Converſe is maniſeſt of it ſelt alſo. 
The Propoſition is true of all ſorts of like Bodies, 
Which will appear from Book-the;x2th jo; have betwixt 


xhemſelves a ee wire 0 chat Which the 
Sides have, 


PROP: In, KAUR. 


HES E contain moths rem 
are ſcarce of any The 1 7 


PROP.. XI. 


e "a2? 


T HIS of fell, Uſe, and indeed no otber 
than the 28h Naefe, 1 


7 w 


Lib. XI. EUCLI1D's Elements. 


. Scholium. 


Rom what heck hitherto been demonſtrated we have 


the Dimenſion of triangular Priſms, and of quadran- 
gularor parallelopepids ; to wit, if the Altitude be 
multiplied into the Baſe. As if the Altitude be of 10 
Feet, and the Baſe of a 100 ſquare Feet ( now the Baſe 


is meaſured ” Schol. p. 36, or 41. J. 2 multiply 10 by 


100 there will ariſe 1000 cubick Feet for the Solidity of 
the 2 f 
The Demonſtration is eaſy. For like as a Rectangle 


ariſeth from the Multi plication of one Side by another, 


ſo a right Parallelopiped is produc'd from the Heighth 
drawn into che Baſe, Therefore every Parallelopiped is 
alſo produc'd from the Altitude multiply d into the Baſe, 
ſeeing by 3 1. J. 11, it is equal to a right Parallelopiped, 
conſtituted upon the ſame Baſe with the ſame Heighth.” 

Then ſeeing the whole Parallelopiped is produc'difrom 
the Heighth into the whole Baſe ; the half of the Paral- 
lelopiped (that is, a Triangular Priſm by 28. J. 11.) will 
be produc'd from the Altitude multiplied by half the 


— 
- — 
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The Elements of Euclid. 
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. eaſy Bodies, thoſe, n 
Surfaces ;, In this Twelfth Book he conſiders Bodies bounded 


'B 00 K N 
With Vs che "Ex GH T'R i | x . 


>. 
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H AT inthe foregoing Rooks k we ks en- 

deayoured to perform; namely, To bring 
the Elements of the Mathemaricks into a 
more eaſy and brief Method; will be to 
be endeavour d in this Twelfth Book eſpecially ; the Do- 
ctrine whereof is moſt neceſſary „but che. Bemonſtrati- 
ons are ſo prolix, that they commonly make Beginners 
almoſt to deſpair. We have ſo propos d to our ſelves to 
remedy this Evil, that in the mean while we will not de- 
part from the Rigor of Geometrical Demonſtration, 
Which Thing whether or no we have attain'd, the Reader 
will underſtand, if he pen e this of ours with 
Euclid's prolixity. ec 


NOW ſar Euclid bad in * former Book declared the 
Elements of Solids, and defined the Meaſures of the moſt 
135 which are terminated with plain 


with curve Surfaces ; to wit, Cylinders, Cones, and Spheres ; 
compares them betwixt them elves ; and defines their Mea- 
ſures. This Book is indeed moſt profitable, becauſe it contains 
thoſe Principles, on which the chief Maſters of Geometry, 
and eſpccially Archimedes, have built fo many Famous De- 
miynfirations, concerning the Of inder, Cone, and Sphere. 


<4 
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1 


— 


Lib. XH. Euc rip Elemente., 765 
9 ws ar rant” os on - JE KS. 4 . 


3 

* » 
4 4 ? 
- 


Ts A Pyramid is à Solid (Z I.) comprehended under. rig. i. h 12; 
ce Triangles (A LC, CLF, FL B, BLA) plac d 
from one plain (T) to one Point (L). * 


- 
- 


The Plain Z is call'd the Baſe, and may be either a 
Trinngle or Quadrangle, or any other Figure ;, from R 
each of rhe Sides whereof there ariſe Triangles meeting * 1 
together in the Point L, Whiclr is calFd. che Vertex or _ 
As the Triangle amongſt rectilineal by lain Figures, ſo 
the Pyramid amongſt ſolid, ones is the firſt and moſt ſim- 
ple. 25 1 bag eie 5 a 
2. If without the Plain of ſome Circle (C L) there rig. 2, 3. 
ſnall be taken the Point (A), and from it be drawn the 
infinite right Line (AF N touching the Circle in C; and 


e- - - The right Line (A B) drawn from the Vertex to tlie 
At Center of the Baſe is the Axis of the Cone. 


er The Side of the Cone is the right Line (A C) draw 
ch from the Vertex to the Circumference of the Baſe, 

which that it is whelly in the Surface of the Cone 

is manifeſt from the Production of the FIRE: hap 

A right“ Cone is when the Axis (AB) is perpendicu- Fig. 3. 

the l oppor ag 5. 
zoſt A ſcalene F'or.oblique Cone, is when the Axis (A B) Þ Fig. 44 
am is not perpendicular to the Baſe... ' ' © . 
ded A right Cone is alſo macke by a En Trange I 
es; | (CBA) turn'd round. about one of the perpendicul 
ſea- Sides (AB). See Fig. 27 — rr Ton | L 
uns 3. If an infinite right Line (C O F) be turn'd about Fig. 4, 1, | 
Fry, two Circles (CL, OQ ) equal and parallel, untill it re- 1 
De- turns to that Place from whence it began to be mov'd, 

and remains always, whilſt it is mov'd, parallel to it ſelf, | 

"the Sufabedeſerid's by the right Line (COF) is called | 
E- 8 EE XIII dd Re oe a Cy- 1 


* 
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aCylindrical Surface; and the Body which is contain'd un- 
der this Surface, and the two Circles is call'd a Cylin- 


der. 
The Baſes of the Cylinder are the Circles (CL, Oo 


 theright Line (AB) which connects the Centers of the 


* 205 64 


Pig. 6. 


Baſes is called the Axis. The right Line (OC) in the 
Surface of rhe Cylinder, touching both che Baſes, is 


called a Side of the Cylinder. 2 
©. eee Axis is perpendicular to 
A Scalene or oblique Cylinder, is when che Axis is not 
perpendicular to the Baſe. 
A right Cylinder is alſo made by e(O CBA) 


turn d round about one Side (BA). See Fig. 4. 
4. Like Cones and Cylinders are thoſe, which have 
Gr. 2 (AR, 20) _ che Baſes of their Diameter: 
„ QR) proportional. | 

CH 8 is a Solid contain d under one Surface, 
unto which Surface all the right Lines that are drawn 
from a certain Point within the Figure, are equal amongft 
themſelves. That Point is call'd the Center. The Dia- 
meter of the Sphere is a right Line drawn through the 
Cenrer unto the Surface on borh Sides. 

A Sphere is produced if a Semicircle be turn'd about 
its wats: (AF) which remains in the mean while un- 
mov ; 

6. Magnitudes inſcrib'd into or deſcrib'd about fome 
Figure, whether they be greater or leſſer than the Fi- 
gure, are then ſaid to end in the Figure, when they will 
at the laſt differ from it by a Quantity leſs than any gi- 
ven one whatſoever, or how ſmall ſoever. 121 | 

Therefore if thoſe Magnitudes which are inferib'd in- 
to ſome Figure will at laſt fall fhort of it by a Deficiency 
kf than any given one whatſoever, the Magnitutles in- 
Icrib d are 4 to end in the Figure; and if choſe which 
are circumſcrib d about ſome Figure, will at laſt exceed 
X by an exceſß leſs than any given one whatſoever, they 
ſhall be fad ro End in the Pure. 


PROP. 


* 
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PROPOSITION I. Theorem. 


THE Proportion of like Polggons inſeribil in n . $7: 
Cirele, 4s duplicate ro vhe Proportion of the 
Dinmeters (AF, TC). | 


8 apy Th, Lk 1 Berauſe the 
lygons are ſuꝑpos d to be like, the Angles CORRS; . 
OB, BA, proportional co the Sides Ril,, LI. There- 

ſore in the Triangles O. AB, RI. (er G. I. .) ken- 

gles O and R are equal. Therefore alfo E F, and 

LCI hich ſtand upon. the ſame, Arches B. A, LI, are 

(p. 21. l. 2 equal. But che Angles FBA, CLI, in 

Semicircſes are (p. 3 1. J. 3.) right ones. Therefore: tie 

other- Ar tere, Coroll. 9 „AI, are 

equal. N oy | 2 GEL, 

are eguiangular to each ather, they. are G. iliceʒ 

and * IS FS a8 AF ar l ou becaute 

by the Hy pot Polygons are. like, cheirrqporti- * 
— will be duplicate (OD. 20. 4. 6% do the Proportion uf 

the Sides BA, LI; that is, as I have already ſhew'd 

2 to the Proportion ot the Diamerers AF, IC, 

E ED. r 4 oO < 


Corollary, 


HE Circumferences of like Polygons inſcribed in Fx. 6, 5. 

T a Circle are bet wit themſelves as che Diameters. 

Seeing it hath already been ſhewad, achat AB is t 

LI, as AF iso IC ; OB mill alſoche to RL, as AF 

to 1 C: And iſp of the reſt af che Sides, Theretoꝶ 

all the Sides together will he tro all æhe Sütes to- 
gether; that is, one ai,αν]nm⁰να,õ,stĩ 30 anather, 45 

AF is to IC. 


a. Ab a; ot. i 


T Plygons inſcrib'd in a Circle end in a Circle. W- vice 8. 
P {crike a Square, aß AC BD. Seeing (this is 


(ber 


bi 


= 


% 
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(per Schol. p. 6, and 7. I. 4.) of the Square which is cir- 
cumſcrib'd, it will be, greater than half of the Circle. 
Wherefore if this be taken out of the Circle, there will 
be taken out- of it more than half. Then each Arch be- 


ing bifected in E, R, I, EH, inſcribe an Octagon: And 


let FG touch the Circle in E, which FG let BC, 
DA meet in G and F; CF will be a Parallelogram, of 
which ſeeing the Triangle CE A (per 41. /. 1.) is half, 
this will be more than alt of the Segment CE A. In 


the fame manner each of the Triangles A K D, DIB, 


Cc. is more than half each of the Segments. Therefore 


all the Triangles are more than half all the Segments. 


Therefore if you take theſe out of thoſe, that is, out of 
the Remainder of the Circle, more than half will be 
taken amay. In the ſame way of arguing if there be in- 
ſcrib'd in the Circle Polygons of Sides always double in 
Number; I can ſhew that. chere will always be taken 
out of the Remainder of the Circle more than half. 
Therefore the Remainder muſt at laſt be lefs than any 


given one whatſoever ; and conſequently the inſcrib'd 


Polygons will at laſt fall ſhort of a Circle by a Quantity 
leſs than any given one whatſoever ; that is, (per Defin. 
'6.4.12.) will end in a4 Circle. 


A, * 


oo” 
- > e ® > 4. 
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P R O P. II. Theorem 


T HE Proportion of Circles i duplicate to the 
Proportion of their Diameters. | 


© TheProportionof Polygons inſcrib'd in a Circle with. 


out End is (per 1. I. 12.) duplicate to the Proportion of 


the Diameters. But. Polygons (by the foregoing Lemma) 


Anſcrib'd in a Circle infinitely, at laſt end in the Circle. 
Therefore the Proportion of Circles is alſo duplicate to 
the Proportion of the Diameter. 


' , . 
8 Us * 4 + & 


RE Prolix, and hard for young Beginners, 
and Ba ve no other Uſe, than thas. they... ſerve 
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to the Demon ſtrat ion of the Fifth, which we ſhal! 
demonſtrate much more eaſily without them, 


85 Lemma 1. 


1 F two triangular Pyramids be cut with Plains ( OSE, 


RXT) parallel to the Baſes (ABC, IQV), which 


fame Plains divide-the Sides (CF, QL) proportionally 
in (E and 2) (OS E, RX Z) will be betwixt themſelves 
as | 


e Baſes (A CB, IQ). 


Becauſe the parallel Plains OSE, ABC, are cut by 
the Plains BFC, AFB, AFC, the common Sections 
SE, BC, and OS, AB, and OE, AC, will be 


( per 16. J. 11.) parallel. Wherefore the Angles OS E, 


ABC, and SOE, BAC, and O ES, A CB, two and 
two, are (per 10. J. 1 8 equal. Wherefore the Secti- 


ons OS E, ABC, are like (per 4. J. 6.) In the ſame, 
manner I might ſnew that the Sections RX Z, I 'VQ, 
are like. Therefore (per 19. J. 6.) the Proportion of 
the Section AB C, to the Section OS E is duplicate to 
the Proportion of the Side BC, to the Side S E; and 
the Proportion of the Section IVQ to RX is dupli- 


cate to the Proportion of VQ to X Z. But the Propor- 


tions of BC to SE, and of VQ to X Z are the ſame 


(for BC is to SE (by Coroll. 1. per 4. J. 6.) as CF to 


E F; that is, by the Hypotheſis, as QL to ZL; that 


i, (by the fame Coroll.) as VQ to X Z). Therefore 


the Proportion of ABC to OS E is the lame with the 


Proportion of IV Q to RX Z. N. E. F. 


Lemma II. 


; Riſms inſcrib'd infinitely in a Pyramid (ZCAF) 


which hath a triangular Baſe, end in the fame Pyra- 


mid. | 

Let the Side of the Pyramid be divided into a certain 
Number of equal Parts AB, BG, G E, and through B 
and G there being made the Sections G DN and BE 
parallel to the Baſe Z AC; let the triangular Priſms 
BEP MA O and GDNKBQ be underſtood to be in- 


{crib'd 


I6hy 


Lemmata, or preparatory Propoſitions to Prop. * 


Fig. 9, 


Fig. 10. 
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fortb'd. im the Pyramid. Theſe. then being continued 
without the Pyramid, let there be underſtood to be de- 
ſcrib'd about the Pyramid the Priſms CIBA, PX GB, 
NH F G. The Exceſſes of the circumſcrib'd Prifms a- 
Bove the inſcrihed ones are the Solids IM, XR, HG, 
which taken together are equal to the Priſm CIBA: 
For HG (per 25. J. 11.) is equal to DB, and conſe- 
quently HG with X K are equal to PX GB, that is, 
by che ſame) to. ME BA. Therefore the three H G, 
XE, I'M, are equal. to the whale CIBA. But if AF 
Be divided without End into more equal Parts, and con- 
ſequently the Number of Priſms be infinitely increas d, A 
B will become leſs than any given Line. Therefore (as is 
manifeſt from p. 25. J. I. . the Priſm CIBA will be- 
come leſs, than any given one. Therefore the excels of 
the circumſcrib'd Priſms, (and much more of the Pyra- 
mid Z CAE which is. part of the Priſms circumſcrib d 
about it) above the inſcribed Priſms will be leſs than any 
given Priſm. Therefore the inſcrib'd Priſms (by Dein. 
6. I. 12.) end at laſt in a Pyramid. 2. E. D. 


ÞX OF W Than. 


Riangular Pyramids of the ſame Heighth 
ba ve that Proportion betwixt themſelves, 


T 


which their Baſes (A AR, ESN) have. 
Let the equal Altitudes of the Pyramids be repreſented 


by the Sides A P, EZ ; which on both Sides let be di- 
vided into as many equal Parrs as yau will, bur fo. that 
they be of che ſame Number; and let there be made 


through the Points of the Diviſions Sections parallel to 


the Baſes; let triangular Priſms, of the ſame Number 
and the fame Heighth be underſtood to be inſcrib'd in 
both Pyramids. And now becauſe the Priſins, LA; LE, 


are of che fame Heigheh, che Priſm LA will be to the 


Priſm I E (by Coroll. 1. P. 34. +. 11. J as the Baſe LOB 
is to the Baſe INK; that is, (by Lemma 1.) as the Baſe 
QRA is to che Baſe 8 M E. In the ſame, manner I might 
Mey that each of the Prifms inferib't into the Pyra- 


mid Q AR, is to cneh inſeribd into the Pyramid 8 Z 


EX, 
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EX as the Baſe QAR is to the Baſe SEX. There- 

fore all of them together are to all of them together 

as Baſe is ro Baſe, Wherefore ſeeing they at laſt end 

(per Lem. a.) in the Pyramids themſelves, the Pyramids 
themſelves alſo will be as their Baſes. Q E. D. 


PROP. VI. Theorem. 


A LL Pyramids whatſoever which are of equal Fig. 12, 13, 
_— bawve that Proportion betavixt them- 
ſelves which their Baſes (AB, CFO) have. 


Let their Baſes be reſolvd into Triangles A, B, C, F, 
O; and the whole Pyramids into triangular Pyramids. 
The Pyramid A X is to the Pyramid O Z (by the fore- 
going) as A is to O; and the Pyramid B X is to the 
Pyramid O Z as B is to O (by the fame). Therefore 
the Pyramids A X, BX, together ( that is, the whole 
Pyramid ABX) are to the Pyramid OZ as A, B, to- 
gether are to O. By the fame Argumentation the Pyra- 
mid AB X is to the Pyramid F Z (by the foregoing) 
as A, B, are to F: And ABX is to CZ as A, B, 
is to C. Therefore AB X is to the three OZ, F, 
CZ together; that is, to the whole Pyramid OF 
CZ, as A, B, together is to O, F, C, together. 2. 
5 


P R O P. VIL Tegen 


Very Pyramid i the third Part of a Priſm 
which hath the ſame Baſe and Heighth. 


Firſt, let the triangular Pyramid BGAC have the Fig. 14. 


fame Baſe and Heighth with the Priſm BACFEO: 


Let BF, AO, AF, be drawn. The Triangles B F C, 


BF O are (per 34. J. 1.) equal. Therefore the Pyra- 


mid B F C A, is equal to the Pyramid BO FA. For the 
ſame Reaſon O E AF is equal to the Pyramid OB AF; 
that is, to the Pyramid B O F A, for they are the ſame 


Pyramids. Therefore B F CA, and OE AF, are allo 


equal. 


3 — r * —— . ———— — A ne 


1 


172 


Fig. 15. 


Fig. 16. 


Fig. 17. 


equal. Therefore all three B FC A, OE AF, OBAE, 


'OK, EER, FR. © You may*from 20: and 51 J. 6. and Do- 
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or BO F A, are equal. Therefore the three together 
are triple of one BF CA. Bur thoſe three conſtitute 
the Priſm BAC F EO. That Priſm therefore is treble 
to the Pyramid BF CA; that is, (per 8. JI. 11.) to B 
GAC. 2. E. D. 

Then let any Pyramid whatſoever have the ſame Baſe 
and Heighth with the. Priſm, A E FH; the Lines B C, 
BO, BE, and NI, NG, NH, being drawn, reſolve 


the priſms into triangular Priſms, and the Pyramid into 
' triangular Pyramids. Which being done the Demonſtra- 


tion 15 manifeſt from the firſt Part. For each Part of the 
Priſms will be treble of each Parr of the Pyramids. And 
conſequently the whole Priſm will be treble to che whole 


PROP. VII. Theorem. 


T HE Proportion of like Pyramids (O AC B, 


KHIN) & triplicate to that which the ho- 
mologous Sides (AB, NN,) have to each o- 


ther. 


Firſt , let them be triangular : The Parallelograms 


AM and HQ being perfected, fer upon them the pa- 


rallelopipeds AG, HL, in the Heighth of the Pyri- 
mids ; which, ſeeing the Pyramids are like, will alfd 
(as appears from Defin. 9. I. 11.) be like. Then let E F, 
RP, be drawn; and through E F, CB, as likewiſe 
through RP, IN, the Parallelopipeds will be cut (per 
28. J. 11.) into two equal Priſms; each of which will 
be treble to the Pyramids O AC B, and K HIN (by 
the foregoing.) Therefore both together, that is, the 
whole Parallelopipeds A G, HL will be Sixfold of the 
Pyramids. Therefore the Pyramids are proportional to 
the Parallelopipeds. But (per 33. JI. 11.) the Proporti- 
on of theſe each to other is triplicate to the Proportion 
of the Sides AB, HN. Therefore ſo likewiſe is the 
Proportion of the Pyramids. BY 46 988 
But if the like Pyramids ſhall be polygonal, ler them 
be reſolv'd into the triangular ones AR, BR, CR, and 


2 fin, 


r S CAO TLN IE 


28g g nz 


kd. 


nn”: FW 


the Proportion of MX to S; that 18, 


Lib, XII. 


fin. 9. I. 11. eally ſhew that AR is like to OK, and 


EucrrtD's Elements; 


BR to EK, and CR to FR. Therefore by the former 
Parr, the Proportion of the Pyramids A R, OK, is tri- 
plicate to the Proport on of IM to PZ: And the pro- 
portion of the Pyramids BR and E K is triplicate to 


again by the 


« a* 1 
he, * * 
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8 Hypotheſis of IM to PZ; and the Proportion of the 
Pyramids CR, F K is triplicate to the Proportion of X 
9 Q to ST; that is, again of IM to Pz. Seeing there- 
1 fore the Proportion of each to each is triplicate to che 
1 Proportion of IM to PZ, the Proportion alſo of all to 
4 all (that is, the Proportion of the whole Pyramid AB 
. OR to the whole O EF K) will be triplicate to the 
e Proportion of IM to PZ. N. E. D. | 
PROP. IX. Theorem. 
, E.. Pyramids have their Baſes and Altitudes ** 1. 
. reciprocally proportionable; and thoſe heb 
RY have them ſo, are Equal. 
Part I. Firſt ler the Pyramids be triangular B ACO, 

8 K HNL: The Parallelograms B E, H R, being perfected, 
DA. upon theſe ſet the parallelopipeds, BF, HP. Theſe 
14 will be (as was ſhew'd in the foregoing) Six fold of Py- 
115 ramids which are by the Hypothefis equal, and conle- 
K quently will be equal berwixt themſelves. But now rhe 
ifs | Alcitudes of theſe Parallelopipeds HK, BA, are che 
8 ſame wich thoſe of the Pyramids; and the Baſes B E, 
1 H R, are double to (per 34. J. 11.) the pyramidal Baſes 
1 BCO, H NL, and conſequently proportional to them. 
| Seeing therefore by Reaſon of the Equality of the pi- 
ne I rallelopipzds, as BE is to H K, fo (by che ſame) is re- 
the J ciprocally H K, to B A; it will alſo be char as the Baſe 
| ry BCO is to the Baſe HNL, fo reciprocally is che Alf 
ort | tude H K to the Altitude BA. L. E. D. 
8 But if the Pyramids have polygonal Baſes, let them be 
the reduced into ctiangular ones, retaining the fame Alti- 
I tudes; and theſe will be equal to thoſe by the 6th. Bur 
hem the Pyramids thus reduc'd, have, as we have now de- 
-and monſtrared, their Baſes and Altitudes reciprocally pro- 
4 portionable. Therefore rhe * polygonal as” 


*r 
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tional. Q. E. D. 25 | 
Parr II. Becauſe ir is now ſuppos'd, that B CO is 
to HLN, as HK is to BA; BE will alſo be to HR, 
45 HK is to BA, Therefore the Parallelopipeds BF, 
HP, are (per 34-1. 11.) alſo equal. Therefore their 
ſixth Parts alſo, to wit, the Pyramids BACO, HKNL 
are equal. N. E, D. 5 "1 LES 


Corollaries. 
W HAT has been demonſtrated of Pyramids 


in pr. 6, 8, 9. does alſo agree to all Priſms 
whatſoever; ſeeing theſe are (per 7. /. 12.) treble to Py- 


ramids which have the ſame Baſes and Altitudes. There- 


tore | 
1. In Priſms of the ſame Heighth their Proportion is 


the ſame as that of their Baſes. For this was d of 


Pyramids, pr. 6. 

2. The Proportion of like Priſms is triplicate to the 
Proportion of their homologous Sides. For this was 
ſhew'd concerning Pyramids, pr. 8. 

3. Equal Priſms have their Baſes and Alritudes reci- 
procally proportionable; and thoſe which have them fo 
are equal. For this is ſhew'd of Pyramids, pr. 9. 

It is ſtrange that theſe Things were paſs d over by Eu- 


| clid, ſecing they are the chief Things which can be de- 


livered concerning rectilineal Solids, 


0 - S cholium. 


ROM what has been hitherto demonſtrated is drawn 

1 the Method of meaſuring any Priſms or Pyramids 

whatſoever. a 35 

The Solidity of a Priſm is produc d from the Altitude 

mulriplied into the Baſe ; and that of a Pyramid from 

the third Parr of the Altitude multiplied by the Baſe. 
As if the Altitude of a Priſm be of 5 Feet, but the 


Baſe contains 25 ſquare Feet; multiply 25 by 5, and 


there ariſe 125 cubick Feet for the Solidity of the 


Priſm. 


— * * * p g 
* = 4 *. 7 5 « aq 6 
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alſo have their Baſes and Altitudes reciprocally propor” ; 
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For ler there be a polygonal Priſm as A H. And let Fig. 15, 14, 


the Triangle BAC be underſtood to be equal to i 
Baſe AE, and upon BAC the Priſm BE he ſer . 
equal Heighth with AH. The Priſms BE, A H, will 
be (by Coroll, 1. foregoing) equal. But the Pri BE 
(I Sthol. p. 40. J. 11.) is produc'd from its A titude 
n into the Baſe BAC; that is, into A E. by 
Conſtruction. Therefore the Priſm AH alſo is made of 
its Baſe AE multiplied by its Heighth, which is ſup- 
ou > to 5 equal — 2 Heighth of the Priſm B E. 
From hence a m 7. the Demonſtration o = 
cond Part is alſo manifeſt. a "FP 


A Lemma to Prop. 10. 


8 linders infinitely, do ar laſt end in the Cones and 
inders. | 

This is demonſtrated as the Lemma of Prop. 2. with the 
help of Prop. 6. and of Coroll. 2. after Prop. 9. if as there 
Plains infcrib'd in a Circle, ſo here Priſms and Pyramids 
which ſtand upon thoſe Plains as their Baſes, be conti- 
nually taken away from the Cones and Cylinders. 


PYramids and Priſms which are inſcrib'd in Cones aud 
Cy 


PROP. X. Theorem. 


E ery, Cone us @ third Part of a Cylinder having 
the ſame Baſe and Heighth. | 


Let a regular Polygon of as many Sides as you pleaſe 
be underſtood to be inſcrib'd. in tbe Baſe C L, and upon 


it as the Baſe, for a Cone let a Pyramid, and for a Cy- 


linder a Priſm be infcrib'd. The Pyramid (per 7. J. 12.9 
will be a third Part of the Priſm. And 1 | 

Circle a Polygon of twice as many Sides be infcrib'd, 
and upon ic be. inſcrib'd for a Cone a Pyramid, bur for 
the Cylinder a Priſm ; the Pyramid will again be a third 
Part of the Priſm. And thus it will always be. Where- 


fore ſeeing Pyramids end in a Cone, and Priſms in a Cy- 


linder, the Cone alſo will be a third Part of the Cylin- 
der. 2. E. P. a 


M 2. PROP. 


again in the 


Fig. 20. 
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- PROP. XL i Theorem. 8 


Ones of equal Height (B AE XR) are 
. ibeir Baſes (C L, S E). The ſame Thing 
belongs to Cylinders of equal Heighth alſo. 


Pyramids inſcrib'd into Cones of equal Heighth, are as 
their (per 6. I. 12.) Baſes. But Pyramids do at length 
end in Cones. Therefore Cones alſo are as their Baſes. 
And ſeeing Cylinders are threefold of Cones , which 

have the ſame Baſe and Altitude with them, they alſo 
will be as their Baſes. Q. E. D. | 


. Fig. 10, 21. 


Coroll. 


1 N the ſame manner it may be demonſtrated that alſo 
Priſms and Cylinders of equal Height are betwixt 
themſelves as their Baſes; yea, that all cylindrical Bo- 
dies of the ſame Altitude; that is, which are produc'd 
from whatſoever Plains multiplied by the ſame Altitude, 
are betwixt themſelves as their Baſes. You may reaſon 
in the ſame manner of Pyramids and Cones of equal Al- 
ritude, and of all conical Bodies whatſoever. 


PROP. XII. Theorem. 


HE Proportion of like Cones (BAF and 
22 R) à triplicate to the Proportion of the 
Diameters (B F and R) which are in the Ba- 
ſes. The ſame Thing zs to be ſaid of like Cylin- 


Fiz. 20, 21. 


ders. 


In the Baſes of the like Cones let regular Polygons be 
inſcribed, which Polygons conſequently will be like, The 
Hog which are inſcribed upon theſe Polygons will 
alſo be like; as may be eaſily ſhew'd. There- 
fore their Proportion is triplicate ( per. 8. J. 12.) 
to the Proportion of the Sides BL, QE; that is, to the 
Proportion of the Diameters B F, QR. Wherefore ſee- 

X I ing 


perficies. 
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ing the Pyramids end in Cones, the Proportion alſo of the 


Cones is triplicate to the Proportion of the Diametęrs 


BF, R. NL. E. D 


The Theorem is manifeſt of Cylinders, ſeeing they 


are treble to Cones. 


PR O P. XIII. Theorem. 


F a Cylinder (BT) be cut with a Plain (RL) 
parallel to the Baſes (BA, CT); one Part 
(BL) ſhall be to the other Part (RI), as one Seg- 
ment of the Axis (AO) to the other Segment of 
the Axis (O F.) 


This Propoſition is demonſtrated as the firſt of 16. 
The Theorem is in the ſame manner true of the Su- 


PROP. XIV. Theorem. 


Ninders (AR and CI) of equal Baſes (MD, 
GH) are as their Altitudes (LZ, S F.) 

The ſame Thing bappens to Cones. | 
Cur off from the higher Cylinder AR the Cy- 
linder AO, whoſe Heighth LE is the ſame with 
SF. Therefore (per 11./. 12.) the Cylinders, AO, 
CI, are equal. Seeing therefore the Cylinder A O, is 
to the Cylinder AR, (by the foregoing ) as LE is to 


LZ; CI alfoſhallbeto AR as LE is to L Z; that is, 


( becauſe LE and SF are equal, by Conſtruction) 28 
SF to LZ. Q E. D. 


| Corollary. 
T HE Theorem is alſo true of Priſms, and likewiſe 
1 of Pyramids, and the Demonſtration altogether 
alike. Bur of Priſms the thing is demonſtrated from Coro/. 
1. p. 9. J. 12, and 25. I. 11. and its Coro. Of Pyramids 
rom this, and from p. 7.4.12. 
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Fig. 22. 


Fig. 23, 24. 
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PROP. XV. Theorem. 


Qual Cylinders (AR, DF) bade their Baſes 

and Altitudes reciprocally proportional; and 

if they have them ſo they are equal. The. ſame 
Thing à true of Cones. 5 

This is demonſtrated as Prop. 34. J. 11. only for 325 
and 25. J. 11. there cited, there maſt be cited here Prop. 
11, and 13.4 12. | 


Fig. 24, 25. 


Scholium. 


& A 7 Hereas Euclid hath ſaid nothing of compound 
Proportion in Bodies , we ſhall briefly demon- 

ſtrate it in this Place. . 
I. A Cylinder hath to a Cylinder, and a Priſm to a 


Priſm, a Proportion compounded of the Proportions of 
the Baſes and Altitndes. | 


Fig: 25, 24. Let FD and AR be Cylinders of different Altitudes (for 
in thoſe of equal Altitude the Thing is manifeſt.)From the 
higher cut off AO of equal Height with FD. And let the 
Proportion be thus; as the baſe UT is to the Baſe MQ, fo 
FN to X; and as the Altitude ND or BO is to the 
Altitude B R, ſo is X to Z. We muft therefore ſhew, 
that the Cylinder FD is to the Cylinder AR, as FN is 
to T. The Cylinder FD is to the Cylinder A O ( per 
11. J. Way as the Baſe VT is to the Baſe MQ; that is, 
by Conſtruction) as FN is to X; but the Cylinder 
AO is ro the Cylinder AR (per 18. J. 12.) as BO to 
BR; that is, (by Conſtrufion ) as X to Z. There- 
fore by Proportion of Equality the Cylinder FD is to 
the Cylinder AR, as FN to 2. 
Thepropoſition may be demonſtrated in the ſame man- 
ner of Pritms, but from Coroll. 1. pr. 9. and Coroll. pr. 1 4. 
2. A Cone allo hath to a Cone, and a Pyramid to a 
Pyramid, a Proportion which is compounded of the 
Proportions of Baſe to Baſe, and Altitude to Altitude. 
Cylinders and Prifms, - . > 


3 


— * — — 
I 2 * — —— 5 - br N E; * 
n = 2 = * 1 — WE — A In) — * 22 4 Po — RE — —— — 
— Sa, 3 — * — WS 2 * Lo to 2 — 5 * 2 88 e = _ » 
— — > 8 — A 2. —— = 2 3, * L L * wk kh 9 Tis A * 4 e of * AS r 5 3 ey 
— S \ 2 — 1 __ 7 — — _ —_ Ge” 8"; EE CIS Pts.) * — » e — of w 1 | \ ”- Fg 3 o 
—_— 54 end u " — _ — > ang — * - A 2 — * - * bs | . : — — 2 — „ 6 
Rey e — . 4m OS Saw" "VO" „ r * — e — . — , = - = 1 — — bo " - 
l a 0 1 n * 5 py Nen wh © — yu = .- '". -& Sh So a L 1 — 
8 » — W 7 c — % —%4 „44 n 
228 * . . N f 
e 
* 
A 
HS 
- 
- - "_ 4 
F 
- 
was 
Li 
2 
” 
* 
„ 
- 


2 
_ 
7 


;p. XVI, XVIL 
T He Propoſitions , the moſt prolix of all other, 


bave no other Uſe than to ſerve to the demon- 
rating, Prop. 18. which we ſhall demonſtrate 
in another more eaſy Way. 


4 


Lemma to Prop. 18. 


Ylinders inſcrib'd in an Hemiſphere end in the Hemi- pie. 26. 


ſphere. Let PZ I be the greateſt Semicircle of 

che Hemiſphere ; and let the Radius A Z be perpendi- 
cular to the Diameter PI. Cut AZ into à certain 
Number of equal Parts, AM, MN, NZ; and there 
being drawn through the Points of the Diviſions M, N, 
the perpendicular Lines BO, c. Let there be in- 
ſcrib'd in the ſemicircle the Rectangles O B RK, ED HS; 
which aftewards being continued without the Semicircle, 
let there be underſtood to be deſcrib'd about the Semi- 
circle the Rectangles FT YP, LV BO, QX PDE. They 
will all of them be of the ſame Height, and the Ex- 
ceſſes of the circumſcribed ones above thoſe which are 
inſcrib'd will be the Plains FR, LS, X E, VH, TR, 
which taken together make the Rectangle FT IP. For 
becauſe X E is equal to DS, thoſe LS, VH, X E, to- 
gether will be equal to the Rectangle LB, that is, O R. 
Wherefore if you add on both Sides the Plains F K, 
TR, all thoſe FR, LS, X E, VH, TR, taken toge- 
ther will be equal to the Rectangle FT IP. If now 
the Semicircle wich the Rectangles be underſtood to be 
turn d about the Radius A Z, which is in the mean while 
unmov ' d, the inſcribed Rectangles E H, O R, will pro- 
duce Cylinders inſcrib'd in the Hemiſphere; and the 
circumſcrib'd Rectangles will produce Cylinders circum- 
ſcrib'd about the Hemiſphere, ſtanding one upon another; 
and as the Exceſſes of the circumſcribed Rectangles a- 
boye the inſcribed ones was the Rectangle F Y ; ſo like- 
- wiſe the Exceſſes of the circumſcribed Cylinders above 
the inſcribed ones, will be the Cylinder which is produ- 
cCed from the Rectangle FY. But now the Altitude = | 
* M 4 chig 
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this Cylinder will be made leſs than any given Height h; 
and conſequently ( as is manifeſt from 13. /. 12.) it felt 
will grow to be leſs than any given Cylinder, if, the 
Radius being divided into more equal Parts without end, 
the Number of Rectangles, and from thence of Cylin- 
ders be infinitely increas'd. Therefore, the Exceſs of the 
cixcumſcrib'd Cylinders, and much more of the Hemi- 
ſphere it ſelf, which is only a Part of the circumſcrib'd 


Cylinders, above the inſcribed ones, will at laſt become 


leſs than any given one. Therefore (by Defin. 6. J. 12.) 
Cylinders infinitely inſcribed in an Hemiſphere, do at 
length end in the Hemiſphere it elf. Q. E. D. 


Corollary. 


N the ſame manner it will be demonſtrated, that Cy- 
linders iuſerib d in a Cone, Conoid, Spheroid, Oe. 


do ar laſt end in the ſame. 


PROP. XVIII. Theorem. 


TH E Proportion of Spheres is triplicate to the 
Proport ion of their Diameters (BK, RZ). 


The Radius's AB, YR, being divided into as many 
equal Parts as you will, bur of an equal Number, and 


there being drawn through the Points of the Diviſions 


rpendicular, c. Let Hęctang les of an equal Num- 
r be underſtood to be inſcribed in the greateſt Semi- 


circles of the Spheres, which Rectangles being turned 


about the unmov'd Radius's A B, Y R will be conceiv d 


to inſcribe in both the Hemiſpheres a like Number of Cy- 
linders ſtanding one upon another. Now becauſe K C 


is (per Coroll. p. 1 3. I. 6.) to CF, as CF is to CB; the 


Proportion of KC ro CB ( by Defin. 10. J. 5.) will be 
duplicate to that of KC to C, that is, to the Propor- 


tion of FC to CB. In like manner the Proportion of 


- ZE to ER will be duplicate to the Proportion of X E 


2E is to ER. Therefore F C alto is to BC as X E 


But by the Conſtruction K C is to CB as 
jo ER. But BC by che Conſtruction is ta CO as 


= — 
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RE to ES. Therefore by Equality FC is to CO, as 
X L. is to ES. Therefore (by Defin. 4. J. 12.) the Cy- 
linders FL, X Q are like, and conſequently their Pro- 
portiont is triplicate to (per 12. J. 12.) the Proportion 
of their Diameters, FI, X V, or of the Semi- d iameters 
FC, X E, which are the Baſes. But the Proportion of 
FC to XE is the ſame with the Proportion which is be- 
twixt the Diameters of the Spheres BK, K Z; (for as I 
have already ſhewd FC is to X E as CO is to ES; 
that is, as BK is to RZ which by the Conſtruction are 
equi- multiples of thoſe CO, ES.) Therefore the Pro- 
portion of the Cylinders FL, XQ is triplicate to the 
Proportion of the Diameters BR, RZ. In the ſame 


manner we might demonſtrare that each Cylinder inſcri- 


bed in one Hemiſphere, bears ro each Cylinder inſcribed 
in the other Hemiſphere a Proportion triplicate to the 
Proportion of the Diameters BK, RZ. Therefore alſo 
the Proportion of all together to all together is triplicate 


to the Proportion of the Diameters BK, RZ. Where- 


tore ſeeing the aggregates of the Cylinders do at length 
end in their Hemiſpheres, the Proportion of the Hemi- 
ſpheres alſo, and conſequently of the Spheres will be 
triplicate to the Proportion of their Diameters. 2. E. D. 


0 Corollary. 


Herefore the Proportion of the Diameters being 
known, the Proportion of the Spheres becomes 
known likewiſe. As if the Diameter of the leſſer be one 
Foot, that ot the greater Ten Feet; let the Proportion 
of one to ten be continued through four Terms, 1, 10, 
100, 1000. as I the firſt is to 1000, the 4th Term, fa 


is the leſſer Sphere to the greater. 


- The Dimenſion of Cones , Cylinders, and of the 
Sphere, will be exhibited in the following Book out of 
Archemides. 


Scholium. 
A S like plain Figures are increas d or diminiſhed in 


any given Proportion by one mean . | — 
5 55 | f Ike 


\ 
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like Bodies are increas'd or diminiſh'd by two mean Pros 
portionals, 
Let a Sphere or Cube, or any other Boy whatſoever 
be given, whoſe Radius or Side is A. Likewiſe let any 
Proportion wharſoever of A to B be given, as the don- 
ble or 2 to 1. A Body is to be difcover'd both double 
to the given one, and like to it. 

Betwixt the Terms of the given Proportion A and B, 
let there be found two mean Proportionals X, Z, ac-$ 
cording to what was tanghr in the Scholium of Prop. 13. 
J. 6. A Sphere whoſe Radius is X, or other Body like 
to the given one which is made upon the Side X, will 
be double to the given one. 

For like Bodies whoſe Radius's or Sides are A and X, 
have betwixt themſelves a Proportion which is triplicate 
to the Proportion of A to X, (by Coroll. prop. 9, and 
by Prop. 12. and 18. J. 12.) that is, the ſame (per Defin 
10. J. 3.) which A hath to B. 

And this is that moſt celebrated Problem which from 
Apollo of Delos is called the Deliacal Problem; becauſe at 
the time of afmoſt grievous Peſtilence, which waſted 4- 
thens, being conſulted, he gave anſwer, that tlie Peſti- 
lence would ceaſe, if his Altar, which was of a cubical 
Form, were doubled. Thus Valerius Maximus l. 8. 
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To the READER. 


X LBEIT there have appear d very many 
A moſt excellent and admirable Men in the 
Mat bematical Sciences; yet the chief Glory 
of all bath always by a certain common Conſent, 

een given to Archimedes of Syracuſe. Tho 
indeed more there are who commend than 2who read 
bim; more who admire than underſtand him, The 
* which Neglect ſeem to be theſe, the Bulk 
and Scarceneſs of Copies , ſome Obſcurity of the 
Tranſlation,which is directly made out of the Greek 
Language, tog ether with the mo and Difjt- 
culty of his Demonſtrations. I judged therefore 
that it would be for the Profit of Ffudious Learners, 
if after my Illuſtration of the Elements, I ſhould 
ſubjoin theſe Theorems which have been ſelected 
by me out of Archimedes, and demonſtrated in a 
much eaſier and briefer Way. Furthermore, I have 
ſelected thoſe , which bring along with them bath 
more of Admiration and of Benefit; and have in my 
Demonſtration took ſuch a Method that, I hope, he 
who underſtands the Elements will , - without any 
great Labour comprehend theſe noſt excellent Inven- 
tions of the Prince of Geometricians. I have alſo 
added at the End thirteen Propoſitions, and thereby 
enlarged the Doctrine of Archimedes concerning 
the Sphere and Cylinder: where among ft other 
Things, I demon flrate, that the — Pro- 
portion is continued in the Three Bo 


ies, a Sphere, 
Cylinder, and equilateral Cone ; both the latter be- 
2 ing 
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. To the Reader. 


ing circumſcrib'd about the Sphere. Moreover I 
bave added divers Things bere and there; among ft 
which the 12th Propoſition, and the Corolla- 
ries of Prop. 14. are the chief; and ſeveral Scho- 
liums. Make uſe of theſe Diſcoveries whoſoe- 
ver thou be ft, that art a Candidate of Geome- 
try; and how much thou baft improv'd inEuclid, 
wake Proof of in Archimedes. And when 
thou perceiveſt thy ſelf to be fd and rais'd up- | 
wards in the Contemplation of the mot noble 


Truths, raiſe up thy Mind, while it is thus already 


lifted up from theſe lower Things yet bigber, and 
lirect it to that Truth which u Original, Eternal, 
Immenſe, and « no other than God; by the 
ineffable Viſion of whom, I truſt we ſhall bereafter 
be made eternally Happy. Farewtl. * 
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DEFINITIONS; 


Or an Explication of certain Terms. 


E T there be a Circle B ECG, whoſe . Center 
is A, its Diameter BC, which let the right 
Line EG cut at right Angles, but not through 
the Center, in D. Let there be drawn 
from the Center the Radius's A E, AG. This being 
fu Sd, 
170 TE, (i.) That a Sector of a Sphere is that which 
2 is produced from the Sector of the Circle AE CG, or 
| AE B G, turn'd round about the Diameter BC. 
2. That a Segment or Portion of a Sphere is that Part 
of it which is produc'd from the Segment of the Circle 
ECG or EBG turn'd round about the ſame Diameter 
BC. | 
) 3. The Vertex or Top of the Spherical Portion E B 
s is the Extremity B of the unmov'd Diameter; the 
Baſis, the Circle deſcrib'd by E G ; the Axis, that Part 


of the Diameter BD, which is intercepted betwixt the 


Top B, and D the Center of the Baſe. 

4. When I name the Superficies of a Spherical Porti- 
2 on, or of a Body inſcribed in it, or of a Cone, I al- 

ways underſtand it without the Baſe; and when 1 
ſay the Superficies of a Cylinder, I mean likewiſe with- 
out the Baſes; unleſs the Word | whole] be adjoin'd to 
Superficies]; for then the Baſes alfo are to be taken 
in. 8 5 | 


Again, 


Fig. 23. 

Of the Ta- 
ble our of 
Archimedes, 


Fig. 1, 16. 


Fig. 1. 


Fig. 16. 


Fig. z, 6. 


Fig. 4,8. 


S 


ARCHIMEDES's Theorems. 
Again, when I treat of Cylinders or Cones, I ſpeak 


of no other than right ones. 
oF : 2 


Axioms. 


5 T HE Circuit of a Polygon inſcrib'd in a Circle is 
leſs tlian the Circumference of the Circle. 


2. The Circuit of a Polygon deſcrib'd about a Circle 
is greater than the Circumference of the Circle. 


3. And if a Polygon infcrib'd in a Circle, be turn'd a- 
bout the Diameter (A E) together with the Circle, the 
Supericies of the Body produc'd by the Polygon, will 
be leſs than the Superficies of the Sphere. And if a 
Polygon circumſcrib'd about the Circle , be turn'd abour 
the Diameter, together with the Circle, the Superficies 
of the Body produc'd by rhe Polygon will be greater 
than the Superficies of the Sphere. 

4. In like manner the Circuit of a Polygon inſcrib'd 
in a Segment ot a Circle (DAF) is leſs than the Cir- 


- cumference of the Segment. And if a Polygon inſcrib'd 


in the Segment, be together with the Segment (AO) 
turned round ; the Superficies of the Body prod uc d 
by the Polygon will be leſs than the Superficies of the 
Spherical Portion (D AF.) 

5. The Superficies of a Priſm inſcrib'd in a Cylinder 
is leſs than the Superficies of the Cylinder; but the Su- 
perficies of the Priſm which is circumſcrib'd is greater. 

6. And the Superficies of a Pyramid inſcrib'd in a 
Cone, is lets than the Superficzes of the Cone; but the 
Superficies of a circumſcrib'd Pyramid, is greater. 


* 


PROPOSITIONS L IL 
A RE not neceſſary. 


PR O P. HE Theorem. 


HE Circuits of Polygons circumſcribd about 
and inſcrib'd in a Circle do at laſt end in the 

In lik manner 
the 


Circumference of the Circle, 
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Axe HIME DES Theorems. 
the Polygons . themſelves do at laſt end in the 
If, to wit, the. Arches being biſected without end, 
erib d about and inſcrib'd 


Part I. Let there be underſtood to be inſcrib'd in and 
deſcrib'd about a Circle regular Polygons; whether it 
be done fo as is ſet down, pr. 12. /. 4. or as in the pre- 
ſent Figure, the Thing will be the ſame. It is manifeſt 
Oer Coroll. x. p. 4. I. 6.) that FI is to CE (that is, the 
whole Circuit circumſcrib'd, unto the whole Circuit in- 
ſerib d) as IA is to CA. But IC the Exceſs of the 
right Line IA above CA, becomes at length leſs than 
any given Line, if more and more Sides be underſtood 
to be 1— circumſcribd and infcrib'd; therefore al- 
ſo the Exceſs of the Circuit circumſcrib'd above that 


Fig. i. 
Tabl. Archi- 
med. 


which is inſcribd, will at length become leſs than any 


ven Line. Therefore much more the Exceſs of the 
Circuit circumfcrit'd above the Circumference of 
the Circle will be leſs than any given one: In 


like manner ,: becauſe I have already ſnew'd the Defect 


of the Circuit inſeribd, whereby jr falls ſnort of that 
which is circumſcrib'd, ro be les than any given 
line: Therefore much more will the Defe& of the 
Circuit inſcribed , whereby it falls ſtiorr of the Circum- 
ference of that Circle, become leſs than any given Line. 
The Circuits therefore; as well as that which is inſcrib d, 
4s that which is circumſcrib'd, do at length ( Defin. 6. 
{ 12.) end in the Circumference. Which was the firſt 
part. To demonſtrate theſe Things further is not worth 
the while, ſeeing they are manifeſt enough. | 

Part II. Becauſe it hath already been ſhew'd that the 
Exceſs FI above the Side E C becomes at length lets 
than any given (for FI is to EC, as IA to CA); 
therefore alfo' the ' Exceſs of the Square of FI above 
the Square of EC will become at length leſs than any 
wen. But as the Square of FI is to the Square of EC 
0 (per 20, l. 6.) is the Polygon circumſcrib'd, to that 


which is infcribd. Therefore the Exceſs of the Polygon 


eircumſcrib'd above that which is infcrib'd, will alſo be- 
come at length leſs than any given one. Therefore much 
more will the Exceſs of the Polygon circumſcrib'd above 
tne Gircle; become at laſt _ leſs than any given one; 

e an 
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ARCHIMEDES's Theorems. 


and conſequently, the Deſe& alſo of the Polygon in” 
{cribd , whereby it falls ſhort of the Circle, will ar 
length become leſs than any given Detect. Therefore Po- 
lygons as well inſcrib' d as circumſcrib'd do at laſt (De- 
fin. 6. J. 12.) end in the Circle. Which, was the ſecond 
Part. 5 e 6 5 


PROP. IV. Theorem. 


|; __ def. A Regular ( ) Pohgon ( FINTR) Gregs eri 


Fig. 1. 


Fig. 2. 


about 4 Cirele, is equal to a Triangle whoſe 
Baſe is the Circuit of the Polygon, and it"; 
Heighth the Radius 7 the Circle, © 12 
And a regular Polygon inſcrib'd in a Circle is e- 
qual to a Triangle, which hath for its Baſe the 
Circuit of the Polygon, and for its Heighth the 


; Perpendicular (AO) lie: down into one Side from 


n og ** 
part I. The Radius AB drawn to the Point of Con- 
tact is — 18 J. 3.) perpendicular to the Tangent IF. 
Wherefore if the right Lines A F, AI, AN, Oc. being 
drawn, the Polygon be reſolv'd into Triangles; the? Ra- 
dius AB will be the common Altitude of all; and con- 
ſequently it is manifeſt that the Triangles are equal. 
Therefore a Triangle which hath its Baſe equal to the 
Sum of the Sides FI, IN, NT, Cc. and A B for its 
Altitude, will (as is manifeſt from 1. J. 6.) be equal to 
them all, that is, ro the whole Polygon circumſcribd. 

Parr II. This may be concluded by the fame reaſon- 


— 


ing as the other. 


as | Xt 
P ; R O P. V. Theorem. | 
. goa a6 | 33 15 


A Circle if tqual to s Triangle, which bath fa 


the Semidiameter of the Circle. 


Regular Polygons circumſcrib'd about a Circle, and 
Triangles which have for their Baſes the Circuit of the 


its Baſe the Circumference, and for its Heighth 
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ARCHIMEDES,s Theorems. 
Polygon, and for their Altitude the Radius of the Circle, 


are always (by the toregoing Prop.) equal. But Polygons 
circumſcrib'd infinitely about the Circle end in the Cir- 
cle, (by the 3d of this Book) ; and in like manner Tri- 


angles (as I will ſhew by and by) which have for their 
Bale the Circuit of the circumſcribed Polygon , and for 
their Altitude the Radius AB, at laſtend in a Triangle 
which hath the Circumfrence for its Baſe, and for its Al- 
titude the Radius A B. Therefore (by the firſt) a Circle 
and a Triangle which hath the Circumference tor its 
Baſe, and che Radius for its Altitude are equal. 

But that Triangles contain'd under the Circuit of the 
Polygon, and the Radius of the Circle, end at laſt in a 
Triangle, which is contain d under the Circumference 
anti the Radius, I thus ſhew. Triangles under the Cir- 


are to the Triangle which is under the Circumference and 
the Radius AB (by 1. 4. 6.) as Baſe to Baſe, that is, 
as the Circuit of the Polygon to the Circumference; 


But the Circuit of the Polygon (by the 3d) ends in the 


5 Therefore the other Triangles end in 
8. 


A Corollaries. 


is equal to the Circle; that one under the Radius and the 
whole Circumference is double; that one under the 


| thereto. | . | 
bs 2. A Circle is to an inſcribed Square, as half the Cir- 
cumference (C DE) is to the Diameter; but to a Square 
circumſcribed, as the fourth Part of the Circumference 
is to the Diameter. | 

For the Rectangle under C DE, and the Radius CA 
or CF that is, (by the foregoing Corollary) the whole 
Circle, is to the Rectangle GH CE, to wit, the Rectan- 
ge under FG and CF (chat is, to the inſcribed Square 
BC DE) as (per 1. J. 6.) CDE, half che Circumfe- 
rence, is to FG or CE the Diamether; which was the 


cuit of the circumſcribed Polygon and the Radius AB, 


ſince this Triangle and the other have a common Altitude. 


1. F kom this and 41. J. 1. it is manifeſt that a Rectan 
gle under the Radius and half the Circumference 


whole Circumterence and whole Diameter is quadruple 


ürſt Thing. And conſequently the Circle is to the dou- 
TP N 2 ble 
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ARCHIMEDES's Theorems: 


ble the Rectangle G FC E, (that is, to F H the cir- 
cumſcribed Square) as CPE is to the double of the 
Diameter CE, or as the quadrant CD is to the Diame- 
{ 3. Of Figures which are of equal Circumferences the 
Circle is the moſt capacious. Let the Circumference of any 
P̃hhgon whatſoever (in for Inflance of a Square) E GHH 
be equal to the Circumference of the Circle. I ſay, that the 
Area of. the Circle is greater than that of the Polygon: For 
the Area of the Circle is equal to a Triangle, whoſe Ba'e u 
the Circumference, and its Altitude the Semidiameter FA. 
And the Area of the Polygon is equal to a Triangle whoſe Baſe 
is the Compaſs of the Polygon, which by the Hypotheſis is e- 
qual to the Circumference of the Circle, and which hath for 
its Altitude the Perpendicu/ar FO; let down from the Center 
of the Circle unto the Side of the Polygon 4, which ſince it is 
always le(s than the Ralius of the Circle, it is manifeſt that 
the Area of the Polygon is leſs than the Area of the Circle. 
Q. E. D. And in lite manner, amongſt all ſolid Figures 
contain d under equal Surfaces, the Sphere may be demonſtra- 
ted to be the moſt capaciuus ]. $13 9092 35d 


PROP. VI. Theorem. 


T HE Circumference à Circle contains the 
A Diameter leſs than thrice and one'ſeventh 
(or 33) ; and more than thrice and it. "73 


For the Demonſtration of this Theorem, Archimedes 
aſſumes regular Polygons, one circumſeribed about a Cir- 
cle, the other inſcrib'd, and both of them of 96 Sides. 
And then he ſhews that the 98 inſcribed about a Circle, 

do contain the Diameter leſs chan thrice and one ſeventh, 
and, enn that the Circumference which is 
leis than them, doth alſo contain the Diameter 
leſs than thrice and one ſeventh. But the 96 Sides 
inſcribed in the Circumference, (and venely the 
Circumference alſo which is greater than them) doth 
contain the Diameter more than three times 3. But this 
Demonſtration is too long to be brought in in this Place. 
Nay, if we be minded to extend our Geometrical Rea- 
ſoning to Polygons of more Sides ſtill, we may contract 
rhe Limits even now ſet more and more without Limit F 

ts * 5 an 


r 
* 


* * Fe) . * 
* el W ? 
A 8 * 4 "7, ROE 
«hw * 
T0 3 LEY 
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and ſo come nearer and nearer for ever to the true pro- 
portion. This hath been perform'd by Ludo h Ceulen, 
5 Grimberger , Metivs , Snell, and others. The chief 


Proportions hicherto found I ſhall here ſubjoin. 


© | Howover, ſince a Tangent of 30 Degrees multiplied by 
T2, gives the Circuit of a circumſcribed Hexagon; and a 
Sine of 30 Degrees multiplied by 12 gives the Circuit of an 


Hexagon, which is inſcribed : Foraſmuch alſo as in like man- 


nen the Tangent of half a Degree multiply'd by 920 , yields 
the Circuit of a circumſcribed Polygon of 3 60 Sides; and the 
Sine of half a Degree, the Circuit of an inſcribed Polygon of 
360 Sids ; and ſo on for ever : It will not be difficult to un- 
derſtand, by what Means many ſuch Numbers may be found, 
out of the now given Tables of Sines and Tanzents.) | 
The firſt Proportion, -which is that of Archimedes, 
is thus: by 
The Diameter 7 
The Circumf. is 22; which is greater than the true. 
The Diameter 71 
The Circumf. is 223 ; leſs than the true one. 


The Proportions of 22 to 7, and 223 to 71 , if they 
be reduced to a common Conſequent, (which is done 
afrer the ſame manner, in which Fractions are reduced 
to the ſame Denomination) will be thus, 1552 to 497, 
and 1561 to 497. | | 

Therefore the Diameter being ſuppos'd 497 Parts, the 
Circumference greater than the true one will be 1552; 
and the Circumterence leſs than the true 1561. 

Both of them therefore differ from rhe true, by a 
Quantity leſs than , Part of the Diameter. Bur if the 
Proportions of 7 to 22, and 71 to 223 be reduced ta a 
common Conſequent, there will ariſe the Proportions of 
1561 to 4906, and of 1562 to 4906. 

Therefore the Circumferenee being ſupp>s'dro be 49086 
Parts, the Diameter leſs than the true will be 1561, the 
Diameter greater than the true 1562. 

Both therefore differ from the true Diameter by Quan- 
tity Jeſs than 3 6 Part of the Circumference. Bi 

The Proportion delived by Metius is much more ac 
curate than this of Archimedes. According to this, 


The Diameter is 113. 
The Circumference 353. 


Amongſt 


* — * L nl N te Fe N "1 * * . FI" 
* * OY aA Oy. 882 * vis . oy 2 * # 8 „ Hes * Ry 4 "0 2 9 ** 77 ” 
ci GR q b «1 4 . INE FIN „ IO ee 
2 8 ** v 9 * 9 1 * Tc I > * 4 a 1 55 BINS 
5 * 8 5 s SR > Tis * „ « PIC ab. 2 _— 2 
* 2 13 re E * "46163 == * WT 9 4 
? Py HE > . * * 5. 0 * * 2 2 
Cl 2 * 3 * . ** % 9 1 
* 7 0 * * : 


ARCHIMEDES's Theorems. 


Amongſt all Proportions conſiſting of ſmall Numbers 

none comes neaxer to the true one; for from this, the 
Diameter being ſuppos d of 10, ooo, ooo Parts, the Cir- 
cumference comes to be of 31, 415, 929, Which differs 
from the true one only in the firſt Figure 9, and this by 
an exceſs bur a little greater than two ten- millioneth Parts 
of the Diameter. 5 | 15 
But more exact than both is that double Proportion of 
Ludolphus a Ceulen; the former of which conſiſts of 21 
Figures, and the latter of 36. 88205 yh 


The Diameter 
Ido, ooo, ooo, ooo, ooo, ooo, ooo. 
The Circumf- greater than the true 
314139263, 338979, 323847. 
The Circumf. leſs than the true 
314, 15926 3,338979,323846. 


The Difference of both the Circumferences is one par- 
ticle or the Diameter denominated from a Number 


which confiſts of a Unity and 20 Ciphers; and conſe- 


—— as well this as that differs from the true Circum- 


rence by a Quantity leſs than is the ſaid ſmall Part of 


the Diameter ; to wit, one hundredth of a millioneth of 
a millioneth of a millioneth Part. | 
| The Diameter 1851 
1 ©0000,000002,000000,000C00,000000,000000. 
The Circumi. greater than the true 
314159,265338,979323,846 264, 338327, 930289. 
The Circumf. lets than the true | 


3141 59,26 33 38,979323,846264,338327, 950288. 


The Difference of both the Circumferences betwixt 
which is the true one, is that ſmall Part of the Diameter, 
denominated from a Number which conſiſts of Unity and 
35 Cyphers; which ſmall Part bears a lefs Proportion to 
the whole Diameter, than one little Grain of Sand doth 
to the whole Globe of the Earth. For the whole Globe of 
the Earth doth not conſiſt of ſo many little Grains of 
Sand, as are the little Parts of the ſaid Sort which are 
contain'd in the Diameter. P ; 

It is needleſs to go any further. Nevertheleſs you 
may proceed infinitely, it you be minded to continue 
Geometrical Reaſoning, an expedite Method of which is 
delivered by Shelly, WY Tha 
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ARCH ME DES“U Theorems. 
T e Circumference being ſuppor d f "2 
' $,000000,000000,000000,000000,000000,000000,000000 Parts. 
** © - The Diameter will be as near as may be, © 

0,318309,886183,790671,537767,92674$,028724 Parts. 


MH, * A - 
n 


* Sebolium. 


* moſt excellent Advantages of the Proportion now 
delivered are theſe which follow. | ons 


1 © 


* 


Tbe In vent ion of the Diameter from the Circum- 
ail 40 41 Ference. | b 220081 
-C ET the greater Term of one of the Proportions which 
have been now delivered in the firſt Place, the leſſer 
in the Second, the Circumterence in the Third; by theſe 
three Numbers let there be ſought by the golden Rule a 
Fourth Proportional. Thar is the Diameter ſought. 

As if the Circumference of the greateſt Circle of the 
Earth be ſuppos d to contain 25000 Engliſh Miles of 3280 
Feet each, and the Diameter be ſought ; the Terms will 
hn, | 


. 3355—113— 250007854 : 

Multiply now the- ſecond by the third, and divide the 
Product by the firſt ; and there will ariſe 7854 Miles 
for the Diameter of the Globe of the Earth. 


The finding out of the Circumference from the 
| Diameter. | | 


Lf T the lefier Term of one of the Proportions above 
delivered be fer in the firſt Place; the greater in the 
fecond ; the known Diameter in the third: and by theſe 
three Numbers let there be ſought a fourth Proportional. 
That will give the ſought Circumference. 

As if the Diamerer of the Globe of the Earth be ſup- 
pos'd to contain 7854 Engliſh Miles; and the Circuir is 
ſought ; the Terms will ſtand thus. 5 

113 355 7854 25000. 

Then multiply rhe ſecond by the third, and divide the 
Product by the firſt; there will ariſe 25000 Miles 
tor the Circumference of the Globe of the Earth. | 
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meter of the Earth; bur alſo alrhough 


* 


\ 


How little this Cixcumference exceeds che true one 
was ſaid above; to wit, by an excels. but a little greater 


than are two ten- millioneth Particles of the: Earth's Dia- 


meter; that is, by g r 10 Feet. Bur if we uſe the Lu- 
dolphin Proportion, even the former, the Terms whereof 
conſiſt of 21 Figures; there will be found a Circumfe- 
rence inſenſibly differing from che true, not only when 
the given Diameter is of 7854 Miles, ſuch as is the Dia- 

et | the Diameter be 
ſuppos d of an 100. Millions of thoſe Miles. For this be- 


ing ſuppos'd, there will ariſe a Circumference differing 


from the true one by a Quantity about one hundred-milli- 
gneth Part of a Foot. But if to find aut the Circumfe- 
rence of the Globe of the Earth we make uſe of the 
Proportion of Archimedes, the Interval of the two Cir- 
cumferences the one greater, the other leſs than the true 
one, will exceed 20 Miles. Archimedes his Proportion 
therefore is not to be uſed but in ſmall Meaſures; nay, 
it will always de ex pedient to uſe that of Metis, which 
both conſiſts of ſmall Terms, and is above à 1000 times 
more exact. WR a 


Tbe meaſuring of a Circle. 


T HE Semidiamerer multiphed by half the Circumfe- 
rence produceth the Area of the Circle; as is ma- 
niteſt from Corol. 1. Prop. 5. of this Bnok. 7 
As if the Semidiameter of the Earth, which contains 
3926 Miles, be nwltiplied by half its Circumference, 
ro wit, by 1250c, there will arife 49,075000 Miles 
{quare for the Area of the greateſt Circle of the Earth. 
The Difference of the circular Area thus found from the, 
true 15 had, if the Difference of half this found Circum 
ference from the true half-Circumference. be. mukipled 
by rhe given Semidiameter; or the difference of this Se- 


1 from the true, be multiplied by the given 
demicircumference. 497 


Te Menſaration of Cylinders and Cones. 


1 Pur this here, becauſe it depends upon the Menſurs- 
tion of a Circle. A Cylinder thereſore, and any Priſm 


what- 


* * 
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ARCHIMEDES's Theorems, 
whatſoever is —— from the Altitude multiplied by 
the Baſe : A Cone and Pyramid from the third Part of 
the Alricude multiplied by the Baſe; for they are third 


Parts of Cylinders and Priſms, having che fime Baſe and 


Altirade with them, by ro, and 7, J. 12. 

| Fer the Baſe of à Cylinder or Cone be of 50 ſquare 
Feet, and the Height of 100 Feet. Multiply roo by 
50, and there ariſe 0 cubick Feet for the Solidity of 
the Cylinder, Multiply the third Part of the Altitude 
100, which is 333 by 30, there ariſe 1656; cubick Feet 
for the Solidity of the Cone. e | 


PROP. VI. Theorem. 


4 HE Circumferences of Circles have the ſame 

Proportion betwixt themſelves, which their 
Diameters have. 

For the Circuits of like Polygons, which may be in- 
ſcribed in a Circle without end, are always betwixt 
themſelves as the Diameters A F and I C (by Corol. pr. 
1. I. 12.) But theſe. Circuits (by the third pr. of this 


Dameters. Q E. D. 


PROP. VIII. Theorem. 


T HE. Superficies of a Priſm,as well that which 
4 circumſcrihd about, as that which i in- 
[crib'd in a Cylinder, _ to a Rectangle whoſe 
Heighth c the Side of the Cylinder, but its Baſe 
equal to the Circuit of the Baſe of the Priſm. 


part I. The Superficies of the circumſcribed Priſm 
touches the Cylinder according to the Lines E A, NF, 


J 
5 

5 

le 
e. 
* 
d 
— 
fn 


Book) end at length in the Circumference. Therefore 
eir Circumferences alſo are betwixt themſelves as their 


1 


Fig. 6. l. tte 


Fig. 3. 


Cc. which are the Sides of the Cylinder; but theſe (be- 


cauſe by the Hypotheſis the Cylinder is a right one) are 
tight to the Plain of the Baſe, and conſequently right 
alſo (by Defm. 3. I. 11.) to the Lines CG, GM, Ce. 
Bux they are allo equal betwixt themſelves. Therefore 

ö | | one 
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one Side of the Cylinder is the common Heighth of all 
the Rectangles CO, OM, MH, c. Therefore the Su- 


perficies of the circumſcribed Priſm, is equal (as is ma- 


nifeſt from 1.7. 6.) to a Rectangle contain d under the 
Circuit of the Baſe of the Priſm, and the Side of the 


Priſm or Cylinder. 1 | 

Part II. The Reaſon of this is the ſame. For the 
Side of the Cylinder is again the common Altitude of 
the Rectangles BDIR, KIQP, Cc. which conſtitute 
the Superficies of the inſcribed Priſm. | 


PROP. IX. Theorem, 


T HE Super ficies of a regular Pyramid circum- 
 ſerib'd about a right Cone, is equal to a Trian- 
le, which bath for its Baſe the Circumference 


 (FHLD) of the pyramidal Baſe, but its Height 


the Side of the Cone (B G.) 2 
And the Superfecies of a regular Pyramid in- 
ſeribed in a right Cone, i equal to a Triangle, 


. which hath for its Baſe the Circumference of the 


pyramidal Baſe, but for its Height the perpendicu- 
lar 4 O) let down from the Top unto a Side of the 
Baſe. | 


Part I. Let there be drawn unto the Contacts, G, 
K, M, the right Lines BG, B K, BM. Theſe will all 
be Sides of a right Cone, and conſequently equal. And, 
becauſe (by the Hy potheſis) the Axis B A is perpendi- 
cular to the Plain of the Baſe F KD, the Plain alſo 6 
BA (per 18. J. 11.) will be perpendicular to the Plain 
FK D. But HG (per 18. J. 3.) is perpendicular. to 
AG the common Section of the Plains FK D and GBA. 


Therefore HG (as is gathered from Defin. 4. /. 11.) is 


alſo perpendicular to the Plain GBA. And conſequent- 
ly is alſo perpendicular to BG. Therefore the Side 
GB of the Cone, is the Heighth of the Triangle FB H. 
In the ſame manner the Side of the Cone will be the 
Heighth of the reſt HBL, LB D, c. Therefore the 
Triangle comprehended under the Circumference F H 

LD 


= MN g. = oc © © 
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LD and the Side of the Cone is equal to the Superficies 


of a Pyramid circumſcribed, withoutthe Baſe. Which 


was the firſt Part. 


II. The Demonſtration of this part is almoſt the ſame 
with that of the former. 


PRO P. X. Theorem. 


| HE Superficies of a regular Priſm circum- 

ſecrib'd about a right Cylinder, end: (Defin. 6. 
I. x2.) in the Superficies of the Cylinder; and the 
Super ficies of a Pyramid circumſcrib'd about a 


. A = 


right. Cone, ends in the Superficies of the Cone. 


Part I. The Superficies of regular Priſms deſcribed 
abeur and inſcribed in a Cylinder without end, will have 
at laſt a difference betwixt themſelves leſs than any 
which can be given. Much more therefore will the Su- 
2 of a circumſcribed Priſm differ from the Super- 

cies of the Cylinder, which is in the middle berween 
the inſcribed and circumſcribed Superficies, by a Diffe- 
rence lets than any given one wHhatſoever; that is, (Def. 
6. J. 12.) will end in the cylindrical Superficies, whilſt 
it continually exceeds it leſs and leſs. 

Part IT. This may be ſhewed inthe ſame manner from 
the 9 and 3 of this. | | 

In the Figures there are only exhibited the halves of 
the Cylinder and Cone, leſt a Multitude of Lines ſhould 
breed Confuſion, Bur the Cylinder and Cone are to be 
conceiy'd in the Mind entire, and as having thus circum- 
ſcribed Priſms and Pyramids encompaſſing them. For 


thus it more clearly appears that plain Surfaces circum- 


ſcribed are greater, according to the 3d Axiom, 


Lemma to the following Propoſition. 


ET AB, CD, EF, be proportional , and let. KB 
L be half AB, and EG, double EF; K B, C D, E G, 
will alſo be proportional. ISIS h 

The right Line K B is to AB as EF is to EG. 
Therefore the Rectangle K B, EG (per 16. J. 6.) is e- 


qual 


13 


Fig. 3. 


Fig. 7. 


is equal to the Square 


* 
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qual to the Rectangle AB, E F. But this (by 17. J. 6.) 
of CD. Therefore 458 the Red 

angle K B, E G, is equal to the Square of C D. Phere- 

fore (by 17.46.) KB, CD, EG are proportional. 


PROP. XI. Theorem. 


A Circle, whoſe Radius (G H) i 4 mean propor- 
tional betwixt the Side of a right Cylinder 


(BC) and the Diameter of the” Buſe (BD) is 


equal to the cylindrical Superficies. 


Let the regular and conſequently. like Polygons, NM, 
RS, be underſtood ro be circumſcribed abour rhe Circles 
ABN, GPH; and upon the Polygon NM ler a Priſm 
be conceived to be erected, with which the Cylinder i; 
circumſcribed. Becauſe B D, G H, BC are by the Hy- 
pathefis proportional, A D alſo (or AN) G H, and the 
doublc of BC will by the Lemma be proportional. Now 


the Triangle contain d under A N and the Circuit of 


the Polygon MN is equal to the Polygon circumſcribed 
NM (by the fourth of this Book): And the Rectangle 
under BC, or E F, and the ſame Circuit N M (chat is, 
as is manifeſt from 41. /. 1. the Triangle under the Cir- 
cuit N M, and the double of B C) is equal (by the 8th 
of this Book) to the Superficies of a Priſm circum- 
{criÞ'd about the Cylinder. But a Triangle under the 
Circuit NM and AN' is to the Triangle under the Cir- 
cuit NM, and the double of BC (by 1. J. 6.) as AN 
is to the double of BC. Therefore the Polygon NM 
alſo is to the Superficies of a Prifm circumſcribed about 
a Cxlinder, as AN is to che double of BC. But be- 
cauſe I have already ſnewd AN, GH, and the double 
of BC to be proportional, the Proportion of AN to 
the double of BC is ( by Defin. 10. J. 5.) duplicate to 
the Proportion of AN to GH. Therefore the Polygon 
N M hath to the Superficies of the Priſm a Proportion 


duplicate ro the Proportion of AN to GH. But the 


Polygon NM hath-alfo te the Polygon like to it GR QS 
a Proportion duplicate to the Proportion of AN to G, 


28 is eaſily gathered out of 1. . 12. Therefore the Poly- 


gon NAT hath the fame Proporrian'es the Superficieso 
| ö the 
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the Priſm, which hath to — GRQS; which 
conſequently is equal to the Superficies of the Priſm. In 
the ſame manner, I might ſhew that the priſmaticSuperfi- 
cies, which are circumſcriptible infiniteſy about the Cy= 
linder, are always equal to the Polygons which may be 
circumſcribed infinicely about the Circle GP H. Where- 
fore ſeeing both the priſmatic Superficies (by the xoth of 
this) end in the Surface of the Cylinder, and the poly- 
porn in the Circle G PA (by the 3d of this) the Super- 

ies of the Cylinder alſo will be equal to the Circle 
GPH. 2. E. D. 

From this admirable Theorem, a Circle is preſented 
which is equal to a cylindrical Superficies. 


Corollaries. 


T HE Superficies of a right Cylinder in equal Fi. 5, 6: 
to 4 Rectangle contain'd under the Side (BC) 
and the Circumference of the Baſe. 

The double of BC (as hath been ſhew'd above) is to 

GH, as GH is to BA, or AN; that is, (by the 7th 

of this) as the Circumference P is to the Circumference 

BN. Tiferefore the Triangle under the firſt, to wit, 

the double of BC; and the fourth, to wit, the Circum- 

ference BN, is equal to a Triangle under the ſecond 

GH, and the third, to wit, the Circumſerence P, (as 

appears from 16. J. 6.) But the Triangle under GH 

and the Circumference P, is (by the $th of this) equal 

to the Circle GPH, that is, (by the 11th of this) to 

the cylindrical Superficies. Therefore alſo the Triangle 

under the donble of BC and the Circumference B N, 

{that-is, as appears from 41. J. 1. the Rectangle which is 

under BC and the Circumference BN) will be equal 

to the cylindrical Superficies. Q. E. D. 

From this Corollary it is manifeſt, that the Properties of 
Rectangles are common to them with right cylindrical 
Superficies. Therefore let this be Corollary 2. 

2. The cylindrical Superficies (B M, QN) which are Fig. 20, 21. 


0 


of the ſame Height, are betw-ixt themſelves as the Dia- 12. 
lic © meters of their Baſes) BF, QR). . 
= For the Rectangles under the Circumferences (CL, 
hy SE) and the equal right Lines FM, RN, to which. 
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(by Corol. 1.) rhe-cylindrical Superficies are equal, are 
betwint themſelves (by 1. J. 6.) as the Baſes, to wit, the 
Circumfetences CL, S E; that is, as the Diameters 
BF, * (by the 7th of this.) F 
3. The cylindrical Superficies (C I, AR) which have 
equal Baſes are betwixt themſelves, as their Altitudes 
FFC g „ rot 446 
Fir 23, 245 g For the RED conrain'd under the equal Circum- 
12. 


(by Cerol. 22 the cylindrical Surfaces are equal, are be- 
; twixt themſelves (by 1. J. 6.) as TI, BR. 

> Sh 21. 4. Like cylindrical Surtaces (BM, R 1, ) have be- 

1228 twixt themſelves a Proportion duplicate to that, which 
(BF, QR, ) the Diameters of the Baſes have. 

Seeing the Cylinders are ſuppos'd to be like, MF will 

be to IQ (by Defin. 4. J. 1.) as BF is to QR; that is, 

(by the 7th of this) as the Circumference CL to the 

Circumference SE. Wherefore the Rectangles alſo 

which are contain'd under the Circumferences CL, S E, 

and the Sides MF, IQ, will be like; and conſequently 

they will have berwixt themſelves (by 20. J. 6.) a Pro- 

portion duplicate to that which MF hath to IQ; that 


is, BF to QR. Therefore the cylindrical Surfaces alſo 


have the ſame, 4 | 5 
The ſame 5. Cylindrical Surfaces (B M, RI,) have betwixt 
Figure. themſelves a Proportion compounded of the Proportions 


of the Sides (FM, IQ,) and the Diameters of the Ba- 
ſes (BF, QR,) as is manifeſt from 23. J. 6. and the th 


of this. 1111 | * 
Fig. 24, 25- 6. If cylindrical Surfaces (AR, FD) be equal; as 
12. 
procally (by 14. J. 6.) the Altitude (FH) will be to 
the Altitude (K B;) and cenverſly. | 


of a cylindrical Snperficies; to wit, if the Circumſe- 
rence of the Baſe be multiplied by the Altitude. As if 
the Altitude be of 20 Feet, the Circumference of the 


* 


Feet for the cylindrical Superficics. 


ferences GH, M, and the Sides T I, BR, to which 


the Diameter (A B) is to the Diameter FN,) fo reci- 


7. Laſtly, from the ſame 1ſt Corol. is had the Meaſure 


Baſe of 6; multiply 20 by 5, there ariſe 120 ſquare 


1} 8 PROP. 


te 


ergaben 


C 
rc 


G 


* C on E r 's Theorems. 
'P R O p. XII. -Thicorkm, 


Baſe (ABN) as the Side of the Cylinder © 
(CB) is to (BO) the fourth Part of the Diame- 
ter of the Baſe. 


Let GH be a mean 1 Proportional het BC the 
Heighth, and BD the Diameter of the Baſe, and conſe- 


- quently (by Lemma before Prop. 11. of this ) a mean 


Proportional berwixt AN and the double of BC. The 
Circle GPH of the Radius GH is (by the r1ith of 
this) equal to the curve cylindrical Superficies CD. 
Bur the Circle GP H hath to the Baſe of the Cylinder 
A BN a Proportion duplicate (by 2. J. 12.) to the Pro- 
portion of GH to AN; that is, the ſame which the 
double of B C hath to the Radius B A by the Hypo- 
theſis, and Def. 10. /. 3.) that is, the fame which BC 
hath-ro E O, the fourth Part of the Diameter. There- 
fore the cylindrical Superficies alſo is to the Baſe ABN 
as BC is to BO, che _ th Part of the Diameter. 
& m D. 5 


Corollary 


Ta HE Superbieie of a Cylinder which hath its Side 


equal to the Diameter of its Baſe, is fourfold of rhe 
Baſe. 5 Rue if the Side be a fourth Part of the Diameter 
of the Baſe, the Superficies of the Cylinder will be equal 
to the Baſe. __ _—_ are * maniteſt trom the Propo- 
Nene | 


PROP. XIII. Theorem. 


| Circle whoſe Radius (OL) is a mean Propor- 
tional betwixt the Side (BC) of a right 


17 


1 HE Super ficies of a right Cylinder i is to , the Fs + 8 


Eig. 9,8, 


Cone, and the Radius of the 10. AC) is equal 


to the conical Super fies. 
8 Let 


18 
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ARCHIME DES 's Theorems: 
Let regular Polygons EF, IN, be underſtood to be 
circumſcrib'd about che Circles AC G, OP L, and a Py- 


ramid circumferib'd about the Cone to be erected upon 


the Polygon E F. 4 3 3 
Becauſe, by the Hypotheſis, AC, or AG, is to OL, 
as OL is to BC, the proportion of AG to BC will 
(Defin. 10. J. 5.) be duplicate to the Proportion of A G 
to OL. But as A G is to BC, ſo is the Triangle under 
AG and the Circuit E F to the Triangle under B C and 
the ſame Circuit EF. Therefore the Proportion of the 
Triangle under A G and the Circuit EF, to the Trian- 
gle under BC, and the ſame Circuit, is alſo duplicate to 


che Proportion of AG to OL. But che Triangle under 


AG and the Circuit EF is equal to the Polygon E F 
(by the 4th of this): And the Triangle under BC and 
the ſame Circu't EF (by the ↄth of this) is equal to 
the Superficies of the circumleribed. Pyramid, There- 
tore the Proportion of the Polygon EF to the Superfi- 
cies of the Pyramid is alſo duphcate to the Proportion 
of AG to OL, But the Proportion of the Polygon 
E F to the Polygon IN, which js by the Conſtruction 
like to it, is (per 1. I. 12.) alſo duplicate to the Propor- 
tion of AG to OL. Therefore the Polygon E F hath 
the ſame Proportion to the Superficies o* the Pyramid; 
and to the Polygon IN, which conſequently are equal. 
In the ſame manner I might ſhew that the Superficies of 
Pyramids, which may be circumſtribed about a Cone in- 
nicely more and more, are always equal ro Polygons 
which may be circumſcribed infinitely about the Circ 
OPL. Wherefore ſeeing both. the Surfaces of Pyrt- 
mids (by the 10th of this) do at laſt end in the Surlace 
of the Cone, and Polygons ( by the 3d of rhis) in che 
Circle OP L, the Superficies of the Cone and the Gir- 
cle OPL ſhall likewiſe be equal. Q. E. D. 28522 

From this excellent Theorem a Circle is found which 
is equal to a conical Surface. 


Corollaries. 


r. T HE Superficies of a right Cone is equal to a Tri- 


angle comprehended under the Side of the Cone 
(BC) and the Circumference of the Baſe (Cd). 


1 Let 


„„ EAiiijzm =» oe Tc. oi... 


AAC H IME DES Thiorems. 


Let OL the Radius be a mean proportional betwixt 
AC and BC. Then becauſe(by the 9th of chis) the Circum- 
ference C'G is to the Circumference P as the Radius 
AG is to the Radius OL; that is, by the Hypotheſis, 


as OL is to BC; the Triangle under the firſt , to wit, 
the Circumference CG and under the fourth BC (as 


appears from 16. J. 6.) will be equal to the Triangle un- 
der the ſecond,; to wit, the Circumference p, and che 
third OL; that is, (by the 5th of this) to the Circle 


OPL.; that is, to the Conical Superficies (by the rzth 


' 
o 


of this} BCD. N. E. D. 


From this Corollary - it appears that conical Surfaces 


bye the ſame Properties with Triangles; And fo ir fol- 
„ 8 | : ; „ : 

2. That the conical Superficies (BAF, QX R) ha- 
ving their Sides (A, ) equal, are, berwixt them- 
ſelves as the eir BÞ 
CC 
3. Thoſe which have equal Baſes CFT, AZ B, are 
betwixt themſelves as their Sides (CF, AZ.) And, 

4. Thoſe conical Superficies (BAF, QZR) which 
are like; have betwixt themſelves 4 Proportion duplicate 
to that which is betwixt the Diameters of the Baſes. 
And, 6h | HE 


* 


5. All conical Superficies whatſoever have betwixt 
themſelves a Proportion which is compounded of the 
Proportions of the Sides (BA, Q) and of the Dia- 
meters (BF, QR) which are in the Baſes. And, 

6. Thoſe which are equal have their Sides and the D- 
ameters of the Baſes reciprocally proportional; and 
thoſe which have them fo, are equal. . 

All which is demonſtrated from Coroll. 1. as above we 
deduced the Corollaries concerning the cylindrical. Surface 
out of the firſt Corollary there. i 

7. Laſtly, we may meaſure a right conical Sur face, if we 
multiply the Side F C by half the Circumference of the 

Baſe, As if the Side be of 5 Feet, the Citcumference 
of the Baſe of 20; multiply 5 by 10, and there will a- 
riſe 0 ſquare Feet for the conical Superficies. The De- 
monſtration is maniteſt from the ſame firſt Corollary, * 


4 . 5 * 
* » 
1 4 * F 


* 7 d 
9 * 1 a, * 1 


Fig. 20. 21 
1 3s 


(BF, QR.) 


: Fig. 23, 24 
4. 13. 


Fig. 20, 21 
J. 12. 


The ſame 
Figure. 


Fig 15. l. 12 
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Fig. 85 9. 


| ot this. 
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ou 


Proportion of B C to AC is duplicate to ( 
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ARCHIMEDES's Theorgmss. 


o KO. XIV. Theorem. 
F HE Superficies of a right Cone'is to the Boſe, 
1 as the Side CBC) is 10 (AC) the Radius of 
the Baſe. Tet ee e e | 

Between the Side BC and AC the Radius of the 
Baſe, let O L be a mean Proportions, Therefore the 

: | | Defin, 10. I. 
5.) che Proportion of. OLto AC. Now(by the x 3th of 
this ).a Circle of che Radius O L. is equal to the coni- 
cal Superficies CBD. But the Proportion of this to 


Ac the Baſe of the Cone is ( by 2. /. 110 duplicate 


| i 


the ſame with the. Proportion of BC to. AC. Tliere- 
fore the Proportion of the Conical Superficies CBD. is 


to the Proportion of OL to ay and conſequently is 


to the Baſe ACG, 45 BC is to AC. E E. D. 


_ © Corollaries; 


£1 I. T HE Super ficies of a right 7 5 | vrodud'l 


by an equilateral: Triangle turn d about 


the Perpendicular (X A) is double to the Baſe 


For the Side K E is equal to BD, and conſequently 
double 59. the half a . which is the Radl of the 
Baſe. ED 7 ts | 


4. The Super ficies Ha Cone produc d by a right- 


ang led equicrural Triangle (EB D) is to the Baſe, 


as in a Square the Diameter is to theSide. | 

For the Perpendicular, B A being drawn, the right 
Angle B (by 26. /. 1.) is biſected, and conſequently 
ABD. is half right. But ADB is alſo an half right 
Angle (by Corol $1. Nr, 32. l. 1.) Therefore DA, BA, 
are (by 6. I. 1.) equal; and conſequently BD is the 


Diameter of the Square A R, whereof A D is the Side. 
Now the ſame A D is the Semidiameter of the Baſe PT, 
ſeeing the Perpendicular AB (by 26. J. I.) biſects ED. 

| es | From 


FSS 8 S8 mw 
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Ati DES * Tires at 


Frowt n ind this 14th che Corollary is man 


3+ The Saperfeie of the right Cylinder ( GK) Fige 24 


x to the PI cies of the right Cane (GBN, ) as 
* Side of t Cylinder Is p half the Side of the 


* che Selce of the Cone GBN is to the Baſh | | hy 
MI, as the I” BN. is to QN the Semidiameter of K 
the Baſe (by the 14ch of this ;) chat is, as half the Side we 
BN isto the fourth Part of the Diameter GN. But the s 
Baſe MI (by the 12th'of this) is to the Superficies of = 
the Cylinder G K, as the fourth Part of the Diameter is . 
to NK, the Side of the Cylinder. By Equality of Pro- ; 
portion therefore the conical Superficies G BN is to the 
cylindrical Superficies GK, as half the Side of the Cone 
is to n Side of- the Cylinder. E P. | 


4 Lemma f ro what PIES | 
1 IEE NV let chere be draun QD paral- Fig. 16 
t Ia char the Rectangle under PN) and NV is equal 
f to the Rectangle under PQ, Q, together with rhe 


— under NQ and the two NV, QD put roge- 


ly Draw N A vergenilicuter to the Side N P, and equal 
hc 0 NV; and the Rectangle N O being compleated, let 
75 the Diameter P A be drawn. Then from Q let there 
be drawn QE parallel to NA, which may cut PA in 

t- B. Through B let CF be drawn parallel to NP. Be- 
ſe cauſe A N is equal to NV, it is manifeſt that QB alſo 
is equal to Q, (from Coll. 3. 5. 4. J. 6.) Therefore 

Ide Rectangle ON is che Rectangle P NV, and F Q is 
ght f D. It remains that we prove that the Rectangles 
acly 0 B, Ec, BN, are equal to the Rectangle under N Q, 
ige and the two N A, BQ; that is, to che Rectangle under 
BA, N, and the two Lines NV, QD. But that is mani- 
the I feſt; for the Rectangle under N Q and NA, QB, is 
fide. equal (per 1. I. a.) ro theſe three Rectangles; that under 
PT, [NQ and CA (that is, the Space EC,) and that under 
E P. * and NC (chat is, the Space BN,) ang that _ 
Q'2 


A 


Fir. 11, 12. 


A4 


n AkRCHTME DES 's Theorems. 


N and QB that is again the Space B N, and conſe- { 
quently the Space OB which (per 43. J. 1.) is equal to 


» v 


TEST”: 1 fl 
* 4 * * * 
2 


BN. The Propoſition therefore is manifeſt. 
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101 rn eee ; Raid 82 ; Mot 
I F a right Cone be cut by the Plain OSR. pa- 
rallel to NO; T ſay, tbat the Circle GHH 
Whoſe Radius GH is a mean betwixt Part of the 
Side N., aud O, NV. (tbe Radius's of the 
Circles, SR, NZO). taten together ; is equal 
to the conical Surface intercepted betwixt the paral- 
77 293 30 50G 475 T5 01 
Let GF be the mean betwixt PN and NV. Like- 
wiſe let GR be the mean betwixt PQ and QD; and 
ler there be deſcribed the Circles GFL, GK T. This 


(by the x3th of this) will be equal to the conic Superfi- 


cies QPR ,* and the other to the Superficies N 
OP. The Rectangle PN (by the Lemma) is equal to the 


Kectangle POD, together with the Rectangle under 


NQ and NV Qb, taken together. But becauſe (by 
the Conſtruction) & F is a mean proportional betwixt 
PN, NV ; the Rectangle PN V is equal to the Square 
of GF. (by 19. J. 6. And becauſè GK is (by che 
Conſtruction) a mean betwixt PQ, QD, the Rectangle 
(by 17. I. G6.) POD is equal to the Square of GR: And 
becauſe G H by che Hy potheſis is a mean betwixt Q N, 
and QD, NV, taken together, the Rectangle (by 17. 
46.) under QN, and QD, NV, taken together, is e- 
qual to the Square of GH. Therefore tke Square of 
GF is alſo equal to the Square of G H, and to that of 
GK. Therefore ſeeing Circles are betwixt themſelves 


(by 2. JI. 1a.) as the Squares of their Rad ius's, the Circle 
LF will alſo be equal to the two Circles G K T, G HN 
taken together. But (by che 1th of this) the Circle 


&LF is equal to the conical Superficies NPO. There- 
tore the conical Superfficies NPO is alſo equal to the 
tO Circles & KT, and G HM. But QPR one part of 
the Superficies NPO is (by the ſame) equal to the Cir- 
ele GK T. Therefore the remaining Part, which is com- 


prehended betwixt the parallel Circles ZZ, SS, is equal 


w the Circle G H M. E E. L. A Len- 


\ 


A'RCHIMED 8875 0 Theorems. 


T a” 5 1 0 1 * * 5 * 5 . * % * ” . * ne 6 
* wh 0 , A 4 4 4 . « * n * . 4 5 __ A = 


Pr _ 


We N 4 e ; * X 7 
#1 bene 0 what flows. A 0198 
000 which ; in the Cirdle i inte erceps Fig. 13. 


— Wale BH, 
equal Arches (B C, HG): are parallel. 
For let CH be drawn. Becauſe the Arches B C, H G 
are by the Hypotheſis equal, the alternate Angles alſo 
(by 29. L 3.) BHG 6 CH, will be equal. Therefore 


(Oy 2 28, 5 1 25 BH, and cG CE JR 8 E. D. 1 
8 4 8 MA Au 3 
5 RO P. XVI. Theorem. 


E. 7 there be inſcribed i in 4 Circle a WY 
Figure of an even Number of Sides, and let 
it be equilateral ; let E B be drawn N the Ex- 
tremity of the Diameter unto B, the end of the 
Side next to the Diameter: ny let the right Lines 
BH, CG, DF, Join the Angles which are equally 
diſtant from 4 
I ſay that the Rectangle contain d under the Dia- 


meter AE, and the ſubtenſe EB, i equal to the 


Rectangle of one Side of the inſeribedFigure AB, or 
BC, &C. and of all the Joining Lines BH, CG, 
DF, taken together. 

Draw CH, DG: Becauſe, BH, CG, DF -interccpe 


(by 26.1.3 . ) equal Arches, BC, HG; CD, GF; ; theſe 


Lines (by rhe Lemma) will de parallel. By. the ſaine 
Argument BA, CH, DG, EF, 77 parallel. All the 
Triangles therefore ( by 27, and 15,/.1 BAR, K HL, 
LCM, MGN, NDO, O FE, are equiangular. There- 
fore (by 4. 6.) as BK, is to KA, ſo is HK ro, KL; 
and as HK is to KL, ſo is CM to ML; and as GM 
to ML, fois GM to MN; and as GM is to MN, ſo 
is DO to ON; and as DO is to ON, ſo is FO to OE. 
Therefore (by 12. J. 5 ) as one of the Antecedents, BK, 
is ro one of the Conſequents K A; ſo all the Antecedents 
BK, KH, CM, MG, DO, OF, "(char is, all the joining 
Lines BH, CG, DF) are to all the Conſequents ARK 
11 LM, MN, NO, O E (chat is, to the Diameter 
1 AE. 


FI g. 


FEE: 4. 


* 


S- 
: 4 =. 
0 1 


Fig 13. 


* 


ARCHIMEDES? Theorems, 


45 But (by 8. J. 6.) as BK is to AK, ſo is EB 
to BA. Therefore as all theſe together BH, CG, DF 


are to AE, ſo is EB to BA. Therclote (by 16. J. 6.) 


the Rectangle under B A on one Part, and all — joining 


Lines B H, CG, D E, on che other, is æqual to the Rec 


ye er rages AE and EB, = * D. 


©: ig ( 


P RO p. XVIL Theorem. 


E hy be inſcribed. in DAF a Segment of 


a Circle, whoſe Boſe P F A perpendicular to 

che Diameter 46 E, a Figure equilateral, and 

an even Number "of Sides; and let there be 
drawn, in the foregoing the * E B. 

T ſay, that the Re ongle comprebended 3 

E B, and 40 2 7 of F the Diameter, 1 equal to 

the Rectangle which ic under one Side of the in- 

ſcribed — and all tbe joining Lines BE, 

CG, &c. raken together with DO half the Bat 


The Demonſtration is 5 the fame with thar of the fore- 
nl 8 


86 7 


| JON to what follows. 


JE there be inſcribed. in the greateſt Circle of 3 
pech a regular Figure, which hath its Sides mea- 
ſured by the Number Four; and ſtands about the Axis 
AE; Wich Axis remaining unmov d, let the Circle be 
turn d round together with the Fi gure: 
I fay, that there will be infcrib d in the Sphere a Bo- 
dy contained under conical Superficies. 
lt is manifeſt ( ſee Defin. 11 12.) that BA HA, 
Fkewiſe D E, FE, deſcribe entire Superficics of riglt 
Cones. Then becauſe rhe Lines CB, GH, and GF, 
CD, being produced do concur on both Sides in the 
fame Point of the Diameter AE which is in like man- 


| drawn our, and cuts the joining Lines 
poli; It is alſo e chat ce ſaid Lin 


the 


; 
0 
, 
„ 


8 


ARCHIMEDES's Theovems, 
CB, GH, vc. do deſcribe Parts of right conical Sur- 
faces which 5 are intercepted betwixt the parallel Circles 12 


which the Tops of the Angles B, C, D, "defign in t 
* Superficies. 


Lemma 2, 


a Sphere whoſe Axis is AO. Let there be inſerib 
in this à Figure having al the Sides equal, the Baſe ex- 
cepted, 101 let it be turn d round about the Axis AO. 

I ſay, chat a Body contain'd under conical Superficies 
will be infcrib'd in rme ſpherical Segment. 5 
This is uy as the foregoing Lemma. 


* 


P R 0 p. XV Ted Theorem. 


ET the ſame Things be ſuppos'd which were 
in the firſt — 4 and 4 the right Line 


„ 


&, be drawn from the Extremiry of the Diame- 


ter unto the end of the Side next to the Diameter. 

1 ſay, that a Circle the Square of whoſe Rading 
(D equal to the Rectangle AE B contain d un- 
der the Plains AE, wy the ſubtenſe EB, u e- 
qual to all the conical n W 4 in the 


here. 


That is, a Circle whoſe Radius 0 1) is a mean AN 

tional betwixt AE and E B 
| Becauſe the ri ght Lines BY CG DF, are val & 
the right Lines BK, CM, DO, raken twice ; 8 y I. 
J. 2.) the Rectangle under one Side of the Figure! in- 
ſerib d in the greater Circle (to wit, under A B, or B C, 
or CD, or D E,) and under all the joining Lines toge- 
ther BH, C G, DF, is equal to the Rectangle under AB 
and BR, together with that which is under BC and 
the Compound. of BK and CM, together with thar 
7 is under C D and the Compound of CM and 
| 0, Cyber with that which is under DE and DO; 
= fo ea h of the Lines BR, CM and DO, are taken 
0 4 twice. 


ET DAF be the greareft edlen of a Segment of 


Fig. 1}. 


twice. Bur (by che 16rh of this) the Rectangle under 
AB and all the joining Lines BH, CG, D E, taken to- „ 


gerher is equal to the Rectangle A E B; that is, (by 
5 Hypotheſis) to the Square of I. Therefore che 
Square of I is equal to the Rectangles under A B and 
BK, and under BC and the Compound of B K and 1 
CM, under CD and the Compound of CM and DO, j 
and under DE and DO. Now ler P be a mean pro- / 
portional betwixt,, AB. and BK; and Qa mean berwixt 

BC and the Compound of BK and CM; and R a 2 
mean betuixt CP and the Compound of CM, DO; f 
< a mean betwixr DE and DO, The Squares there- ; 
fore of P, Q, R, S, (by 17.7. G.) are equal to the above- 
ſaid Rectangles. Wherefore ſeeing, have already ſhew'd 
the Square of I ro he equal to 12 ſame Rectangles, it 
muſt alſo be equal to the Squares of P, Q, R, S, toge- 
ther. Seeing therefore (by 2. J. 12.) Circles are be- 
twixt themſelves as the Squares of their Radius's; the 
Circle deſcribed of the Radius I W ill alſo be equal to 
all the Circles together whoſe Radius's are P, Q, R, 8, 


a 

C 

Las is manifeſt from 22. J. 6.) But the Circles of the t 
Radius's P and S are (by che Izth of this) equal to I 
the conical Superficies Which thę Sides AB, E D, have a 
produc'd, faraſmuch. as P is a mean Proportional be- 0 
twixt AB the Side of the Cone, and BK the Radius = 
of the Baſe; and 8 is a mean proportional berwixt ED n 
and DO; and the Circle of the Radius Q is (by the 2 


15th of this)equal to that Segment of a.conicalSuperficies 1 

which is intercepted betwixt the two parallel Circles of the _ 
Diameters CG, BH, becauſe Q is a mean betwixt BE r 

- and the Compound of BK, CM: And tor the ſame S 
Cauſe the Circle of the Radius R is equal to a Segment 'H 

of 4 conical Surface, which. is intercepted betwixt the E 

parallel Circles of the Diameters CG, DF. Therefore f 


dhe Circle deſcribed from the Radius I is equal to the tl 
conical Surfaces inſcribed in the Sphere taken all toge- c 


ther. 2 E. N, | 
HW CO x24 nnn 37% ©: 
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ARCHIMEDES's Theorems, 
EB be drawn from the Extremity of the Diame- 
ter (AE) to the end of A B the Side next to the 
Di nnd YN OR 
I ſay, that a Circle whoſe Radius à a mean pro- 


portional betwixt (EB) and A4 O) the Axis of 


$7 


= 


the Segment, is equal to all the conical Superficies in- 


ſcribed in the ſpherical Segment DAF. 


©. The Demonſtration' is altogether the ſame with that of 
the foregoing ; only for Prop. 16. let Prqh. 17. be cited. 


P R OP. XX. Theorem. 


Conical Super ſicies inſcrib'd in @ Spbere do at 
length end in the. Super ficies of the Sphere. © 

+ Lex there be given a Superficies as ſmall as you will, 
as X. It is manifeſt that within the ſpherical Superfi- 
cies AC EG, there may be given ſome other Concentrical 
thereto, which falls ſhort of this by a Quantity leſs thanx. 
Let ACE &, DP LM, be the greateſt Circles of both, 
as cut with a Plain through the Center. Let there be 


drayn the Niameter AE, and in D let N Q touch it. 


If rhe Arch AF be biſected in C, and again the Re- 
mainder be biſected, and fo on, there will be left 


at laſt the Arch AB (as is maniteſt of it ſelf:) 


leſs than the Arch AN. If to this Arch the right 


Line AB be (ary Lo „it is manifeſt that it will not 


reach to thę Circumference PDML, and that it will be a 
Side of an equilateral Figure, of an even Number of Sides 
inſcribed in the Circle CA GE, no Side whereot reach- 
eth unto the Circumference P D ML, Wherefore if all be 

rurn'd round about the Diameter AE, it is manifeſt that 
there will be inſcribed in the exterior Spherical Surface 
conical Surfaces, whjck include the ſpherical Surface, 

which is copcentrical to the other, and conſequently (by 

Axiom 3. of this) are greater. Begauſe therefore the 

fpherical Surface DPL M falls ſhort of the ſpherical Sur- 

face A C E G. by à Quantity leſs than the given one X; 
ph more will the conical Surfaces fall ſhort of the 
laid ſpherical Surface ACE G by a Quantity leſs than 
TRE oven one X,and(byDefin. 6. J. 12, conſequently will 
End ku the Superficies ACE G. N. E. P. SY 
W 


Fig. 15. 


8 


Fig. 16. 


c demonſtrate more oper 
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PROP, XXI. Theorem. 
Ovical Superficiet inſcribed in a ſpherical Sep: 
met DAF end in the ſpberical Superfeteraf 
the Segment it ſelf.” BI | 


This may, be demonſtrated by che fame Reaſoning 
as the foregoing was. i 


. * 
C 


YR OP. XXII. Theorem. 


122 demon fxared Prop. 18. that 4 Circle 
whoſe Radius is a mean Proportional her wixt 

the Diameter AE and the right Line EB, which 
3s drawn from the Extremity of the Diameter unto 
rhe endof the Side AB next to the Diameter, is 
equal to all the conic Superficies inſcrib d in the Spbert. 
I faythat this Circle (ſee Def. 6. I. 12. ends at 
length in 4 Circle, whoſe Radius is AE the Dia- 
neter of the Sphere. FJ | 7 ern 
For if more and more Sides be infinitely inſcribed in 
the greateſt Circle (which then being turn'd round about 
AE produce conical Superficies) ; it is manifeſt that 
the Side A B becomes at length Teſs than any given 


right Line, and conſequently that che Subtenſe E B ap- 


proaches to the Diameter A E within à Diſtance leſs alſo 
than any given one; from whence it comes to paſs that 
the Difference of thoſe AE, DE, becomes likewiſe leſs 
than any given one. Therefore much more ſhall the mean 
Proportional betwixt AE, BE, Which is always greater 
than BE, differ from AE at length by a Defect lets 
than any given 'ohe. Therefore. the Circle alfo whoſe 


Semidiameter is a mean betwixt AE and BE, will at 


length differ from 4 Circle whoſe” Semid iameter is A E, 
by a Defect lefs than any given one Fhatſoever; that is, 


will end (Def. 5. 12.) in it. RE. D. 


This Which is clear 5 of it {elf; chere is no need 
ly. a ot +43 # * * » 3444 4 


_ P R OR 


LE woe. tt 


Fer becauſe it now appears from the foregoing De- 
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P R O P. XXIII. Theorem. 
YT T was demonſtrated Prop. 19. that a Circle Fig. 17. 
B whoſe Radius is a mean proportional betwixt 
EB and the Axis of the Segment AO, is equal to 
all the conical Superficies inſcrib'd in the ſpherical 
Portion DAF : i , 

T ſay, that this Circle ends in a Circle whoſe 
Radius is the right Line AD drawn from the Ver- 
tex of the Segment unto the Circumference of the 
Circle DN which is the Baſe of the Segment. 


monſtration that EB deth at length end in AE . will 
alſo be manifeſt that the mean Proportional berwixt EB 
and AO doth at length end in the mean Proportional 
berwixt AE and AO, that is, (by Corll. 2. p. 8. J. 6.) 
in AD it ſelf, It is therefore manifeſt that the Circle 
alſo whoſe Radius is a mean Proportional betwixt EB 
and AO, doth end in the Circle of the Radius A De 


L: E. D. | 
| A Lemma to the following Propoſition. | 


1 F the Diameter of one Circle be double to the Diame- 
ter of another, the one Circle will be four fold to the 


ocher. 
This is manifeſt from Prop. 2. J. 12. and Deffh. 10. J. 5. 


P R OP. XXIV. Theorem. 
THE Superficies of every Sphere is fourfold of Fig. 16- 
1 the greateſt 8801 of the [ame ee 7 


This moſt noble Theorem of Archimedes we ſhall from 
whar goes before expeditiouſly demonſtrate in this man- 


Let 


30 


1 ſpherical Surface, the chief ei all _ 
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ARCHIMEDES*s Theorems. 
Let an ordinate Figure, the Sides whereof are mea- 


ſured by the Number four, be underſtood to be inſcrib'd 


in the greateſt Circle of à Sphere about the Diameter 
AE. Let this Figure be turn'd round about A E, and 
ſo produce conical Surfaces inſerib d in the ſpherical Sur- 
face, and let EB be drawn. It hath been demonſtra- 
red above (18. of this) that all conical Surfaces inſcri- 


bed in a Sphere are equal to the Circle, the Square of 
the Rad ius hereof is equal to the Rectangle A E B, that 


is, whoſe Radius is a mean Proportional betwixt A E and 
EB. And this will always happen, although the Inſcri- 


— 


prion be iufinitely continued. Wherefore ſeeing the in- 


ſerib d conical Surfaces (by 20. of this) will at length 
end in the ſpherical Surface, and the Circle whoſe Ra- 
dius is a mean betwixt AE and EB will at length end 


(by 22. of this) in the Circle whoſe Radius is A E; the 
P 


erical Surface it ſelf alſo (by 2. of this) will be equal 


to the Circle of the Radius A E, that is, ( by the forego- 
ing Lemma) to four Times the greateſt Circle ACEG. 
LN. E. D. | | DOA. 


He that ſhall read Archimedes will find that the Way 


here uſed in demonſtrating this moſt noble Theorem is 
much ſnorter and clearer than | 


that of Archimedes. 
14 > 11 5 - 7 
"BY 


Corollary. 


Prom this admirable Theorem, whereby. Archimedes 
hath purchas'd to himſelf an immortal Name amongſt 
the Geometricians, a Circle equal ta;a ſpherical Surface 
is obtain d; that to wit, whoſe Semid iameter is the Dia- 
meter of a Sphere, or whoſe Diameter is double to- the 
Sphere's Piamefer. ‚df d mot 1) kh he 0 


Cf 
120087 SHOW. 4 O54 
W E are now well provided for the meaſuring of 


2 
© 


ones. And ir is*pertorm'd theſe two Way 
1. Let the greateſt Circle of the Sphere be meaſured 
(according to Schal. Pap. 6. of this), and let it be multi- 
plied by 4. As, if the greateſt Circle oſ the Orb of the 
Earth be found to contain 49,075,000 Square * 
, __ © accord- 


as. adi. | 


1 1 


d 
e 
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according to this 196, 325, ooo ſquare Miles are contain d 
in the whole ſpherical Surface. „ 

2. The Diameter of a Sphere multiplied by the Cir- 
cumference of the greateſt Circle gives you the ſpherical 
Superficies. According to which, if the Earth's Diame- 
ter conſiſt of 7,8 53 Miles, and conſequently the Circum- 
ference of the greateſt Circle conſiſts of 25,000, the 
whole ſpherical" Surface will be in the fame Miles 
196,325,000 ; for 7,853 & 25,000=196,325,000, 

The Demonſtration appears from Coroll. 1. Prop. 5. of 
this; for a Rectangle under the Diameter of à Sphere, 
and the Circumference of the greateſt Circle, is accord- 
ing to that Corollary fourfold of the greateſt Circle. 


NON. Theorem. 


THE Surface of any 10 Portion whatever Fic. re. 
(a. DAF] is equal to a Circle, whoſe Radi- 

us is the right ine (AD) drawn from the Ver- 
tex of the Portion to the Circumference of the Cir- 
cle (DN which is the Baſis of the Segment. 


Let a Figure equilateral and of an even Number of 
Sides, the Baſe being ſer afide, be imagin'd to be in- 
ſcrib'd in the Section of the greateſt: Portion about the 
Axis A O; this Figure being curn'd round about AO 
will inſcribe conieal Surfaces in the Portion. Let the 
right Line E B be drawn alſo as above (i 18 and 19 of 
this.) All the conical Surfaces now inſcribed are equal 
(by the 19th of this) to the Circle whoſe Radius is a mean 
proportional betwixt EB and the Axis of che Segment 
AO. And this will always happen if the Inſcription be 
infinitely continued. Wherefore fèeing both the conical 
Surfaces inſcrib'd in the Segment end at length (by 21 
of this) in the ſpherical Surface of the Segment, and 
the Circle whoſe Radius is a mean betwixt EB and AO 
ends (by 23.) in the Circle of the Radius A D; the 
{ſpherical Surtace of the Portion alto D A F (by 2.) will 
be equal to the Circle of the Radius AD. . E. D. 

This is another of the more noble Inventions of Archi- 
medes, which as the former we have demonſtrated in a 
much ſhorter and clearer Way than he did. 


PROP, 


22  AR@QHIMEDES's Theorems. 
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PRO pP. XXVL Theorem. 


HE Superficies of a right: Cylinder circum- 
ſcribd about the Sphere(as theCylinder HPSV) 
is equal to the Surface of the Sphere, 
And if a Cylinder and Sphere be. cut. by Plains. 
per pemdicular to the Axis (BG); each Segment of 
the Cylindrical Surface will be equal to each Seg- 
ment of the Sphere, W | | 
part I. Becauſe the Side HP of the Cylinder is (by 
the 8 equal to PS the Diameter of the Baſe; 


the Cylindrical Surface HS will be (by Coroll: p. 12. of 
this) fourtold of the Baſe; that is, of the greateſt Cir- 


cle of the Sphere inſcribd in the Cylinder; of which 


ſeeing (by 24 of * ſpherical Surface it ſelf is al- 
ſo fourfold, this will be equal to the Cylindrical Surface. 
Q E. D. is 
Part II. Let the right Lines, BO, GO, be drawn. 
Becauſe the Angle BO G (by 31. J. 3. ). is right, as being 
the Angle in the Semicircle, and OC falls perpendicular 
from it upon BG; B O (by Corol. 2. p. 8. I. 6.) will be a 
mean proportional betwixt GB and B C, that is, be- 
twixt LT and HI. Therefore the Circle of the Radius, 
BO (by 11. of this) will be equal to the Cylindrical 
Fur face H T. But the ſame Circle is alſo (by the fore- 
going) equal to the Segment of the ſpherical Surface 
OBR. Therefore the Cylindrical Surface HT and the 
ſpherical. OBR are equal. 3 | 
Then becauſe it is ſhew'd. in the ſame manner that che 


Cylindrical Surface H X is equal to rhe ſpherical QB R, 


the remaining Cylindriral Surface IX will be equal to the 
remaining ſpherical Surface QORR; which is intercepted 
betwixt two parallel Circles. A or 
Aud from theſe the Propoſition is manifeſt of all Seg- 
ments. Fre 5] | 


[ Coroll, Her ce the Superficies of a Cylinder cireumſcribd 
about a Circle is douple to the Baſes. ] : .. 


AGM 


"_- 


THE Segments. of a ſpherical Surface divided Fr. 1. 
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PROP. XXVII. Theorem. 


<< by parallel.Cir cles have that Br oport ion among ſb 
them ſelves, which-the Segments ( BC, CD, DA, 
AE, EF, FG). of that Diameter (BG) which is 


perpendicular to the parallel Circles have among it 
themſelves. | 


It follows from the foregoing. For by chat the Segments 
of the ſpherical Surface OBR, QOKR, M RN, Gr. 
are equal to the Cylindrical HT, IX, LN, c. But 
theſe (by 13. J. 12.) have the ſame Proportion betwixt 
themſelves which the Segments of the. Axis BC, CD, 
DA, Ge. have, Therefore thoſe alſo have the ſame Pro- 
portion. Q E. D. | 


Scholium. 


Rom hence the Proportion of Zones and Climates 
F keene dent lyes becomes known. For they are 
to one another as the Segments of the Axis, which are 
known, from the Table of Sines. 

Fo. the ſame alſo. we learn to meaſure the Segments 
Of a ſpherical Surface. For becauſe both che whole Sur- 

ce. of the Sphere is known from Scho. Prop. 24. and 
the Proportion of the Segments, the ſame as that of 
the Parts of che Axis, is alſo given; it is manifeſt that 
es the Segments become known. ay 

Now boch the cine all the reſt of the Theo- 
rems which follow, are alcogether ſingular and admira- 
ble, and well 88 chat thoſe who are ſtudious of Geo- 
metry ſhould give all Diligence to underſtand them. 


F a plain (QN) touch a Sphere in (O) a right Line 
I (AO) from the Center to che Contact is perpendicular 
to the Plain. * LS Lex 

Let 


Fig. 20, 22, 
41. 


* 


Ja 
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Let QN the tonching Plain and the Sphere be cur 
through the Contact with two Plains, which. in the Sphere 
may produce the Circles OG, OD, but in the Plan QN 


| I the right Lines CO, IO, which ſhall touch the Circles 
mn O. Therefore by 18.7.3. AO is perpendicular to 
both IO and EO, and conſequently by 4. I. 11. perpen- 


dicular to the Plain QN. & E. D. 


LE \ £2 7 ? * | 4 * % N a 1 a * 
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PR OP. XXVIII. Theorem. 
a . „ . N 


Very Sphere is equal to a Cone ( ZO ) whos 
Altitude (KO) is equal, to the Radius of the 


Sphere ; and the Buſe (Z) enual to the Super ficies 
&7 157 3 271 1 FC ah 


f the Sphere." 


Let ſome Polyedral Body be underſtocd to be circum- 
ſeribed about the Sphere, and let the ſolid Angles thereof 
be cut off by new Plains touching the Sphere. : Which be-. 
ing done there will ariſe another Polyedral Body contain- 
ing:the Sphere, but leſs than the former, and conſiſting of 
more Angles, and having a Surface compounded of more 
tangent Plains in Number bur. leſs in Magnitude. , If the 
ſolid Anples of this Polyedrum be again cut off by new 
tangent Plains, and the Angles of the third Polyedrum 


thence ariſing likewiſe ;” and ſo ofr for ever; it will come 


ro = at length that both the Polyedrum will exceed the 
Sphere by a' folid leſs than any given one whatſoever, 


and the Surface thereof compounded of tangent Plains 


(which, as I ſaid, are endleſly leſs in nn 
more in Number than they were before) wil 


demonſtrated,” yet becauſe they are of rhemſelves mani- 


Theſe Things being thus ſtated, We proceed. © - 


Reſt enough, ſhall for Erevitys fake take for granted. 
The Polyedrum now defign'd is compounded'of Pyra- 


mids, the common Top whereof 1s the Center of rhe 


| Sphere, and the Baſes are tangent Plains, which conſti- 


right Lines drawn from the Center A unto the Contacts 
ot each of the Plains, are (by the foregoing Lemma) per- 


tute the Surface of the Polyẽdrmm. And becauſe the 


pendicular to each of the Plains; therefore the height 
of all the Pyramids, whereof the Polyedrum 7) 
| I will 


re exceed the 
{ſpherical Surface alſo by a Plain leſs than any given one 
whatever. Both which Things, although they might be 


A 


ti 


* 
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will be equal to wit, AB the Radius of the Sphere: 
If therefore the Plain X be ſuppoſed equal to the Sur- 
ſace of the Polyedrum it ſelf, and upon it there be ere- 
Red a Pyramid at the Heighth M N, which is alſo equal 
to the Radius of the Sphere; It is manifeſt (by 6. J. 12.) 
that all the aboveſaid Pyramids, that is, the whole Po- 
lyedrum are equal to the Pyramid Xx N. After the ſame 
manner all the reſt of the Polyed rums containing the 
Sphere, which from the perpetual Abſciſſion of the ſo- 
lid Angles will ariſe one after another infinitely, are al- 
ways equal to the Pyramids 88 by XN) the 
Altitudes whereof MN are the Radius of the Sphere; 
but the Baſes (X) equal to the Surfaces of Polyedrums 


encompaſſing the Sphere. Wherefore, ſeeing ar length N 
both the Polyed rums (as I ſaid above) do end in a > 
Sphere, and the Pyramids, (X N) as I will ſhew by and 7 


by, do end in the Cone Z O; the Sphere alſo (by 1. of 

this) will be equal to the Cone. 2. E. D. | 
But that the Pyramids X N end in a Cone , I thus 

ſhew. The Surfaces of Polyedrums end in the Surface 
of the Sphere, as it was taken for granted above. But 
the Baſes X of the Pyramids XN are always ſuppos d 

| __ to the Surfaces of the Polyedrums; and Z the Baſe 
of the Cone, ZO is by the Hypotheſis equal to the Sur- 
face of the Sphere; therefore the Baſes X alſo will end 
6 in the Baſe Z; and conſequently ſeeing the Pyramids 

XN be to the Cone, which by the Hy potheſis is of equal 

j Hoght (by Coral. Prop. 1 1. J. 2 as the Baſe X is to the 

5 Baſe Z, the Pyramids alſo will end in the Cone. 

1 The Demonſtration of this Propoſition and the follow- 

5 ing is altogether diverſe from that which Archimedes 

e made uſe of, which indeed is very ſubtile and ingenious 

E but Prolix and difficult; to which there are premis 

1 two Poſitions that are manifeſt, and eleven Propoſitions, 


* 
, 
* 1 1 breaths P 0 2 „rr E 
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55 beſides others not a few, on which they depend. But the 

Bu Theorem it ſelf, as propounded by Archimedes, is thus; 

4 Every Sphere is four told of a Cone, which hath a Baſe 

ne equal to the greateſt Circle of the Sphere, and its Alti- 

*E tude equal to the Radius. 

he | Ser ine 

28 Scholium. F 

ht Rom this noble Theorem is deduc'd the Menſuration Z 
S, of the moſt noble of ſolid Figures. For if rhe ſixth 4 
\ll | „535 Part * 


= £4 Fa? 
PP naS Og TE 
— ah — 5 


8. 


Pig. 23. 


ARCHIMEDES's Theorems. 


Part of the Diameter, or the third Part of the Semidia- 
nieter be multiplied by the Surface of 1 851 alrea- 
iſe rhe Solidity 


"Suppoſe rheSuperficies oftheEarth be found to contain 
' 296,325,000 ſquare Miles, and let the third Part of the 


dy known by Schol. Prop. 24. there will a 
of the Sphere. h | 


o 


Semidiamerer conſiſt of 1309 ſuch Miles. Mulriply the 


two Numbers cs Hed the Product 256,989,425,000 | 
0 


will be the Nu der of the cubic Miles 


Salidity. 


For ſeeing a Sphere (by this Prop. is equal to a Cone 


whoſe Altitude is the Rad ius of the Sphere, and its Baſe 


the Surface of the ſame Sphere, and the Sony of the 
Cone (by Schol. Prop. 8. of this) is produc'd from the 


third Part of the Altitude (that is, of the Radius of the 


Sphere) multiplied by the Baſe (that is, the Surface of 
rhe Sphere,) the Sphere's Solidity alſo is obrain'd from 


the 3d Part of the Radius multiplied into rhe Superficies. 


PROP. XXIX. Theorem. 


"Wery Sector of a Sphere & equal to | 4 Cone 
- whaſe Altitude the Radius of the Sphere, 
and the Baſe the ſpherical Superficies of the Sector. 


Firſt, let the Sector A E CG he lefs than an Hemi- 
ſphere. Let a right: lin d polyedral Body be underſtood 
d about the Sector. Now if all the re- 
mainingRatiocination be carried on aſter the ſame manner 
as was done in the foregoing , the Thing ſought will be 


ro be circumſcrib 


concluded in the ſame manner. This Thing alone will 


require ro be ſhew'd, upon which indeed the whole Rea- 
ſoning depends; to wit, that the Superfices of the Po- 


lyedrum, which is compounded of Plains on every Side, 
touching the Surface of the Sphere E CG, is greater 


than the Surface ECG. Which is done thus. Let ano- 
ther equal and like Surface be conceiv'd to be fer to the 


Surface E CG encompaſs'd with toucliing Plains in the 
very lame manner as the other is. There will now (by 
Axiom 3. of this) the whole Surface compounded of 
Plains, be greater than the whole ſpherical Surface. 
Therefore half the Surface compounded of Plains will 
alſo be greater than half the ſpherical Surface ECG. 


Then 


the Earth's 


Then let the Sector AE B & be greater than an Re- 
miſphere. Both Sectors taken together are (by the fore» 
going) equal to a Cone whoſe. Heighth is the Radius of 
he. Sphere, and its Baſis. the whole Superficies ; that is, 

by Tr. J. 12.) to two. Cones which have the fame 
19 85 bur have their Baſes equal to the, Segments of | 
the ſpherical Superficies ECG, EBG. Burone:of the = 
Sectors AE CG, chat which is leſs ſrhan an Hemiſphere, 
is by. Part 1. equal to a Cone, whoſe Altitude is. the Ra- 
dius, and its Baſe the Surface ECG. Therefore che o- 
ther Sector A EB G is equal to the other Cone whoſe 
Heigheh is the Radius, and its Baſe the remaining ſphe- 
rical Surface E BG. Q. E. D. : 
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Corollary. 

Ba (by 25. of this) the Superficies E C G is equal 
O to t 2 of the Radius CG, and — 
E BG equal to the Circle of the Radius B G; the Se- 
ctors AE CG, and AEB G, will be equal to Cones 
whoſe Altitude is the Radius of the Sphere, and their 
Baſes Circles of the Radius's C G, and BG. 


A0 
„ 2 - Scbohwn.. 
Rom theſe Things is deduc'd the meaſuring both of Fiz. 23. 
Sectors and Segments of Spheres; of Sectors (as 
appears from Schol. Prop. 6. of this) if the third Part of 
the Radius be multiplied by the ſpherical Surface of the 
Sectors, which is already known from Schol. Prop. 27. or 
&y. the'Circle of the Radius CG or BG ; and of Seg- 
ments, if the Cone E AG be meafured, and be taken 
away from the Sector, if it be leſs than an Hemiſphere ; 
but added thereto if it be greater. | | 
The Segment (MQ RN) which lies betwixt two Cir- Pg. 18. 
cles, whether parallel or not parallel, is meaſured; if the | 
Segments QBR and MBN already known, be fub- 
acted one out of the other. | 


+ PROP. XXX. Theorem. 

A N Hemiſphere (EOBD) s double to the rig, 24. 
Cone (EBD) which hath the ſame Baſe and 

Altitude with it ſelf. 


P 2 The 
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The cone whoſe Bafis is the hemiſpherical Superficies 
E OBD, and its Altitude the Radius A B, is to the Cone 


EB D (by 11. J. 12.) as Baſe is to Baſe; that is, as the 
hemiſpherical Surface EO B D is to the greateſt Circle 


PT. Therefore] ſeeing the hemiſpherical Superficies 


EO Bb is double to the greateſt Circle (by 24. of this) 


the Cone alſo which hath the Superficies E OBD for its 
Baſe, and the Radius AB for its Altitude, is double to 
the Cone EB D. But (by 28. of this) the Hemiſphere 
is equal to a Cone which hath the Radius ſor its Altitude, 
and the hemiſpherical Superficies for its Baſe. Therefore 
the Hemiſphere is alſo double to the Cone E B D. Q. E. D. 


PROP. XXXI. Theorem. 
E ſà Sphere be divided into two Segments 
ILBG, ISKG, by the Plain T9GT which 
doth not paſs through the Center A; and let the 
Diameter BOK be perpendicular to the cutting Plain. 
As the Altitude © B of the. Segment ILBG, 


zs to the Radius of the Sphere AB: So let OR, 
the Altitude of the other Segment, be made to the 


other Line KN. © 


In like manner, As OK, the Altitude of the Seg- 
ment IS KG, i to the Radius AK or AB, ſo let 
the Altitude OB M the other Segment be made to 
75 other Line BD: Which Things being ſuppos d, 

T jay R PS TH ESO One KF EV op OY | 

I. The Cones ING and DG whoſe Altitudes 


axe ON, OD, and LGT their common Baſe, are 
& equal to the / pherical Segments, | 


- 2. There u the ſame Proportion of the Segments 
as there i of the right Lines DO, NO. 

3- The Segment IS RG is to the greateſt Cone 
IKG inſcribed in it, * NO is to RO; and the 
Segment ILBG is to the greateſt Cone IBG in- 


T crib'd in it, as DO is to BO, 


K 4 
. ” Part. 
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© Part I. Let the Sphere and Cones be cut by a.Plain 


through the Diameter BK. There will be produced in 
the Sphere the greateſt Circle BLK G, and in the Cones 
the Triangles BIG IKG. And becauſe BOK the Di- 


amerer is (by the Hypotheſis) perpendicular ro the Cir- 


cle QT, IOB (by Def. 3. J. 11.) will be a right Angle. 
The Angle in the Semicircle is alſo a right one (by 31. 


J. 3.) Becauſe therefore in the Triangle B IK, there is 
drawn from the __ Angle, IO perpendicular to rhe 
Baſe BK; BI will be to IO, as(by 8. /.5.)BK to KI. 
Therefore the duplicate Proportion of BI to I O is equal 
to the duplicate Proportion of BK to KI; that is, 
(becauſe BK, K I, K O (by Corol. 2. Pr. 8. 1.6.) are three 
Proportionals) equal to the Proportion of BK to KO. 
Then becauſe OB is (by the Hy potheſis) ro BD, as 
O K is to the Radius AB; by Inverſion it will be always 
thus, DB is to BO, as AB to OK; and by Permuta- 
tion thus, DB is to BA, as BO to OK; and by Com- 
pounding thus, DA is to BA, as BK is to O K. Be- 
cauſe therefore I have already ſhew'd the Proportion of 
BK to OK to be duplicate to the Proportion of BI to 


10, and conſequently (by 2. /. 12.) cqual to the Propor- 


tion betwixt the Circles deſcrib'd by the Radius's BI, 
IO; DA will alſo be to BA, as the Circle of the Ra- 
dius BI, to the Circle of the Radius 10. Therefore 
the Cone under the Altirude D A, and for the Baſe, the 
Circle of the Radius TO; that is, the Circle QT, is e- 
qual to the Cone under the Altitude B A, (by 15. J. 12.) 
which hath for its Baſe the Circle of the Radius BI; 


that is, ( by Coro. 29. of this) the ſpherical Sector 


AIBG. Wherefore if the ſame Cone IAG be added 
as well to the Sector AIBG, as to the Cone under DA, 
and the Circle QT, the Wholes will be equal; to wit, 
the ſpherical Segment ILBG will be equal to two 
Cones, whereof one is that which is under the Baſe QT. 
and the Altitude D A, and the other IAG is under the 
lame Baſe QT, and the Altitude O A. But theſe two 


Cones (by 14. J. 12.) make up the Cone I DG. There; 


fore the Segment IL BG will be equal to the Cone 


IDG. 2. E. Db. 


By the ſame Reaſoning the Segment ISKG will be 
equal to the Cone ING, with this only Change, that 
the Cone I AG which before was added, be now taken 
away. $- PE OR ne FO NR | 
T's P 3 2 s Part 
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ARCHIMEDES's Theorems. 
part II. This is manifeſt out of the firſt. For the 


Cones ID'G and ING are berwixt themſelves(by . 1g. 


J. 55 as are DO and NO. Therefore the Segments 
alſo ILBG, ISK'G, cqual to rhoſe Cones, are be- 
Twixt rhemtelves, as the right Lines, DO, NO. 
Part III. This likewiſe is manifeſt from the firſt, For 
che Cone 1D is to the Cone IB G, (by the ſame)] as 
DO is to BO. Thereforethe Segment alſo I LBG which 
is equal to rhe Cone I D G, is to the Cone IBG, az 


F . 
Flom the firſt Part of this Propoſition there ariſes ano- 

ther Way of Meaſuring ſpherical Segments, and that 
a very eaſy one; if, to wit, the Cones IDG, ING, be 
meaſured; which will be done if the third Parts of the 
right Lines DO, NO, be drawn into the Circle T. 


PROP. XXXII. Theorem. 


A Right Cylinder (G K) is both im Solidity and 
© the 'whole Swperficies to the Sphere about which 
it is cireumſcrib'd, as 3 ti 2, 50 
Let BQ he the common Axis of the Sphere and Cy» 
linder, and E BD the greateſt Cone inſcrib'd in the He- 
er here E OB D. Becauſe the Cylinder E K (half of 
k) is (by 10. J. 12.) treble to rhe Cone E B D, while 
the Hemiſphere is double to the ſame Cone, by 30. of 
this) it is manifeſt that the Cylinder EK is to the He- 
miſphere as 3 to 2. Therefore allo the whole Cylindeę 
GK is to the whole Sphere QEBD as 3 to 2, Which 
was the firſt Part. | 3 
Then becauſe the Side of the Cylinder KN is equal 
o GN the Piameter of the Baſe, its Superficies with- 
out the Baſes will be fourtold (by Corol. Pr. 1 2. of this) of 
the Baſe MI, and conſequently taken together with the 
es, that is, the whole Superficies of the Cylinder, 
will be ſixfold of the Baſe MI, which is equal to the 
eateſt Circle of the Sphere. Bur the 3 of the 
Sphere is fourfold of that greateſt Circle. Therefore the 
whole Superficies of the Cylinder G K is to the Superfi- 
cies of the Sphere, as 6 tO 4, Or as 3 to 2, Which was 
che other Part, N Thee- 
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Therefore 2 Cylinder is both in Solidity and the whole 


Superficies to the Sphere, about which it is circumſcrib d, 
AS 3 0 2. 2. E. D. ; | 


Scholium. 


IT is an Argument what a great Value Archimedes 
puts upon this Theorem, that he would have 

6 phere inſcribd in a Cylinder ſer. upon his 
omb. And perhaps amongſt ſo many other Famous 
Diſcoyeries, this chiefly and above all others pleas'd him 
for this reaſon , to wit, becauſe there was one and the 
ſame rational Proportion both of Bodies, and of the Sur- 
faces which contain them. We have demonſtrated 3 
like Identity of Affections betwixt Rings, and the Surfa- 
ces of Rings,in the qrhBook of ourCylindricks andAnnu- 
. laries, Prop. 13, 14, 15. And another Famous Example 
of the ſame: hach alſo offer d ir ſelf to me in the Sphere 
it ſel, For I have found, that like as a Sphere is to a 
right Cylinder which encompaſſeth it (which will neceſ- 
farily be equilateral) as 2 is to 3, and this both in re- 
ſped of Solidity and Surface; 1o likewiſe the Sphere 
Hath to an equilateral Cone encompaſſing it, that Propor- 
tion which 4 hath to 9 ; and this both in regard of So- 
lidity and Superficies. From which this alſo follows, 
That the ſeſquialteral Proportion found by Archimedes in 
the Sphere and Cylinder, is continued in three Solids, 
Sphere, Cylinder, and equilateral Cone. The Demon- 
ſtration of both which Things, with ſome other Theo- 
rems of my own, in which the wonderful Nature of the 
Sphere will more appear, I ſhall ſubjoin in the thirteen 
following Propoſitions. N 8 


PROP. XXXIII. Theorem. 


T HE Superficies 1 s | Sphere is double to the 
Super ficies of a ſquareCylinder inſcrib'd in the 
fame Sphere. . 


Let AK L be theSquare infcrib'd in the greateſtCircle 
of a Sphere, from which turnd round, there is deſcribed a 
{quare Cylinder; and let AL be drawn as a Diameter 
common to the Cylinder and Sphere. Becauſe the Square 
AL is (by 4. J. 1.) equal to the equal Squares AR, 

2 4 K 


7 


* 


of * ARCHIMEDES's Theorems, 


= RI, ir will be double to one AK. Therefore alſo the 
4 | Circle of the Diameter AL, is (ty 2, 1.12.) double to 
the Circle, whoſe Diameter is A K; to wit, to the Cir- 
cle CN. But the Superficies of the Sphere is (by 24. of 
this) fourfold to the Circle whoſe Diameter is AL, for 
that is the greateſt Circle of the Sphere, ſeeing AL is 
the Diameter of the Sphere. Therefore the Superficies 
y of the Sphere is Eightfold of the Circle CN. But be- 
cauſe LK, K A (by the Hy potheſis) are equal, the cy- 
8 lindrical Superficies AC is (by Corol. Pr. 12. of this) 
= quadruple of the Circle CN. Therefore ſince the Su- 
3 perficies of the Sphere is N of the ſame Circle, 
it will be double to the cylindrical Superficies. Q. E. D. 


PROP. XXXIV. Theorem. 


Fx · 26. X; H E Superficies of a Sphere hath that Propor- 


tion to the whole Super ficies of a ſquare Cylin- 
der inſcrib'd in it, which 4 hath to 3. | 
Let the ſame Things be ſuppos'd which were in the 
foregoing Demonſtration. Becauſe by the Hypotheſis 
LK the Side of the Cylinder, and A K the Diameter of 
the Baſe thereof are equal, the cylindrical Superficies 
CL will be quadruple (by Corol. Fr. 12. of this) to the 
Baſe CN, and conſequently the whole Superficies of the 
Cylinder is to both Baſes CN and SL, as 6 is to 2. 
Bur the Superficies of the Sphere is to both Baſes toge- 
ther CL, S L, as 8 is to 2, ſeeing in the foregoing it was 
ſhew'd that it is to one Baſe as 8 to 1. Therefore the 


- 


Superficies of the Sphere is tothe cy lindrical Superficies 


EL as 8 is i 6, or qe 3. N. E. D. 


| Corollary. 8 
T H E whole Superficies of a right Cylinder deſcrib'd 
about a Sphere, is to the whole Superficies of an equi- 
lateral Cylinder inſcrib d, as 2 is to 1. For the circum- 
{crib'd is to the ſpheric Superficies as 12 is to 8 (by 32. 
of this.) But the Spheric is to the inſcrib'd as 8 is to 6 


by this preſent Propoſition. Therefore the circumſerib q 
zs co the inſcrib d as 12 ib to 6, or 2 to 1. PEA 
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BK OP; XA. Theos 


Portion of any ſpherical Super ficies whate- 
ver (as ILBG) hath the ſame Proportion to 
the Superficies of the greateſt inſcribed Cone, which 
(BG) the Side of the Cone hath to (GO) the Radius 
of the Baſe. e | 
Becauſe (by 25. of this) the Superficies of the Portion 
ILB G is equal to the Circle of the Radius BG; the 
Proportion thereof ro QT, that is, to the Baſe of it 
ſelf and of the Cone, will be duplicate to rhe Proportion 
(by 2.1. 12.) of BG to GO, that is, (by 14. of this) 
of the Proportion of the conical Superficies IB G to the 
ſame Baſe QT. Therefore it is manifeſt (by Def. 10. J. s.) 
that the Superficies IL BG is to the conical Superficies 
IBG, as the fame conical Superficies I BG, is to the 
| Baſe QT. Wherefore ſeeing the conical Superficies IB G, 
is to the Baſe QT, as BG (by 14. of this) is to GO, 
rhe Superficies of the Portion will alſo be to the conical 
Superficies IB G inſcrib d in it, as BG is to G O. C. E. D. 


p R O Pp. XXXVI. Theorem. 


* HE Superficies of the Hemiſphere CEOBD) 

hath that Proportion to (EBD) the Superficies 
of the greateſt right inſcribed Cone, which in 
@ Square the Diameter hath to a Side; and that 


Proportion to the Superficies of a like Cone circum- 
ſcribed,as the Side in a Square bath to the Diameter. 


I. The Demonſtration of the firſt Part is manifeſt from 
the foregoing. For E OBD the Superficies of any Por- 
tion whatever, and conſequently of the Hemiſphere, is 
to the conical Superficies infcrib'd, as BD is to DA. 
But BA PK is a Square whoſe Diameter is BD and the 
8 | 

Part II. Let EB C be half of the Square circum- 
{crib'd about the Circle (whoſe Center is A); which EBC 
being rurn'd about the Axis AB, let there from thence 

be produc'd a Cone circumſcribed about the Hemiſphere. 
Now becauſe the Square EC is (by 47. J. 1.) double to 
che Square EB or GT, the Circle of rhe Diameter Ec 


alſo 


d 
ww 


Fig, 26, or 
25 


Fig. 24. 


Fig. 6. l. * 


* 


1 


The ſame i- 
ure, with 


1g ·13· l. 5. | 


is GI, 
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alſo is (by .I 12.) double to the Circle whoſe Diameter 
that is, to the Circle HG DI. But (by 24. of 
this) the Superficies of the Hemiſphere included in the 
Cone EBC is double to the ſame Circle. Therefore the 
Circle of the Diameter E C is equal to the hemiſpherical 
Surface. Wherefore ſeeing the conical Superſicies EBC 
is (by 14. of this) to the Circle of the Diameter E C, to 
wit, to its own Baſe, as the Side BE is to E A the Ra- 
dius of the Baſe; it will be alſo ro the hemiſpherical Su- 
perficies inferibed in it, as B E is to E A; that is, as the 
Diameter in a Square is to a Side. . E. DP). 


PROP. XXXVIL Theorem. 


AS phere bath the ſame Proportion to @ ſquare co- 


nical Rhombus circumſcribed about it both in 
reſpe of Solidity and Surface ; Which in a ſquare 
the Side hath to the Diameter. pike 


Let the ſquare E B C E be circumfcrib'd about HGDT, 
the greateſt Circle of a Sphere, from which Square as 
turn d round about the Axis B F, let a conical Rhombus 
encompaſſing the Sphere be produc d. 1 

As E B a Side of the Square (ſee Fig. 6. I. 4.) is to the 
Diameter EC, even ſo let S be made to R; (ſee Fig. 
13.1. 5.) and let this Proportion be continued through 
four Terms, 8, R, Q, O, the Proportion then of S to Q 
will be triplicate to the Proportion of S to R; that is, 
of EB to EC, and the Proportion of O to R will be 

duplicate to the Proportion of O to Q, or of R to S; 
that is, of EC to EB; and conſequently (by 20. J. 6.) 
O is to R as the a is to E B; from whence 

(by Schol. Pr. 6. and 7. l. 4.) O is double to R. Theſe 


Things being thus ſettled, let the Sphere E BCF be un- 
dlerſtood to be circumſcribed about the conical Rhombus. 


Thus the Sphere HG PI will be to the Sphere EBC F 
(by 18, J. 12.) in the triplicate Proportion of the Diame- 
ter GI or EB xo the Diameter EC; that is, (as I have 
already ſnew d) it will be as S to O. Bur the Sphere E B 
F is to the conical Rhombus inſcribed in it (by 30. of 
this) as 2 is to ; that is, (as IJ have ſnew d above) as O 
is to R. Therefore by E. uahty of Proportion, the S phere 
HG Dl is to the ſame Rhombys which is deſcribed about 
it, as S is to R; that is, as in a Square the Side EB is 
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to the Diameter E C. Which was the firſt Part. Then 
from the ſecond Part of the foregoing, it appears chat 


the Superficies of the Hemiſphere is to the Superficies of 
the Cone E BC, and conſequently the Superficies of the 


whole Sphere is to the Superficies of rhe whole Rhombus 
EB C F, as in a Square the Side is to the Diameter.There- 
fore the Sphere as well in Solidity as in Superficies is £0 
the ſquare Rhombus E B C FE, as in @ Square the Side is 
to the Diameter. Q. E. D. | 


P R O p. XXXVIII. Theorem. 


contains an equilateral Cone (BK D) # double 


to the Super ficies of the ſame Cone. 


This is manifeſt from 35. For the Superficies of the 
Portion BG RD is to the inſcrib d conic Superficies (by 
gs of rhis) as BK is to BA. But becauſe the Cone 
BK is ſuppos d to be equilateral, K B is equal co BD, 
and conſequently double to B A. Therefore the Super- 
ſicies BGR D is alſo double to the inſcribed conical Su- 
perficies. Q. E. D. 


P R O P. XXXIX. Theorem. 


"THE Superficies of Sphere *s to the whole Su- Fis- 27. 


ies of an equilateral Cone inſcribed in it, 

as 16 is to 9. | 
Let T be the Center of the Sphere, and BRK D the e- 
quilareral Cone inſcribed, and K Z AO the Axis common 
to the Sphere and Cone. If the Sphere and Cone be cur 
through this, there will be produced in the Sphere the 
greateſt Circle, and in the Cone, the equilateral Triangle 
BR D, one Side whereof will be che Dianreter of the Ba- 
ſis of the Cone QT. And becauſe the Axis of the Cone 
K A is perpendicular to the Baſe QT, BAK (Def. 3. I. 1 1.) 
will be a right Angle, Therefore the Square of BA 1s 
equal to the Rectangle K A O. (Corel, I. Py. 17, I. 6.) Now 
becauſe the Side of the <quilateral Triangle cuts off (Co- 
vol. 5. Fr. 15. 1.4.)a qth Part of the Axis A O, the Rectan- 
gle K AO, chat is, rhe Square of B A, will be treble to 
the Square of A0 (by 1. J. 6.) Wherefore ſeeing the 
Square of che Radius Z O is (Corol. 3. Pr. 1. J. 2.) quadru- 
ple of che Square of AQ, the Square of The Radius = 


— 


> 


T* Super ficies of the Portion ( BGRD) which Fig: 27. 


F 


Fig. 28. 


D is to 
14. of this) the Superficies of the equilateral Cone B KD 
is to the Circle QT, to wit, its own Baſe, as 2 is 
to 1, and conſequently the whole Superficies of the 
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will be to che Square of the Radius BA as 4 is to 3. 
Therefore the Circle O BRK is alfo (by 2. J. 12.) to the 
Circle QT as 4 is to 3. Therefore four Circles OB KD, 


that is, y 24: of this) the whole ſpherical Superficies 
the Circle QT as 16 is to 3. But (Corol. 1. Pr. 


Cone BK D; that is, including its Baſe, is to the 
Baſe, to wit, the Circle QT, as 3 is to 1, or 9 to 3. 
Therefore ſeeing I have ſhew'd that the Superficies of a 


Sphere is to the ſame Circle, as 16 is to 3, the Superfi- 
cies alſo of the Sphere PG will be to the whole Super- 


ficies of the equilateral Cone as 16 is to 9. Q. E. D. 


Or otherwiſe thus. 
Ecauſe by Corol. 5. Pr. 15. I. 4. the Side BD of the e- 
3 Triangle cuts off a 4th Part of the Axis 
AO, the ſpherical Superficies BO D will be a 4th Part by 
27 of this, and conſequently the Superficies BG DR 
three 4th Parts of the — cies of the whole Sphere. 


Wherefore if the whole Superficies be ſuppos d to be 16, 


the Superficies BG K D will be 12. But (by the forego- 
ing) the Superficies BG K is double to the conical Su- 
perficies BK D, and conſequently is to it as 12 to 6. 


|, Therefore the whole Superficies of the Sphere is to the 


conical BK D as 16 is to 6. Then becaule the Superfi- 
cies of the Cone B K D (as being equilateral) is (by Corol. 
I. Fr. 14. of this) double to the Bate QT, it is manifeſt 
that the conical Superficies BK D (to wit, without the 
Baſe) is to the whole Superficies of the Cone as 2 is to 3; 


khat is, as 6 to 9. Therefore by Equality of Proportion 


the wholc Superficies of the Sphere is to the whole Su- 
perficies of the equilateral Cone inſcrib d as 18 to 9. Q. E. D. 


PROP. XL. Theorem. 
THE Superficies of @ Sphere bears the Proportion 
to the whole Superficies of an equilateral Cone 
circumſcrib'd about it, that 4 doth to 9. | 
Let there be circumſcrib'd about the greateſt Circle of 
a Sphere B PM the equilateral Triangle DO FE, by which 
as turn'd round about the Axis OA B, ler there be pro- 
duc'd an equilateral Cone, circumſerib'd about the Sphere. 
Ang let there alſo be circumſcrib d about the * 


ri 


24 
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Triangle DOF the Circle NDLOF which, as is manifeſt, is 
concentrical to the former ; and let rhe Axis OAB be 
produc'd to N. Becauſe BN is a 4th Part of the Axis 
ON as is manifeſt (from Corol. 5. Pr. 1 5. I. 4.) ON is 
double to KB. Wherefore the Proportion betwixt Circles 
being duplicate( by 2. J. 1 2. )of the Proportion of the Diame- 
ters, the Circle BPM will be to the Circle NDLOF as 1 to 
4. But it hath already been ſhew'd in the firſt foregoingDe- 
monſtration, that the Circle NDLOF is to the Circle QT 
e Baſe of the equilateral Cone inſcrib'd in the Sphere 
L, as 4 is to 3. Therefore by Equality of Proportion 
the Circle BPM is to the Circle QT as x is to 3. Bur 
the whole Surface of the Cone DOF is (by Cor. 1. Pr. 
14. of this) treble to QT. Therefore the whole Superfi- 
cies of the Cone is ninefold of the Circle BPM. Where- | 
fore ſeeing the Superficies of the Sphere TP is quadru- A 
ple (by 24 of this) of the ſame Circle BPM, the whole h 
Superficies of the equilateral Cone DOF is to the Super- 1 
ficies of the Sphere to which it is circumſcrib'd, as 9 is 5 
to 4. 2. E. D. | . | | 
_ [ Coroll. 1. From this Demonſtration it is manifeſt that the 
Axis BO of an equilateral Cone circumſcrib'd about a Sphere, 
is one and an half of the Diameter of the Sphere EK, or as 3 to 2. 
2. That QT the Baſe of the Cone DOF is alſo one and an 
half of both Baſes of theCylinder circumſcrib'd about the ſame 
Sphere. For QT is to BPM as 3'to1. Therefore QT is to 
BPM twice as 3 i to 2. 2 
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3. That the Superficies of the Cone DO F is one and an half 
of the Superficies of the equilateral Cylinder circumſcrib'd a- 


. bout the ſame Sphere. For that F is double to U, while this is [+] Per C- 
quadruple to BPM *. Therefore the conical Superficies will rel. 1. p. 14. 

: be to the Cylindrical as twice 3 to four times 1 ; that is, as 20 _ 

} to 4, or as 3 to 2. | ; 26. of this; | 
5 PRO P. XLE Theorem. 4 
„ TD HE whole Super ficies of an equilateral Cone Fiz 28. | | 

| circumſcrib'd about a Sphere, ws quadruple to 1 
. the whole Superficies of a Cone inſcribed in the ſame. 

Sphere. | | 

e 759 the foregoing the whole Superficies of the equila- 

; teral Cone DOF circumſcrib'd, is to the Superficies of i 
f the Sphere as 9 to 4; and the Superficies of the Sphere i 
h is to the whole Superficies of the inſcribed Cone SKT as | 
5 16 to 9 (by 39 of this.) Therefore by Perturbation of E { 
"A i 2 g | f Equa- 
al : : 


1 
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Fig. 28. 
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Eqiializy of Proportion the whole Superficies of the cir- 
— equilateral Cone is to the whole Superficies 
of the equilateral inſtribed, as 16 is to 4, or as 4 t6 1. Q. Z. Di 


PR OP. XLII. Theorem. 


A Sphere hath thatProportion to BKC an equilate- 


ral Cone inſcribed in it, which 32 hath to 9. 
Let the Sphere and Cone be cut by a Plain paſſing 
through the Common Axis KO, producing in the Sphere 


the greateſt Circle OFRI, and in the Cone the equilareral 


Triangle BRC. Then a Plain being drawn thro? the Cen- 
ter A perpendicular to OR, let the Hemiſphere FGKT be 
cut off, in which let the greateſt Cone FRI be underſtood 
to be inſcribed. Now becauſe (by Cor. 5. p. 15. J. 4.) the 
Side BC of the equilateral Triangle curs off a 4th Part of 
the Axis OK, Pk will be to AK as 3 to 2, that is, as 9 to 6. 
Bur the Baſe QT is to the Circle OFKI, that is, to the 
Baſe ND, as 3 to 4, that is, as 6 to 8, as appears from 


what was demonſtrated pr. 39. Wherefore ſeeing the Pro- 


portion of the Cone BRC to the Cone FRI is (by Scl. 2. 
pr. 15. J. 12.) compounded of the Proportion of the Al- 
titude PK to the Altitude AK (that is, of the Proportion 
of 9 to 6) and of the Proportion of the Baſe QT to the 
Baſe ND ( that is, of the Proportion of 6 to 8) the Cone BRC 
will be to the Cone FRI as 9 to 8. Wherefore ſecing(by 
30 of this) the Sphere CG is quadruple of the Cone 
FEI, the equilateral Cone BRC will be to the Sphere CG 
as 9 to 32. N. E. D. e 


P R O P. XIII. Theorem. 


AN equilateral Cone circumfcril/d about aSphere, 
is eightfold of an equilateral Cone inſerib'd in 


the ſame Sphere. 


Let SKT and DOF be the equilateral Cones inſcribd 


and circumſcrib'd, and let B be the common Axis. 


Then let as well both the Cones as the Sphere be cut by 


a Plain paſſing through the Axis; their Sections will be 


two eouilateral Triangles , and the greateſt Circle BPM. 
About the Triangle DOF likewiſe let there be underſtood 
to be deſcrib'd the Circle NDOF , by let the Axis ORB 


be produc'd unto N. Now becauſe the Side DF of the e- 


quilateral Triangle doth (by Corel. 5. pr. 1 5. 1. 4.) cut off 


Ns the ath Part of the Axis ON, it is manifeſt that ON 
is double ro BK. In like manner, becauſe the Side 15 


* 
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of the other equilateral Triangle cuts off BC the th Part 
of the Axis BK, NO will be to BO, as BK is to CR; and 
by changing, as NO is to BK fo is BO to CK. But NO is 
double ro BR. Therefore BO is likewiſe double to CR. 
Therefore becauſe of the Similicude of the Triangles, DOF, 
SKT, DF and ST alſo, to wit, the Diameters of the co- 
nical Baſes will (by 4. J. 6.) be in a double Proportion be- 
twixt chemſelves. Wherefore ſeeing the Cones POF, SRT, 
be like, and conſequently (by 12. J. 12.) their Proportion 

is triplicate to the Proportion of the Diameters DF and 
ST; which is that of 2 to 1, the Cone DOF will be to 
the Cone SKT as 8 to1. Q. E. D. 


"PROP. XIIV. Theorem. 
A Sphere hath the ſame Proportion both in reſpect Fig 28. 
of Solidity and Surface to the equilateral Cone 
DOF circumſcrib'd about it, which 4 hath to . 


The Sphere TP is(by 42. of this)to the equilateralCone 
SKT inſcribed in it, as 32 is 9, Bur (by the foregoing) 
SKT the equilateral Cone inſcribed is to DOF the equi- 8 
lateral Cone circumſcribed as 1 is to 8, that is, 9 to 72. 

Therefore by Equality of Proportion the Sphere TP is to 
DOF the equilateral Cone circumſcrib'd as 32 is to 72, 
that is, as 4 to 9. But in Prop. 40. we demonſtrated that 
the Superficies of a Sphere is to the whole Superficies of 
an equilateral Cone circumſcribed as 4 is to 9. There- 
fore a Sphere both in Solidity and Superficies is to an equi- 
lateral Cone circumſcrib'd about it, as 4 is to 9. 2. E. D. 

That thereſore which Archimedes was ſurpris'd at in a 
Sphere and Cylinder encompaſſing it, we have alſo now de- 
monſtrated in a Sphere and an equilateral Cone encompaſ- 
ſing, to wit, that there is the ſame rational proportion ot the 
Solidities berwixt themſelves, which there is of the Sur- 
faces. For as he found that the Sphere is to the Cylinder 
as well in Solidity as Superficies, as 2 to 3; ſo we have 
notv taught, that the Sphere is in reſpect both of Solidity 
and Surface to an equilateral Cone encompaſſing, as 4 to 9. 

But from hence we ſhall without much labour demon- 
ſtrate that the very Proportion; to wit, the ſeſquialteral, 
which Archimedes ſhew'd to be betwixt the Sphere and 
Cylinder, is continued by the equilateral Cone circum- 
ſcrib'd both in the Solidity and Superficies ; and fo we 
mall put an End to the preſent Work. 
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 AKCHIMEDES's Theorems.” 
ee .R OP. XV. Theorem. 
AN eguilateral Cone circumſcri'd about @ Sphere, 
= — chis Te- and a right Cylinder in like manner circum- 
1 © ferib'd about the ſame Sphere, and the ſame Sphere 
_— | It ſelf, cominue the ſame Proportion ; to wit, the 
_ ſeſquialteral as well in reſpect of the Solidity, as of 
1 the whole Su per ficies. 18 2 . 
1 For by 32. of this Book, the right Cylinder GK en- 
compaſſing the Sphere, is to the Sphere, as well in reſpect 
of Solidity as of the whole Superficies, as 3 is to 2, or 
2s 6 tO 4. But by. the foregoing the equilateral Cone 
BAD circymſcrib'd about the Sphere is to the Sphere in 
both the ſaid Reſpects, as 9 is to 4. Therefore the ſame 
BY Cone is to the Cylinder, both in reſpect of Solidiry and 
| Surface, as 9 is to 6. Wherefore theſe three Bodies, a 
Cone, Cylinder, and Sphere are berwixt themſelves as 
the Numbers 9, 6,-4, and conſequently continue the ſeſ- 
-qualceral Proportion. Q. E. DP). 3 14.7 
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. HE ſame ſeſquialteral Proportion holds 
betwixt an equilateral Cone and Cy-. 
linder circumſcrib'd about the ſame Sphere, 
* in reſpect of their whole Surfaces, their ſim- 
1 1 their Solidities, Altitudes and 
„ 5 1 4 es. | 5 1411 5 i f a 


"This Propoſition is manifeſt as to the whole Surfaces and Su- 
lidities ſrom the foregoing ;* as to the ſimple Surfaces, from 
Coroll. 3. Pr. 40. of this; as to their Altitudes and Baſes, 
from Coroll. 1, and 2, of the ſame goth Propoſition. ] | 
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